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ABSTRACT

General rotor systems possess both stationary and rotating asymmetric properties, whose equation of motion
is characterized by the presence of periodically time-varying parameters with the period of half the rotation. This
paper employs the Floquet theory to develop the complex modal analysis method for periodically time-varying
linear rotor systems. The approach is based on decomposition of state transition matrix, leading to the
periodically time-varying eigensolutions. The modal analysis approach using the Floquet theory is then
compared with the modulated coordinate transform method, which transforms the finite order time-varying
matrix equation into an equivalent infinite order time-invariant linear equation.
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1 INTRODUCTION

According to the mechanical properties of the rotor and stator parts, rotor systems may be classified into four
types [6, 10]: isotropic (symmetric) rotor system - both rotor and stator parts are axisymmetric; anisotropic rotor
system - the rotor part is axisymmetric but the stator part is not; asymmetric rotor system - the stator part is
axisymmetric but the rotor is not; general rotor system - neither rotor nor stator parts are axisymmetric. The
general rotor system, an asymmetric rotor with anisotropic stator, thus reveals the coupled effects of anisotropic
and asymmetric rotor systems.

The asymmetric (anisotropic) rotor system may look like a periodically time-varying linear system when the
equation of motion is written in the stationary (rotating) coordinates, but it can be easily transformed into a time-
invariant linear system by rewriting the equation of motion in the rotating (stationary) coordinates. Thus the
asymmetric (anisotropic) rotor system alone essentially reduces to a time-invariant linear system, whose modal
analysis scheme is well established in the literature [6, 10, 11]. On the other hand, the general rotor system,
which is inherently a periodically time-varying linear system, can not be transformed into a time-invariant
system by such a simple coordinate transformation. It leads to a difficulty in modal analysis of the general rotor
system due to mathematical complexity associated with treatment of periodically time-varying system matrices.

Many attempts have been made for dynamic analysis of periodically time-varying linear systems by
employing the periodically time-varying eigenvectors [3, 9, 13, 14]. Since these methods were strictly based on
the time domain analysis, the stability analysis was of major concern. For example, Sinha, et al. [14] proposed
use of the Liapunov-Floguet transformation for expanding the periodic system matrices in terms of the shifted
Chebyshev polynomials of a same period, so that the original differential problem reduces to a set of linear
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algebraic equations. However, their method is still limited to enhancement of the stability analysis. Calico and
Wiesel [2] applied the Floquet theory to develop a modal analysis method for periodically time-varying control
systems, introducing the periodically time-varying eigenvectors derived from periodicity of the state transition
matrix. Although their modal analysis method is mathematically sound, it requires the accurate integration of the
state transition matrix over a period and it lacks the natural extension to the frequency domain analysis.

There are few investigations on complete modal analysis of periodically time-varying systems valid in both
time and frequency domains. The major difficulty is because the conventional modal analysis developed for
linear time-invariant systems cannot be directly applicable to linear time-varying systems, unless they can be
transformed into an equivalent time-invariant system [3, 14]. Irretier [7] developed a mathematical foundation
for modal testing of periodically time-varying rotor systems by expanding the periodically time-varying modal
vectors in Fourier series and introducing an intuitive, but not rigorously proven, relation between modal
parameters. In addition, although the resulting mathematical treatments are found to be correct, neither the
computational procedure for eigensolutions nor the frequency domain analysis for modal testing was described.

For asymmetrical rotors with isotropic stators, the periodically time-varying linear differential equation
expressed in the stationary coordinates can be transformed to the time-invariant linear differential equation
expressed in the rotating coordinates or in the modulated stationary coordinates [15]. Then the modal analysis
becomes essentially the same as the ordinary complex modal analysis method developed for anisotropic rotors,
which possess asymmetric properties only in the stator part [8, 12]. On the other hand, the asymmetric rotor
system with anisotropic stator cannot be transformed to a finite order equation of motion with the time-invariant
parameters by coordinate transformation only.

In this paper, the complex modal analysis of periodically time-varying linear rotor systems is developed
using the Floquet theory and its computational efficiency in calculation of eigensolutions is discussed, compared
with the use of the reduced order Hill’s matrix, which results from the modulated coordinate transform approach.

2 COMPLEX MODAL ANALYSIS OF PERIODICALLY TIME-VARYING ROTOR SYSTEMS

2.1 Equation of motion in complex form

For a rotor system with rotating and stationary asymmetry, the equation of motion can be conveniently
written in the complex stationary coordinates, referring to Fig.1, as [6, 10, 4, 1]

M, B(t) +C; p(1) +K; pt)H{M, P(t}+ C, P(1) +K, PO)}+e"** {M,p(t) +C,pO+K,P(1)}=g(t) (1)

Here, the Nx1 complex response and force vectors, p(t) and g(t), defined by the real response vectors, y(t) and
z(t), and the real excitation vectors, f,(t) and f, (t), respectively, are

p(t) =y()+jz(t), p(t) =y -Jz(®), o) =1, O+ jf. (1), IO =f,O-if. @O, (2

Disk

Bearing

Figure 1: General rotor system: simple analysis model

where j means the imaginary number; N is the dimension of the complex coordinate vector; g(t) includes the
force and moment; Q is the rotational speed; ‘-* denotes the complex conjugate; M., C, and K, denote the

complex valued N x N generalized mass, damping and stiffness matrices, respectively; and the subscripts f, and,
b and r refer to the mean value, and, the deviatoric values for anisotropy (stationary asymmetry) and asymmetry
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(rotating asymmetry), respectively. For an isotropic rotor, c, =K, =M, =C, =K, =0; for an anisotropic
rotor,M, = C, = K, =0; and, for an asymmetric rotor,C, = K, = 0. Note here that the periodically time-varying
terms, which are preceded by e/** in Eq. (1), inherently appear, as both rotating and stationary asymmetries
exist in the system and that Eq. (1) includes the external and internal damping, gyroscopic moment and Coriolis
effect. When either rotating or stationary asymmetry does not exist, the equation of motion becomes, or it can be
transformed to, a time-invariant differential equation.

In the following section, the Floquet theory is applied for complex modal analysis of the periodically time-
varying linear rotor system (1). And its computational efficiency in calculating the unbalance response and the
dFRFs is discussed.

2.2 Complex modal solution by Floquet theory
(1) Eigenvalue and adjoint problems

From Eq. (1) and its complex conjugate form, the complex equation of motion can be constructed as

M(B)a(t) + C(t)a(t) + K®a(t) =f(t), @)
where
an={p'® PO . fO={g® TO .
M(t):[_ Mf' Mr_ejzm:ll C(t)zl:_ (_:f | Cb +£:rej29t] K(t):|:_ l‘_(f | Kb +i<reizm} (4)
Me 2% M, C,+Ce C K, +K.e** K,
Equation (3) can be rewritten in the state space form as
A(D)W(t) = B(t)w(t) + F(t), 5)
where
0 M@ M) 0 G(t) _Jo }
= ’ = ) 1) = » F(t) = . (6)
AW {Mm cm} o0 { 0 —K(tJ wo {qm} v {f 0

Utilizing the Floquet theory for this periodically time-varying system in homogeneous part of Eq. (5) with the
period T =7/Q , we can express the 4Nx1 complex state vector, w(t), in terms of the state transition
matrix, @(t,t) , as [2, 3, 9, 13, 14]

w(t) = @(t,0)w(0), )

where @(t,0) satisfies the differential equation, subject to the initial condition &(0,0) =1,,,,,,

@(t,0)=[ A”(1)B(t) | ®(t,0) 8)
and the matrix decomposition relation given, subject to R(0) = R(T), by [9, 2]
@(t,0) = R(t) e R(0). ©)

Here, J is the Jordan normal form of matrix, whose diagonal entries, 4,i=1,2,..,4N , are termed Poincare

exponents, equivalent to the eigenvalues for time-invariant systems.
Substituting t=T into Eq. (9), we obtain

®(T,0)=R(0)e’" R™(0), or, equivalently, [&®(T,0)-e 1]R(0)=0. (10)

It implies that » =e“" and R(0) are the eigenvalues (characteristic multipliers) and the corresponding matrix
of eigenvectors, respectively, of the monodromy matrix (T ,0) . Substituting Eg. (9) into Eq. (8), we obtain

R(M)=[ A" (1)B(t) |R()-R(t)J  or, equivalently, i(t)=[ A*(t)B(t)- ul |r() (11)

where r(t) is a column vector of R(t).
Now we can construct the adjoint problem, introducing the adjoint state vector z(t) , to the original system
(5) with F(t) =0 as [2, 9]
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2t)=-{A'®BO] (). (12)
from which we can define the adjoint matrix L(t) such that
Lt)=-{A*®B® | Lty + L(t) 3, or, equivalently, T (t) = —[{ﬂ‘l(t)ﬁ(t)}T —a IJT(t) (13)
where T(t) is a column vector of L(t) .
We can rewrite Eq. (11), using the identity relation R(t)R™*(t) =1, as
R (D=-R*O[ A*0)B() |+ IR (1) (14)
From direct comparison of Eq. (13) with Eq. (14), we can obtain the biorthonormality condition as [2]
LT (t)R(t) = I, OF equivalently, IiT(t)rj ®=5, i,j=1to4N, (15)

where 5, is the Kronecker delta, the superscript T means the transpose, and, r,(t) and | (t) are the i-th column
vector of R(t) and L(t), respectively.

(2) Structure of the eigenvectors and the adjoint vectors

Substituting the relation W(t):{qT(t) qT(t)}T:r(t)n(t) with q(t)=u_(t)(t) and Eq. (11) into the
homogeneous part of Eq. (5), we obtain the relation given by

rt) = {ul )+l @) ul @) - (16)

Likewise, substituting the relation z(t) =T(t)¢(t) with T(t) = AT(t)1(t) and Eq. (13) into the adjoint equation
(12), we obtain the relation given by

= | O+ Mom o] |vo] an
V.(t)
Here, the modal and the adjoint vectors are composed, respectively, of
u@®={u'® TO Vo={\1 7ol (18)
and, for the complex equation of motion as in Eq.(1), it holds, in general,
Q) 2T(t), V() = V(). (19)

Note that the eigenvector r(t) (and thus u(t)) and the adjoint vector I(t) (and thus v, (t)) are periodically time-

varying vectors with the period T = z/Q.
For the time-invariant system, i.e. r(t)=r, T(t)=A"1, A(t)=A and B(t) =B, Egs. (11) and (13), and, Eqgs.
(16) and (17) reduce to the form of

UAT=Br, HAT=B'T, (20)
and

r={pl ul}, I={w V), uC:{uT GT}T, VC:{VT OT}T, (21)

respectively, which are consistent with the previous results in [11].

4 Paper ID-78



(3) Modal equations and eigensolutions

The complex state and adjoint vectors, w(t) and z(t), can be expanded in terms of the eigenvectors and the
adjoint vectors, respectively, for the rotor system (5), as

w(t) =2 {rn®}, =3 ] Z {rom®}, o z(t) = Z{ TS}, =2 > (Tocw ) (22)
where the prime notation in the summation implies exclusion of r=0, »(t) and £(t) are the principal

coordinates of the original and adjoint systems, respectively, and the superscripts B and F refer to the backward
and forward modes, respectively, following the well-established convention for mode classification in
rotordynamics [11]. Substituting Eq. (22) into Eq. (5), using the relation (11), premultiplying by |*" and using

the biorthonormality condition (15), we can obtain the 4N sets of complex modal equations of motion as

B0 = i )+ VI OF O = 47 1)+ VT OO OFTQ) i T=+1,42, ., 4+N;i=B,F. (23)

Recalling the Floquet theory that, from the one periodic solution, the entire time response of the eigensolutions
can be expressed periodically with the base of that period, we can expand the eigenvector y_(t) and the adjoint

vector v, (t) in Eq. (18) by Fourier series as [7]

2mot Ai > A j2mQ i i j2mat o y j2mQ
u (t)— Z ur(m)eJ " [ Ir(t) = Z ulr(m)eJ " tv Vlr(t): Z Vlr(m)eJ " t’Vlr(t) = z Vlr(m)eJ mex (24)
m=—o0 m=—0 m=—x

m=—w0

where Ur(m),ﬂr(m)’ Vr(m) and Vr( n are the complex Fourier coefficient vectors associated with the complex

harmonic function of g™t
From Egs. (23) and (24), we can obtain the forced response of the general rotor system (5) as

pO= 3 D (un® ) = X 3 Y 3| [l Ul W 0, () Wy 8007 | @9

i=B,F r=—N i=B,F r=-N m=-x n=-x

where
g;n(t) = g(t)ejzngt "

(4) Direct numerical solution method

In this direct modal analysis approach for the periodically time-varying parameter system (1), the
eigenvalues and the corresponding periodically time-varying eigenvectors can be analytically obtained from Eqgs.
(8) to (15) at least in theory. However, the closed form solutions are limited only to a few simple cases because
of mathematical complexity. For most of practical applications, numerical approach is, instead, taken as follows.
First, the monodromy matrix, &(T,0), is obtained by numerical integration of Eq. (8) with respect to time for

given A(t), B(t) and initial condition ®(0,0)=1,,,,- Second, the characteristic multipliers @; and the
corresponding matrix of eigenvectors R(0) of o(T,0) are calculated from Eq.(10). Then, the Jordan normal
form of matrix J is formed with its diagonal entries , = log (e, )/T and R(t) can be solved by numerical

integration of Eq. (11) with the initial condition R(0). The same procedure applies to the adjoint matrix L(t)
using R(t) and the biorthonormality condition (15). Note that, once the periodically time-varying modal (adjoint)
vectors are obtained, calculation of the Fourier coefficient modal (adjoint) vectors, which are constant vectors, in
Eq. (24) becomes straightforward.

Although the above procedure looks like a novel, analytical approach, one of its critical drawbacks is the
numerical instability, since it suffers from serious accumulated error with extensive numerical integration
processes [5]. For example, the complex Fourier coefficient modal (adjoint) vectors are very vulnerable to the
numerical errors with R(t) and L(t).
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(5) Infinite order directional frequency response matrix (dFRM)

Fourier transforming Eq. (25), we obtain

N Uir - VirTm,n . - U:, m 6:'Tm n A :
P(jo) = Z{{Z 2, Z'm}e:n““’){z Z (o 2m0) 7 } *”(Jw)} (263)

:2 {Hg;_np(Ja))G (Jo)+H, np(]a))é;_n(jg))}

where P(jw), G(jw) and G(jw) are the Fourier transforms of p(t), g(t) and g(t), respectively, and it holds
G, (jo)=G{j(0-2nQ)}, G, (jo)=G{j(w+2nQ)}- (26b)

Although there are still an infinite number of dFRMs in Eq. (26), we introduce four dFRMs, that are important in
characterizing the system asymmetry and anisotropy, as

ng(]w) Hg p(Ja)) z Z Z {ﬁ} ng(ja)) Hgop(Ja)) i z Z {M:I 27)

m=—0i=B,F r=— B | J(@—2mQ)— 1

0 )

=, 0= 3 5 51 el wtio == 5 3 3| et

m=—0i=B,F r=— m=—xi=B,F r=—

Here, H, (jo) is referred to as the normal dFRM that represents the system symmetry, H, (j) is referred to
as the reverse dFRM that represents the effect of system anisotropy, and, Hyo (j) and H, (jo) are the

modulated dFRMs that represent the effect of system asymmetry and the coupled effect of system anisotropy and
asymmetry, respectively.

2.3 Complex modal solution by coordinate transformation

It has been proven that introduction of complex modulated coordinates successfully transforms the finite
order time-varying matrix equation into an equivalent infinite order time-invariant linear equation, leading to an
infinite set of constant eigensolutions [6]. Then the modal analysis of the time-invariant linear system becomes
straightforward, defining the Hill’s infinite order matrix.

It can be easily shown that the modulated coordinate transform approach leads to the expressions for the
dFRMs identical to Egs.(26) and (27). However, the numerical procedures for the dFRM estimates are different
from each other. In particular, the truncation schemes of the infinite series expansion (or, equivalently, the
infinite summation) with respect to the index m are differenent. For example, truncation of the infinite
summation is done with the complex Fourier series expansion of the periodically time-varying eigenvectors,
Eq.(24), for the Floquet approach, whereas the order reduction is done with the Hill’s infinite order matrix for
the coordinate transform approach [6].

3 NUMERICAL EXAMPLE

This section demonstrates and compares the modal analysis methods with a simple, yet general rotor system
model, which consists of a rigid rotor with asymmetric mass moments of inertia, a massless shaft with
asymmetric shaft stiffnesses, and two orthotropic bearings, as shown in Fig. 1. The detailed descriptions of the
rotor model are treated in [6, 12].

The eigensolutions of the analysis rotor model were calculated by using the Floquet approach with the three
term approximation (the index m was taken to be -1, 0 and 1 in Eq. (24)) for the complex Fourier series
expansion of the time-vaying eigenvectors. The calculated eigenvalues were in good agreement with those from
the reduced Hill’s matrix of order 24, which was found to yield fairly accurate results [6].

Figure 2 compares the typical unbalance responses of the rotor calculated by four different methods. Note
that both the reduced Hill’s matrix of order 24 and the Floquet’s method with three term approximation yielded
non-distinguishable results from the exact numerical one. Both methods are found to be superior in calculation of
unbalance response to the conventional harmonic balance method [4], as shown in Fig. 2.
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Figure 2: Unbalance response at 4,000 rpm (5 =A =0.3): —— Numerical integration;

—— Hill’s matrix of order 24; —— Floquet’s method; -- -- Harmonic balance method

Figures 3 and 4 compare the waterfall plots for the magnitude of the four important dFRFs (given in
Eq.(27)) obtained by the Floquet method using the three term approximation and the reduced Hill’s matrix of
order 24, respectively, as the rotational speed is varied up to 10,000 rpm for the analysis rotor model with
6=A=0.3. The number of assumed modes used for calculation of dFRFs is kept unchanged for the latter
method, but it varies for the former method, depending upon the type of dFRFs, due to the inherent nature of
approximation. It often leads to relatively large discrepancies in the logarithmically scaled dFRF estimates
obtained by two methods. The dFRFs shown in Figs. 3(a) and 4(a) are almost identical, but other types of dFRFs
show some discrepancies with the order of magnitude less by 5 to 6 than the dominant peak values in the normal
dFRFs, which corresponds perhaps to the measurement noise level in practice. The overall trends of the dFRFs,
particularly the resonant peaks, are not much different for both methods. Some discrepancies are, however,
noticable, at the anti-resonant regions and near the unstable regions.

In general, the number of assumed modes used in the Floquet method is less than, or equal at best to, the
coordinate transform method. Thus, it can be concluded that the coordinate transform method is superior in
estimation of dFRFs than the Floquet method. Note that the coordinate transform method, which is essentially a
frequency domain approach, succeeds in approximating the dFRFs with a limited number of assumed modes
(Ritz vectors), whereas the Floquet method, which is essentially a time domain approach, fails in using an
effective set of base harmonics required to better estimate the dFRFs in the frequency domain. Theoretically
speaking, as the number of assumed modes increases indefinitely, both methods will eventually lead to the
identical results. Although there exist some discrepancies in the logarithmic magnitudes of dFRFs, the typical
response calculations in the time domain by both methods yield little difference, as demonstrated previously in
Fig.2.

4 CONCLUSION

The complex modal analysis by the Floquet theory is developed for periodically time-varying linear rotor
systems and compared with the coordinate transform approach. The Floquet method provides clear physical
understanding of the eigenvalues and the corresponding eigenvectors. It is found that the Floquet method with a
few approximation terms estimates the eigenvalues and the eigenvectors of lower order with fair accuracy,
leading to satisfactory response calculations in the time domain. However, it is not efficient in calculating the
eigenvectors of higher order and thus the frequency domain characteristics, including the directional frequency
response functions, compared with the coordinate transform approach.

7 Paper ID-78



Magnitude({abs)

Magnitude{abs)

Magnitude(abs)
3.

=3
]

e
=y

Magnitude({abs)

3
-‘llll

\
’Jll

\
g

Frequency (Hz)
(@)

' =
= —
10 = g\\%’__
— ;..—-‘\.._\"\T_:-‘- 10
107 __..-ﬁ-.-—-‘ _ = = /
10 —Jé,-—-:—_.—-" T s 8
iz 2= 3 S /
/ /_% £ o :"“__&y .
~. e § 107 C\.\%‘\“
/_-.-//"-—/‘— g e = 4
RPM x 1000 ,_//"J e 0 e T {, RPM x 1000
_— 400 200 T
e 200 400
I Frequency (Hz)
= 200
600

600
Frequency (Hz)

(d)
Figure 3: Waterfall plots of dFRFs by the Floquet method: §=A =0.3
() Hypp) () Hy (o) ©) Hg_pGe) (@) Hy o (jo)

&
\

. 10
% gw“ -.':‘/4‘
= 2
— g =
— @ =
—— ==
— 107 =
— "= =
= - =
| “\ ~ A
RRMX1000 7\ 4)\\
\ RPM x 1000
2)\"\_ M & 2ﬂ\\ - v P w0
w0 w ™™ °
600 Frequency (Hz) 400 Frequency [Hz)
(a) (b)

)

..___/,—-____-g - — )
J}_é E 10" f:\:\\\\_‘—' W
N
400 600 800 400 _
2 0 200 200 um"r-._ _
200 .
-500 400 Frequency (Hz) Frequency (Hz)

)
~

(d)
Figure 4: Waterfall plots of dFRFs from the Hill’s matrix of order 24: §=A=0.3
@) Hy,pGe) 0) Hy o) ©) Hy o) (@) Hy (jo)

Paper ID-78



REFERENCES

[1]
[2]
[3]

[4]
[5]
[6]

[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]

[15]

Ardayfio, D. and Frohrib, D. A. (1976): Instability of an asymmetric rotor with asymmetric shaft
mounted on symmetric elastic supports, ASME J. Engineering for Industry, pp.1161-1165.

Calico, R. A. and Wiesel, W. E. (1984): Control of time-periodic systems, J. GUIDANCE, 7, pp.671-
676.

Friedmann, P. and Hammond, C. E. (1977): Efficient numerical treatment of periodic systems with
application to stability problems, International Journal for Numerical Methods in Engineering, 11,
pp.1117-1136.

Genta, B. (1988): Whirling of unsymmetrical rotors: a finite element approach based on complex co-
ordinates, J. Sound and Vibration, 124 (1), pp.27-53.

Gourlay, A. R. and Watson, G. A. (1973): Computational Methods for Matrix Eigenproblems, John-
Wiley & Sons.

Han, D. J. (2006): Modal analysis of periodically time-varying rotor systems using Floquet theory and
modulated coordinate transformation: applications to crack detection and modal balancing, Ph.D.
dissertation, KAIST.

Irretier, H. (1999): Mathematical foundations of experimental modal analysis in rotor, Mechanical
Systems and Signal Processing, 13(2), pp.183-191.

Joh, C. Y. and Lee, C. W. (1996): Use of dFRFs for diagnosis of asymmetric/anisotropic properties in
rotor-bearing system, ASME J. Vibration and Acoustics, 118, pp.64-69.

Lancaster, P. and Tismenetsky, M. (1985): The Theory of Matrices with Application, Academic Press,
Second Edition.

Lee, C. W. (1991): A complex modal testing theory for rotating machinery, Mechanical Systems and
Signal Processing, 5(2), pp.119-137.

Lee, C. W. (1993): Vibration Analysis of Rotors, Kluwer Academic Publishers.

Lee, C. W. and Kwon, K. S. (2001): Identification of rotating asymmetry in rotating machines by using
reverse directional frequency response functions, Proceedings of Institution of Mechanical Engineers,
215C, pp.1053-1063.

Richards, J. A. (1983): Analysis of Periodically Time-Varying Systems, Springer-Verlag.

Sinha, S. C., Pandiyan, R. and Bibb, J. S. (1996): Liapunov-Floquet transformation: computation and
applications to periodic systems, ASME J. Vibration and Acoustics,118, pp.209-217.

Suh J. H., Hong, S. W. and Lee, C. W. (2005): Modal analysis of asymmetric rotor system with
isotropic stator using modulated coordinates, J. Sound and Vibration, 284, pp.651-671.

9 Paper ID-78



	ABSTRACT
	KEYWORDS
	1 INTRODUCTION
	2 COMPLEX MODAL ANALYSIS OF PERIODICALLY TIME-VARYING ROTOR SYSTEMS
	2.1 Equation of motion in complex form
	Figure 1: General rotor system: simple analysis model

	2.2 Complex modal solution by Floquet theory
	2.3 Complex modal solution by coordinate transformation

	3 NUMERICAL EXAMPLE
	Figure 2

	4 CONCLUSION
	Figure 3:
	Figure 4

	REFERENCES

	Back to Index: Back to main page


