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ABSTRACT
In pavement management systems, it is beneficial to consider the economies of scale stemming
from the synchronization of repairs conducted on neighboring sections within a single work
zone. However, finding the globally optimal solution of the repair and work zone policy for
a large-scale pavement network along a long-term planning horizon can be computationally
cumbersome. In this study, as a benchmark, we first propose an exact solution algorithm based
on dynamic programming. Then we second propose a computationally feasible methodology,
a time-invariant simplified rule, to determine desirable (near-optimal) policies. The proposed
methodology is applied to two numerical studies: (i) Case 1 for a small-scale road pavement
system to compare life cycle costs and computational times between the rule-based methodology
and the exact solution algorithm, and (ii) Case 2 for a real-scale road pavement system to
discuss the effectiveness of the rule-based methodology. In Case 1, the rule-based methodology
derives a near-optimal solution with a significantly shorter computational time than the exact
solution algorithm. Case 2 shows that the rule-based methodology can find a superior policy
to the aggregation of the optimal solutions independently found for each of decomposed subsystems in a feasible computational time. Through sensitivity analyses, we find that the repair
and work zone policies should vary depending on the deterioration process, cost factors, and
weight between agency and user costs for society’s view or available budget for the agency’s
perspective.

1. Introduction
The goal of pavement management systems (PMS) is to maintain a pavement network to function properly against deteriorations
and damages. In PMS, repairs need to be carefully determined considering both the instant and long-term effects of them. In addition,
determining policies for work zones (closed roadway lane sections, including single or multiple repair sections) is required along
with repair policies to assist with decision-making and implementation.
The interdependence among multiple pavement sections is important for realizing network-level repair and work zone policies
since economies of scale stemming by conducting simultaneous repairs of neighboring sections within a single work zone can be
expected. Specifically, when multiple road sections are concurrently repaired in the same work zone, its unit cost per section can
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Fig. 1. Example of economies of scale in the repair of multiple pavement sections.

be reduced by sharing the fixed cost for a single work zone among sections. Thus, in this study, we assumed that the repair and
setting of work zones require three types of costs:
(i) variable repair cost which is proportional to the number of repaired unit pavement sections mainly including repair material
costs;
(ii) variable work zone cost which is proportional to the number of unit pavement sections in a single continuous work zone; and
(iii) fixed repair/work zone cost per one continuous work zone, such as fixed rental and operation costs of construction machinery
and traffic disruption cost resulting from the lane closure, which is related to the economies of scale.
As an illustration, two cases are shown in Fig. 1, which have two separate sections to repair but different number and length of work
zones: Case A has two work zones and two work zone sections, and Case B has one work zone and three work zone sections. For
both cases, their repair costs are identical, although the contributions of other cost factors differ. Specifically, the fixed repair/work
zone cost is needed for only one continuous work zone in Case B, which makes the economies of scale, and the additional work
zone distance between the repair sections necessitates additional variable work zone cost which is however not comparable to the
savings from the lower number of work zones.
The spatial consolidation of multiple synchronized repair projects into a single work zone involves the temporal consolidation
of them as well, which can lead a section to be repaired either earlier or later than its best timing. Thus, we should consider the
trade-off between the benefits and penalties resulting from the spatial and temporal consolidations in decision-making.
The determination of the repair and work zone policies can be addressed as an optimization problem to select one from the
following three options for each pavement section at every decision time point: (i) repair and include in a work zone, (ii) only include
in a work zone, and (iii) neither repair nor include in a work zone. In this paper, an exact solution method is first proposed as a
benchmark, which is based on dynamic programming but suffers from the combinatorial explosion for real-scale pavement networks.
To overcome this computational issue, we second propose an approximation methodology to use a time-invariant simplified rule as
follows:
‘‘A primary section and secondary sections nearby should be repaired in a single work zone. The primary must-repair sections
are defined as the sections with condition state (CS) above the primary risk control level 𝑋 (the worst allowable CS) at a time
of inspection. The secondary candidate sections are defined as the sections with CS between the primary risk control level
𝑋 and the secondary risk control level 𝑌 , which are located within the search distance 𝑍 near a detected primary section
at the time of inspection. The elongation of a work zone including a primary section is automatically defined based on the
identified secondary sections nearby’’.
Based on this rule, the risk control levels, 𝑋 and 𝑌 , and the search distance 𝑍 are optimized for a pavement corridor, assuming
that each road section deteriorates following the homogeneous Markov process but their current CSs are heterogeneous. Using the
simplified rule-based method, the original optimization problem associated with the combinatorial explosion can be reduced to a
simple optimization problem with only three policy variables, 𝑋, 𝑌 , and 𝑍, enabling us to find the near-optimal solution of repair
and work zone policies for large-scale pavement systems.
The concept of spatial and temporal consolidations of repairs with the simplified rule is illustrated in Fig. 2. On the left side of
the figure, a case of non-consolidation is shown. Section A and B are repaired within different work zones in different inspection
timings at 𝑡 and 𝑡 + 1 once the CS of each section reaches the primary risk control level 𝑋 without considering the secondary control
level 𝑌 . On the other hand, the right side of the figure shows a case that the repair and work zone policy is determined by the
simplified rule with 𝑋, 𝑌 , and 𝑍. Both sections are repaired in the same work zone at the same time since one reaches the primary
threshold 𝑋, and the other reaches the secondary threshold 𝑌 . Moving the repair timing of the second section from 𝑡 + 1 to 𝑡 is
temporal consolidation, and making a single work zone from two separate work zones is spatial consolidation. In the figure, the
maximum distance between Section A and Section B is 𝑍.
The remainder of this paper is organized as follows. In Section 2, we present a literature review of optimization methods for
large-scale infrastructure asset management. The deterioration and repair process models are formulated in Section 3. In Section 4,
we present both exact and approximate rule-based solution methodologies with a discussion to justify the approximate solution.
Section 5 includes a case study with small-scale road pavement systems in which we can obtain the exact solution, and investigates
the performance of the approximate solution. In addition, another case study with a real scale road pavement system is presented
to validate the effectiveness of the proposed approximation methodology. Conclusions and future research directions are given in
Section 6.
2

Transportation Research Part C 120 (2020) 102797

D. Mizutani et al.

Fig. 2. Spatial and temporal consolidations.

2. Literature review
In the context of large-scale infrastructure asset management, numerous studies have proposed optimization methods to find
desirable maintenance policies. The methods can be broadly classified into object-based and network-wide optimization. In the
former, an infrastructure system is decomposed into multiple single objects such as road pavements, bridge members, and sewer
pipes, and the optimal maintenance policies (e.g., maintenance methods and inspection and repair timing) are determined for each
object assuming that there is no interdependence among multiple objects (Friesz and Fernandez, 1979; Li and Madanat, 2002;
Brühwiler and Adey, 2005; Ouyang and Madanat, 2006; Jido et al., 2008). The latter considers network-wide performances and
constraints based on the interplay among components, such as network connectivity and pooled budget for the entire system, and,
consequently, the optimization problems involve the combinatorial explosion. In general, two categories of solution methods have
been proposed to overcome these computational issues: (i) using metaheuristic methods, such as a genetic algorithm, a simulated
annealing algorithm, and an ant system algorithm (Chan et al., 1994; Fwa et al., 1994; Lee and Madanat, 2015a; Kielhauser
et al., 2017; Zhang et al., 2017), and (ii) converting or approximating the original optimization problem into a prototype that
can be relatively easy to solve by conventional algorithms including linear programming, dynamic programming, and mixed-integer
programming (Golabi et al., 1982; Ouyang and Madanat, 2004; Durango-Cohen and Sarutipand, 2007; Mishalani and Gong, 2009;
Su et al., 2017; Chu and Huang, 2018). Their computational efficiency can facilitate more realistic and complex situations in terms
of interdependency rather than decomposability, but metaheuristic methods usually do not guarantee a near-optimal solutions, and
the prototype-based methods are applicable to a limited range of situations. The literature has been expanded to further focus on
specific considerations, including (i) effects of measurement and modeling errors (Madanat, 1993; Madanat and Ben-Akiva, 1994),
(ii) multi-criteria optimization, including the minimization of environmental impacts (Lee et al., 2016; Gosse et al., 2013), (iii)
estimation and control of traffic disruption due to interventions (Burkhalter et al., 2017), and (iv) applications to networks with
complex geometries (Hu et al., 2015; Ouyang, 2007). Additional information about such developmental processes and state-of-the-art
methods are documented in Kabir et al. (2014), Dekker (1996), Petchrompo and Parlikad (2019), Chen and Bai (2019).
On the other hand, such methodological advancement has not been sufficiently applied to the determination of work zone
policies. In the category of network-wide optimization, some studies dealt with the topic without accounting for the advanced
matters such as (i), (ii), (iii), and (iv) listed above. The majority of those studies developed methods to determine the optimal
work zone for large scale networks at a single time point, mainly focusing on the effect of work zones on traffic flow and ignoring
the future costs and deterioration procedure (Fwa et al., 1998; Chien et al., 2002; Chen et al., 2005; Lee et al., 2005; Hajdin and
Lindenmann, 2007; Tang and Chien, 2008; Lethanh et al., 2017), except for several studies. Donev and Hoffmann (2020) and Donev
et al. (2020) proposed heuristic methods for optimally determining the location of work zones, taking into account the finite planning
horizon, stochastic deterioration procedure, and economies of scale in the cost function. However, they focused only on the current
work zone policies, but the future work zone policies and their discounted economic benefits are ignored. Instead of heuristic
methods, exact solution algorithms have been developed for long-term work zone policies. For example, Medury and Madanat
(2013) proposed an approximate dynamic programming (ADP) method for determining repair and work zone policies considering
the effects of work zones on the network capacity and deterioration procedures. Even if they consider both network complementarity
and substitutability, it does not account for the direct cost savings from work zone consolidation. In addition, the parallel machine
replacement problem (PMRP) in the field of management science for general industrial applications has similar characteristics to
the problems treated in this study, which is based on the same awareness of the problems as this study. In particular, Childress
and Durango-Cohen (2005) proposed a PMRP method based on dynamic programming (DP) to find the optimal repair policies for
facility systems with stochastic deterioration processes, accounting for economies of scale and marginal costs2 of repair and work
zone costs. However, it is not directly applicable to the problem in this study because they assumed that if there is even one facility
to repair in the system, a constant fixed cost is required regardless of the number of facilities to repair.

2 In the PMRP, it has been proven that repair and work zone policies are driven by marginal costs, not by economies of scale (Childress and Durango-Cohen,
2005). In this study, the fixed repair/work zone cost, which produces economies of scale, has a positive marginal cost with respect to the number of continuous
work zones. Note that the term ‘‘economies of scale’’ is used in this study includes the nature of ‘‘marginal cost’’ in the series of studies on the PMRP.

3
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Fig. 3. Investigated road pavement system composed of 𝑁 pavement sections.

In summary, there have been no exact methods developed for the determination of long-term work zone policies, which
incorporate both economies of scale and deterioration processes. In addition, to the best of the authors’ knowledge, no study
has ever been inspired by the idea of determining repair and work zone policies based on the simplified rule. In this paper,
we develop a DP-based joint optimization method for both repair and work zone based on the previous studies such as the
repair-only pavement management method without work zone policies (Ouyang, 2007) with necessary modifications. However,
the spatiotemporal consolidation results in exponentially expanding the condition space. Moreover, adding more detailed practical
considerations into this model will increase the computational complexity. Thus, it would be impractical where many practical
constraints should be considered. Additionally, many practitioners in infrastructure management usually face questions such as how
many sections should be repaired within a single work zone, how far those sections should be located each other, and how much
deteriorated a section should be to be identified as a section to repair. We expect that the simplified rule-based solution method
with reduced solution space can become a powerful and tractable candidate to aid in realistic decision-making.
3. Deterioration and repair process of road pavement system
We model the deterioration and repair process of a road pavement system consisting of multiple pavement sections. The notation
used hereafter is listed in Appendix A.
3.1. Discrete time axis
We propose a rolling-horizon decision approach, considering the current time point at time 𝑡 = 0 as a control period and a
prediction period following the control period. We define a discrete time axis 𝑡 = 0, 1, … , 𝑇 and assume that periodic inspections of
CSs will be conducted at every 𝑡 with given interval 𝑑 and repair and work zone policies are determined based on the inspection
result at 𝑡,3 so-called condition-based maintenance (CBM) scheme. The time point 𝑡 indicates 𝑡th inspection timing and a finite set
of inspection time points is denoted by
 ≡ {0, 1, … , 𝑇 − 1},

(1)

where 𝑇 is the total number of inspections planned to conduct along the finite planning horizon, including the control period at
𝑡 = 0 and the prediction period for 𝑡 ∈ {1, 2, … , 𝑇 − 1}.
3.2. Condition state vector
The investigated road pavement system is composed of 𝑁 linearly connected, continuous, and homogeneous pavement sections
as shown in Fig. 3.4
Section IDs are assigned to each section in downstream order from 1 to 𝑁. 𝑀 number of discrete ratings is defined as CS 𝑠𝑛 (𝑡)
of section 𝑛 at 𝑡. Since the true condition of a section is only known by the inspection conducted at the current time point 𝑡 = 0,
𝑠𝑛 (0) is deterministically given in the control period, but 𝑠𝑛 (𝑡) in the prediction period (∀𝑡 ∈ {1, 2, … , 𝑇 − 1}) are random variables.
If 𝑠𝑛 (𝑡) is equal to 𝑚, it is expressed as
(2)

𝑠𝑛 (𝑡) = 𝑚,
𝑛 ∈ ,
𝑚 ∈ ,
𝑡∈,
 = {1, 2, … , 𝑁},
 = {1, 2, … , 𝑀},

where  is the set of pavement section IDs, and  is the state space of the CS of which element is denoted by 𝑚. We suppose that
section 𝑛 deteriorates as 𝑠𝑛 (𝑡) increases. The CS vector, whose 𝑛th element is 𝑠𝑛 (𝑡), is defined as
𝒔(𝑡) ≡ [𝑠𝑛 (𝑡), ∀𝑛 ∈  ] ∈ .

(3)
𝑁 .

The state space of the CS vector can be expressed as 𝑛th Cartesian power of CSs of each section, i.e.,  =
To differentiate CSs
before and after repair at time point 𝑡, the CS vectors before and after repair at 𝑡 ∈  are defined as 𝒔− (𝑡) and 𝒔+ (𝑡), respectively.

3
4

It is assumed that the time for the determination is relatively small and it is ignored in this paper.
This figure supposes one lane of multiple lanes.
4
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3.3. Deterioration process
A deterioration procedure of a pavement section is modeled as a stochastic progression to consider uncertainty inherent in it.
Assuming that the key influential factors, such as pavement structural design, traffic loading, and climate on the deterioration rate
are constant over a unit analysis system such as a homogeneous corridor between consecutive ramps, the same Markov process can
be adopted for each section. The Markov transition probability from 𝑡 − 1 to 𝑡 can be defined as5
+
𝑝𝑎,𝑏 = Prob[𝑠−
𝑛 (𝑡) = 𝑏|𝑠𝑛 (𝑡 − 1) = 𝑎],

(4)

∀𝑡 ∈ {1, 2, … , 𝑇 },
∀𝑎, 𝑏 ∈ .
In the present paper, we do not consider measurement errors or other maintenance activities that can reduce CS, except for the
considered repair method, so 𝑝𝑎,𝑏 = 0 when 𝑏 < 𝑎. The Markov transition probability matrix whose 𝑎 × 𝑏 element is 𝑝𝑎,𝑏 is defined as
𝒑 ≡ [𝑝𝑎,𝑏 , ∀𝑎, 𝑏 ∈ ].

(5)

As it is reasonable to assume that each pavement section deteriorates irrespective of the CS of other sections, the conditional
probability that the CS vector 𝒔− (𝑡) at 𝑡 equals 𝒃 ∈  when the previous CS vector 𝒔+ (𝑡 − 1) at 𝑡 − 1 is 𝒂 ∈  can be expressed
as
∏
𝑃𝒂,𝒃 = Prob[𝒔− (𝑡) = 𝒃|𝒔+ (𝑡 − 1) = 𝒂] =
𝑝𝑎𝑛 ,𝑏𝑛 ,
(6)
𝑛∈

where 𝑎𝑛 and 𝑏𝑛 indicate 𝑛th elements of 𝒂 and 𝒃, respectively.
Last, in response to the work zone, there could be traffic shift and, consequently, additional traffic loading imposed on alternative
ways. However, the accelerated deterioration of a pavement section that suffers from additional traffic loading is not considered in
this paper since we thought that a repair is not meaningfully long to cause significant additional damages to the alternatives. Only
if a section is completely reconstructed for a long work zone period, or extremely heavy axles loads are additionally imposed on an
alternative way, the pavement deterioration process of the alternative can be affected, but this case is rare. Therefore, we assume
the following:
−
Prob[𝑠+
𝑛 (𝑡) = 𝑎|𝑠𝑛 (𝑡) = 𝑎] = 1, for all sections not to repair at 𝑡.

(7)

3.4. Repair process
An overlay is supposed as the repair method, assuming that the repair recovers the CS to 1. This assumption of perfect recovery
can be easily modified when necessary. Binary decision variable 𝛿𝑡,𝑛 ∈ {0, 1} is defined to indicate the repair policy for section 𝑛 at
𝑡 ∈ {0, 1, … , 𝑇 − 1}: Section 𝑛 is repaired when 𝛿𝑡,𝑛 = 1, while section 𝑛 is not repaired when 𝛿𝑡,𝑛 = 0. The repair vector whose 𝑛th
element is 𝛿𝑡,𝑛 is defined as 𝜹𝑡 ≡ [𝛿𝑡,𝑛 , ∀𝑛 ∈  ], and the repair process can be described as the transition of the CS as
𝒔+ (𝑡) = 𝒔− (𝑡) − (𝒔− (𝑡) − 𝟏)◦𝜹𝑡 ,

(8)

where 𝟏 is the unit vector, and the symbol ‘‘◦’’ indicates the Hadamard product. As a repair policy of a section, 𝛿𝑡,𝑛 is determined
based on the current condition of the entire network 𝒔− (𝑡); it is expressed as a function of 𝒔− (𝑡) as 𝛿𝑡,𝑛 (𝒔− (𝑡)). Note that if only a
−
section-specific condition is considered such as 𝛿𝑡,𝑛 (𝑠−
𝑛 (𝑡)) instead of 𝛿𝑡,𝑛 (𝒔 (𝑡)), it is impossible to consider the spatial interdependency
among multiple sections. The condition-based repair vector at 𝑡 is designated by 𝜹𝑡 (𝒔− (𝑡)).
Moreover, it is supposed that pavement sections whose CSs are 𝑀 at 𝑡 must be repaired at 𝑡 as the worst-case constraint as
𝛿𝑡,𝑛 = 1

if

𝑠−
𝑛 (𝑡) = 𝑀.

(9)

3.5. Work zone model
Binary decision variable 𝜉𝑡,𝑛 ∈ {0, 1} is defined to indicate the presence of work zone at section 𝑛 at 𝑡 ∈ {0, 1, … , 𝑇 − 1}. Work
zone is set at section 𝑛 when 𝜉𝑡,𝑛 = 1, and work zone is not set at section 𝑛 when 𝜉𝑡,𝑛 = 0. The work zone vector whose 𝑛th element
is 𝜉𝑡,𝑛 is defined as 𝝃 𝑡 ≡ [𝜉𝑡,𝑛 , ∀𝑛 ∈  ]. As a work zone is needed to conduct repair for a pavement section, the following condition
holds:
𝛿𝑡,𝑛 ≤ 𝜉𝑡,𝑛 ,

(10)

∀𝑛 ∈  ,
∀𝑡 ∈ {0, 1, … , 𝑇 − 1}.
The condition-based work zone policies for a section and the whole network are the functions of the network condition as 𝜉𝑡,𝑛 (𝒔− (𝑡))
and 𝝃 𝑡 (𝒔− (𝑡)), respectively.

5

If a stochastic process is history-dependent, use an augmented CS as a prior condition in Eq. (4).
5
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Fig. 4. Concept of the rolling-horizon approach with 𝑇 inspections.

4. Determination of repair and work zone policies
The present section addresses the optimization problem to find the best repair and work zone policies and propose two solution
methodologies, the exact solution based on dynamic programming and the simplified rule-based method.
4.1. Problem formulation
For the given initial CS vector 𝒔− (0) at time point 𝑡 = 0, the objective is to minimize the expected discounted value of the future
life cycle cost of the road pavement system at 𝑡 for both the agency and users, 𝛹 , by determining the condition-based repair and
work zone policies, 𝜹𝑡 (𝒔− (𝑡)) and 𝝃 𝑡 (𝒔− (𝑡)) for all 𝑡 ∈  . Note that 𝜹𝑡 (𝒔− (𝑡) = 𝒂− ) and 𝝃 𝑡 (𝒔− (𝑡) = 𝒂− ) are deterministically determined
for given 𝒂− ∈ , but 𝒔− (𝑡) for all 𝑡 except 𝑡 = 0 are stochastic, so 𝜹𝑡 (𝒔− (𝑡)) and 𝝃 𝑡 (𝒔− (𝑡)) will be stochastic in the prediction period.
Therefore, only the policies to perform in the control period at 𝑡 = 0, expressed as 𝜹0 (𝒔− (0)) and 𝝃 0 (𝒔− (0)), are given deterministically,
but the future policies will not be. Determining the stochastic future policies is important when you find the optimal action in the
control period, even though these non-deterministic policies will not be actually carried out in the future. However, at that time in
the future, further inspection will be conducted to obtain the deterministic network condition again, so we need to find the updated
deterministic condition-based policies to apply them during the planning year. This process is a rolling-horizon approach, and it is
conceptually depicted in Fig. 4.
Based on the rolling horizon approach, the objective function to be minimized is formulated as
𝛹 (𝜹𝑡 (𝒔− (𝑡)), 𝝃 𝑡 (𝒔− (𝑡)), ∀𝑡|𝒔− (0))
)
[{
(
𝑇∑
−1
∑
∑
1
−
−
−
=
𝐸𝒔− (𝑡)
(1 − 𝜀) 𝛼
𝛿𝑡,𝑛 (𝒔 (𝑡)) + 𝛽
𝜉𝑡,𝑛 (𝒔 (𝑡)) + 𝛾𝑞𝑡 (𝝃 𝑡 (𝒔 (𝑡)))
(1 + 𝜌)𝑑⋅𝑡
𝑡=0
𝑛∈
𝑛∈
(
)}]
∑
−
+𝜀
𝑐𝑠+𝑛 (𝑡) + 𝜄𝑞𝑡 (𝝃 𝑡 (𝒔 (𝑡)))
,

(11)

𝑛∈

where
• 𝛼 [m.u.6 per one pavement section] is the variable repair cost for the agency, including repair material costs (e.g., asphalt,
concrete) and fuel expense for construction;
• 𝛽 [m.u. per one pavement section] refers to the variable work zone cost for agency for safety guards and traffic cones;
• 𝛾 [m.u. per one continuous work zone] stands for the fixed repair/work zone cost for the agency, including the rental and
operation costs of construction machinery, and labor costs;
• 𝑐𝑠+𝑛 (𝑡) [m.u. per one pavement section] denotes costs for users due to pavement deterioration (a function of CS 𝑠+
𝑛 (𝑡)), e.g., risk
of accidents, additional fuel and tire costs, lack of comfortability (note that this term can be replaced by the negative value
of the user benefit);
• 𝜄 [m.u. per one continuous work zone] refers to the work zone user costs from traffic disruption due to the lane closure;
• 𝜌 is a discount rate;
• 𝜀 (0 ≤ 𝜀 ≤ 1) defines the relative weight between the agency cost and the user cost;
• 𝐸𝒔− (𝑡) [⋅] stands for the expected value of the input with respect to the random vector 𝒔− (𝑡); and
• 𝑞𝑡 (𝝃 𝑡 (𝒔− (𝑡))) is the number of continuous work zones at 𝑡.
The number of continuous work zones 𝑞𝑡 (𝝃 𝑡 (𝒔− (𝑡))) can be uniquely determined by the following procedure when the maximum
length of a single continuous work zone, 𝐿, and 𝝃 𝑡 (𝒔− (𝑡)) are given:

6

A monetary unit.
6
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Step 1 Let 𝑐 and 𝑛 be 0 and 1, respectively.
Step 2 If 𝜉𝑡,1 (𝒔− (𝑡)) = 1, let 𝑐 and 𝑥 be 𝑐 + 1 and 1, respectively.
Step 3 Let 𝑛 be 𝑛 + 1.
Step 4 If 𝜉𝑡,𝑛 (𝒔− (𝑡)) − 𝜉𝑡,𝑛−1 (𝒔− (𝑡)) = 1, let 𝑐 and 𝑥 be 𝑐 + 1 and 1, respectively. If 𝜉𝑡,𝑛−1 (𝒔− (𝑡)) = 𝜉𝑡,𝑛 (𝒔− (𝑡)) = 1, let 𝑥 be 𝑥 + 1. If 𝑥 > 𝐿
and 𝜉𝑡,𝑛−1 (𝒔− (𝑡)) = 𝜉𝑡,𝑛 (𝒔− (𝑡)) = 1, let 𝑐 and 𝑥 be 𝑐 + 1 and 1, respectively. If 𝑛 < 𝑁, return to Step 3.
Step 5 Let 𝑞𝑡 (𝝃 𝑡 (𝒔− (𝑡))) be 𝑐.
The terminal costs at 𝑡 = 𝑇 can be added to Eq. (11). However, in long-term planning, where 𝑑 ⋅ 𝑇 ≫ 0, the discounting factor
(1 + 𝜌)−𝑑⋅𝑡 for 𝑡, satisfying 0 ≪ 𝑡 < 𝑇 , converges to zero before the end of planning horizon. This convergence has two practical
implications: (i) it is unnecessary to evaluate the terminal costs and add them to the objective value, and (ii) the solution for the
original finite-time problem is not a time-variant but time-invariant steady-state solution, i.e., the optimal repair and work zone
policy at time 𝑡 for given 𝒔− (𝑡) = 𝒂− (∈ ) are the same for all 𝑡 ∈ {0, 1, …} (i.e., (𝜹∗𝑡 (𝒂− ), 𝝃 ∗𝑡 (𝒂− )) = (𝜹∗𝑡′ (𝒂− ), 𝝃 ∗𝑡′ (𝒂− )) for 𝑡 ≠ 𝑡′ ). The
latter implies that the problem can be approximated into an infinite time horizon problem where 𝑇 → ∞.
Last, the worst-case repair constraint in Eq. (9) and the work zone condition in Eq. (10) should be considered as constraints
coupled with the objective function in the mathematical program.
4.2. Optimal policy: The exact solution
The optimal repair and work zone policies at 𝑡 with given 𝒔− (𝑡) = 𝒂− to minimize the expected discounted value of the future life
cycle cost for the rest of planning horizon from 𝑡 to 𝑇 , can be found by dynamic programming from the following Bellman equation:
(
)
∑
∑
−
∗
−
∗
−
∗ −
𝑉𝑡 (𝒂 ) =(1 − 𝜀) 𝛼
𝛿𝑡,𝑛 (𝒂 ) + 𝛽
𝜉𝑡,𝑛 (𝒂 ) + 𝛾𝑞𝑡 (𝝃 𝑡 (𝒂 ))
(
+𝜀

𝑛∈

∑
𝑛∈

𝑛∈

)

𝑐𝑎+𝑛 + 𝜄𝑞𝑡 (𝝃 ∗𝑡 (𝒂− ))

+

∑
1
𝑃𝒂+ ,𝒃− 𝑉𝑡+1 (𝒃− ),
(1 + 𝜌)𝑑 𝒃− ∈

(12)

∀𝒂− ∈,
∀𝑡 ∈ ,
where
• 𝑉𝑡 (𝒂− ) is the optimal value function at time 𝑡, and 𝑉0 (𝑠− (0)) is the same as 𝛹 (𝜹∗𝑡 (𝒔− (𝑡)), 𝝃 ∗𝑡 (𝒔− (𝑡)), ∀𝑡|𝒔− (0));
• 𝒂− (∈ ) is a network-level condition value vector at time 𝑡 before a repair, which comprises segment-specific condition values
𝑎−
𝑛 (∈ ) for all 𝑛 ∈  ;
• 𝒂+ (∈ ) is a network-level condition value vector at time 𝑡 right after a repair if conducted, including 𝑎+
𝑛 (∈ ) for all 𝑛 ∈  ;
• 𝒃− (∈ ) is the network-level condition value vector at time 𝑡 + 1 before a repair; and
∗ (𝒂− ) and 𝜉 ∗ (𝒂− ) are the optimal condition-based policies for given 𝒔− (𝑡) = 𝒂− .
• 𝛿𝑡,𝑛
𝑡,𝑛
∗
+
−
Note that the terminal value of 𝑉𝑇 (𝒂− ) can be assumed to be zero. For a given 𝑎−
𝑛 , 𝑎𝑛 is deterministically determined by 𝛿𝑡,𝑛 (𝒂 )
according to Eq. (8). The stochastic progression from 𝒂+ to 𝒃− during the period of 𝑡 is described in Eq. (6).
This optimization problem can be considered as a typical Markov decision process (MDP) (Bellman, 1957). As the cardinality of
 is 𝑀 𝑁 , the entire optimal repair and work zone policy becomes a set of 𝑇 𝑀 𝑁 policies. We can find the optimal repair and work
zone policies (𝜹∗𝑡 (𝒂− ), 𝝃 ∗𝑡 (𝒂− )) for all 𝑡 ∈  by backward recursion (Bellman, 1957) if 𝑇 ≪ ∞. If 0 ≪ 𝑑 ⋅ 𝑇 or 𝑇 → ∞, the problem can
be approximated to an infinite horizon problem, so policy or value iterations can be used (Bertsekas, 2015) to find the steady-state
(time-invariant) solutions that are 𝜹∗𝑡 (𝒂− ) and 𝝃 ∗𝑡 (𝒂− ).

4.3. Rule-based policy: An approximate solution
Assuming that 𝑇 is sufficiently long to approximate the original problem to an infinite horizon problem, we have already shown
that the exact solution to be time-invariant. Moreover, as the properties of all sections, such as traffic loading and pavement design,
included in a target corridor are identical in this model, it is reasonable to think that most of the whole corridor is homogeneous
in terms of condition-based repair and work zone policies except the end-sides. Note that the current CSs of different sections do
not have to be homogeneous. Within the middle part of the corridor shown in Fig. 5, the optimal way of forming a work zone and
selecting some sections to repair depending on the condition states of the locally adjacent pavement sections should be the same
since it is assumed that there is no end of the corridor near the work zone or repair sections as pavement sections are infinitely
connected in series. However, at both ends, the optimal repair and work zone policies would be different because a work zone cannot
include a section beyond the end of the corridor. Thus, the optimal repair and work zone policies are in general homogeneous along
the whole corridor except the end-sides, and this statement becomes true as the number of sections 𝑁 increases so that 𝑁 ≫ 𝐿, and
the end-side effects turn to be negligible on the major section of the corridor.
The two important properties of the optimal solution of the infinite horizon problem are summarized as below:
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Fig. 5. A target corridor system with the upstream and downstream ends.

Property 1 : The optimal solution is time-invariant if 0 ≪ 𝑑 ⋅ 𝑇 .
Property 2 : The optimal solution is space-invariant if 𝑁 ≫ 𝐿.
Based on the properties, we can establish and justify a space- and time-invariant rule with the set of primary and secondary risk
control levels 𝑋 and 𝑌 and search distance 𝑍. Since steady-state policies are independent of the initial conditions, it is supposed
that 𝑋, 𝑌 , and 𝑍 are independent of 𝒔− (0).
The proposed simplified method can be justified by considering a situation that the economies of scale do not exist only at the
current time point, i.e., a single section to repair at 𝑡 = 0 is treated as a single work zone. For example, if two adjacent sections are
repaired, we need to spend costs for two separate work zones instead of one work zone comprised of two sections. On the other
hand, for the prediction period (𝑡 = 1, … , 𝑇 −1), we take into account the economies of scale as in the original problem. We designate
the time-invariant solution of the Bellman equation (Eq. (12)) as 𝑉 (⋅) instead of 𝑉𝑡 (⋅), and the objective function of the new scenario
is formulated as
min 𝛹 ◦ (𝜹0 |𝒔− (0))
𝜹0
(
∑{
(
)
(
))}
=
(1 − 𝜀)(𝛼 + 𝛽 + 𝛾)𝛿0,𝑛 𝑠−
+ 𝜄𝛿0,𝑛 𝑠−
𝑛 (0) + 𝜀 𝑐𝑠+
𝑛 (0)
𝑛 (0)
𝑛∈

+

∑
1
𝑃𝒔+ (0),𝒃− 𝑉 (𝒃− ).
(1 + 𝜌)𝑑 𝒃− ∈

(13)

Based on the same rationale to derive Property 2, we conjecture that the optimal solution of 𝛿0,𝑛 might be space-invariant. Moreover,
−
◦
it possibly has a threshold structure such as 𝛿0,𝑛 (𝑠−
𝑛 (0)) equals one if 𝑠𝑛 (0) is higher than or equal to a certain threshold value 𝑋 or
zero otherwise. We focus on 𝐿 adjacent sections and assume that there is a section 𝑛, of which CS is higher than or equal to 𝑋 ◦ ,
while the other 𝐿 − 1 sections’ CSs are lower than 𝑋 ◦ and higher than or equal to an arbitrary secondary threshold 𝑌 . The set of
◦ = 1 and 𝛿 ◦
the adjacent sections is denoted by  ′ (| ′ | = 𝐿). The optimal solution in the new scenario is that 𝛿0,𝑛
= 0 for all
0,𝑛′
𝑛′ ∈  ′ , and the CS vector after 𝜹◦0 denoted by 𝒔+ (0)◦ is found as 𝒔− (0) − (𝒔− (0) − 1)◦𝜹◦0 . If we repair all 𝐿 sections within a single
◦ ◦ −
work zone, 𝑠+
𝑛 (0) = 1 for the sections, and the difference between the resulting objective value and 𝛹 (𝜹0 |𝑠 (0)), denoted by 𝛥, is
[
] [
]
∑ {
∑ {
}
}
𝛥 = (1 − 𝜀)(𝛼 + 𝛽 + 𝛾) + 𝜀𝜄 +
𝜀𝑐𝒔+ (0)◦
− (1 − 𝜀)(𝐿𝛼 + 𝐿𝛽 + 𝛾) + 𝜀𝜄 +
𝜀𝑐𝒔+ (0)=1
+

1
(1 + 𝜌)𝑑

[

𝑛∈ ′

∑

𝑃𝒔+ (0),𝒃− 𝑉 (𝒃− ) −

∑

𝑃{

𝒃− ∈

𝒃− ∈

𝑛∈ ′

]
} 𝑉 (𝒃− )
𝒔+ ′ (0)=𝟏,𝒔+ ′ 𝑐 (0)◦ ,𝒃−

( )

(14)

,

where 𝒔+
(0) is the CS vector for the sections included in 𝑁 ′ , (𝑁 ′ )𝑐 is the set of the other sections except for the sections in
′
+
′
𝑁 , and 𝒔( ′ )𝑐 (0)◦ is the subset of 𝑠+ (0)◦ for the sections in (𝑁 ′ )𝑐 . From the optimization shown in Eq. (13), it is obvious that
(
)
𝛹 ◦ (𝜹◦0 |𝒔− (0)) ≤ 𝛹 ◦ 𝜹0, ′ = 𝟏, 𝜹◦0,( ′ )𝑐 |𝒔− (0) . The difference between the left-hand and right-hand sides of the inequality is lower
than or equal to zero as
[
] [
]
∑ {
∑ {
}
}
(1 − 𝜀)(𝛼 + 𝛽 + 𝛾) + 𝜀𝜄 +
𝜀𝑐𝒔+ (0)◦
− (1 − 𝜀)(𝐿𝛼 + 𝐿𝛽 + 𝐿𝛾) + 𝜀𝐿𝜄 +
𝜀𝑐𝒔+ (0)=1
𝑛∈ ′

1
+
(1 + 𝜌)𝑑

[

𝑛∈ ′

∑

−

𝑃𝒔+ (0),𝒃− 𝑉 (𝒃 ) −

𝒃− ∈

∑
𝒃− ∈

𝑃{

]
}

𝒔+ ′ (0)=𝟏,𝒔+ ′ 𝑐 (0)◦ ,𝒃−

( )

−

𝑉 (𝒃 ) ≤ 0.

(15)

The difference between 𝛥 and the left-hand side of Inequality (15) is (𝐿 − 1){(1 − 𝜀)𝛾 + 𝜀𝜄}, which is positive. If the incentives from
the economies of scale, (𝐿 − 1){(1 − 𝜀)𝛾 + 𝜀𝜄}, is higher than the penalty resulting from the consolidation (the left-hand side of
Inequality (15)), 𝛥 is positive, which means that conducting early repairs on the 𝐿 − 1 sections is advantageous. It is also possible
that consolidating less than 𝐿 − 1 sections near the primary section is more economically desirable but may be associated with a
different secondary threshold 𝑌 from that for consolidating 𝐿 − 1 sections. Another possibility is that a primary threshold 𝑋 that
is higher than 𝑋 ◦ is necessary to reduce the number of sections to repair since the number should increase due to the secondary
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sections defined by 𝑌 . In other words, whether a consolidation is beneficial or not is highly dependent on the selected values of 𝑋
and 𝑌 . Even if there can be multiple sets of desirable 𝑋 and 𝑌 for heterogenous local situations, in the proposed rule-based method,
we simply find a single set of the primary threshold 𝑋 and the secondary threshold 𝑌 .
Last, if multiple sections to repair are located nearby, it could be better to make a single work zone rather than multiple work
zones. Thus, it is necessary to search sufficiently at most 𝐿 sections from a primary section. However, if a search distance is too long,
too many sections that are not repaired but included in the work zone can cause excessive costs, so the search distance should be
carefully selected. Overall, based on the insights found from the scenario without the economies of scale at 𝑡 = 0 and the conjecture,
we justify the simplification of the exact and complex solution into finding a desirable set of the primary threshold 𝑋, the secondary
threshold 𝑌 , and the search distance 𝑍.
For given 𝒔− (𝑡) = 𝒂− , the repair and work zone policy at 𝑡, (𝜹𝑡 (𝒂− , 𝑋, 𝑌 , 𝑍), 𝝃 𝑡 (𝒂− , 𝑋, 𝑌 , 𝑍)), can be easily calculated as follows:
Step 1 Initialize the set of repair and work zone sections,7 , and the set of work zone sections,8 , as  ≡ ∅ and  ≡ ∅. 
and  are to be updated in the following steps. Define the set of primary sections and the set of secondary sections as
−
9
 ≡ {𝑛 ∈  |𝑎−
𝑛 ≥ 𝑋} and  ≡ {𝑛 ∈  |𝑌 ≤ 𝑎𝑛 < 𝑋}, respectively.
Step 2 Define the minimal section ID of primary sections that have not been included in the set of repair and work zone sections,
̂ respectively. If all the
𝑛,
̂ as 𝑛̂ ≡ min( ⧵ ). Let , a set of continuous work zone sections ̂ and 𝜁 be  ∪ {𝑛},
̂ {𝑛}
̂ and ||,
primary sections are included in the set of repair and work zone sections (i.e.,  ⊆ ), proceed to Step 8.
Step 3 Let a temporal search distance 𝑍̂ be 1.
Step 4 If 𝑍̂ > 𝑍 or 𝜁 + 𝑍̂ > 𝐿, let  be  ∪ ̂ and return to Step 2.
̂ and return to Step 3.
̂ ̂ ≡ ̂ ∪ {max ̂ + 1, … , max ̂ + 𝑍},
̂ let 𝜁 be ||,
Step 5 If max ̂ + 𝑍̂ ∈  ∪  ⧵ ,  ≡  ∪ {max ̂ + 𝑍},
̂ and return to Step 3.
̂ ̂ ≡ ̂ ∪ {min ̂ − 1, … , min ̂ − 𝑍},
̂ let 𝜁 be ||,
Step 6 If min ̂ − 𝑍̂ ∈  ∪  ⧵ ,  ≡  ∪ {min ̂ − 𝑍},
Step 7 Let 𝑍̂ be 𝑍̂ + 1. Return to Step 4.
Step 8 Define 𝑛th element of 𝜹𝑡 (𝒂− , 𝑋, 𝑌 , 𝑍) as 𝛿𝑡,𝑛 (𝒂− , 𝑋, 𝑌 , 𝑍) = 1 ∀ 𝑛 ∈  and 𝛿𝑡,𝑛 (𝒂− , 𝑋, 𝑌 , 𝑍) = 0 ∀ 𝑛 ∈  ⧵ . Define 𝑛th
element of 𝝃 𝑡 (𝒂− , 𝑋, 𝑌 , 𝑍) as 𝜉𝑡,𝑛 (𝒂− , 𝑋, 𝑌 , 𝑍) = 1 ∀ 𝑛 ∈  and 𝛿𝑡,𝑛 (𝒂− , 𝑋, 𝑌 , 𝑍) = 0 ∀ 𝑛 ∈  ⧵ .10
An example with given CSs to determine a repair and work zone policy by the simplified rule is provided in Fig. 6.
The state spaces of 𝑋, 𝑌 , and 𝑍 are defined as discrete spaces as  = {2, … , 𝑀},  = {2, … , 𝑋} and  = {1 ⋯ , 𝐿}, respectively.
If 𝑍 = 0, synchronization is not optimized and we need to consider only 𝑋 but not 𝑌 . Using the expected life cycle cost as the
objective function, the optimal simplified rule (𝑋 ∗ , 𝑌 ∗ , 𝑍 ∗ ) can be given by
(
[
∑
∑
1
∗
∗
∗
𝛿𝑡,𝑛 (𝒔− (𝑡), 𝑋, 𝑌 , 𝑍)
(1 − 𝜀) 𝛼
(𝑋 , 𝑌 , 𝑍 ) =
arg min
𝐸−
(𝑡−1)𝑑 𝒔 (𝑡)
(𝑋,𝑌 ,𝑍)∈×× 𝑡∈ (1 + 𝜌)
𝑛∈
)
∑
−
−
+ 𝛽
𝜉𝑡,𝑛 (𝒔 (𝑡), 𝑋, 𝑌 , 𝑍) + 𝛾𝑞𝑡 (𝝃 𝑡 (𝒔 (𝑡), 𝑋, 𝑌 , 𝑍))
𝑛∈

(
+𝜀

∑

)]
−

𝑐𝑠−𝑛 (𝑡) + 𝜄𝑞𝑡 (𝝃 𝑡 (𝒔 (𝑡), 𝑋, 𝑌 , 𝑍))

,

(16)

𝑛∈

where the symbol ‘‘×’’ indicates the Cartesian product. As 𝑋, 𝑌 and 𝑍 are independent of 𝑡, the value of the objective function
in Eq. (16) can be calculated with a given set of 𝑋, 𝑌 , and 𝑍 using the Monte Carlo simulation Decker (1991) by generating CSs
randomly. Moreover, the cardinality of possible simplified rules is 𝑀(𝑀 − 1)𝐿∕2, which enables us to find the optimal solution by
calculating the values of the objective function for all possible sets of 𝑋, 𝑌 , and 𝑍, and selecting the optimal set that minimizes the
value of the objective function. Compared to 𝑇 𝑀 𝑁 of the exact solution, the proposed rule-based method can significantly reduce
the complexity to 𝑀(𝑀 − 1)𝐿∕2. The entire solution algorithm to determine the set of 𝑋 ∗ , 𝑌 ∗ , and 𝑍 ∗ is depicted as a flowchart in
Fig. 7.

7
8
9
10

Sections to repair within a work zone.
Sections not to repair but included in a work zone.
Note that  ≡ {𝑛 ∈  |𝑌 ≤ 𝑎−𝑛 < 𝑋} = ∅ when 𝑋 = 𝑌 , i.e., only sections with CS 𝑋 or more are repaired.
Conditions ‘‘𝛿𝑡,𝑛 (𝒂− (𝑡), 𝑋, 𝑌 , 𝑍) = 1 if 𝑎−𝑛 = 𝑀’’ and ‘‘𝛿𝑡,𝑛 (𝒂− , 𝑋, 𝑌 , 𝑍) ≤ 𝜉𝑡,𝑛 (𝒂− , 𝑋, 𝑌 , 𝑍) ∀ 𝑛 ∈  ’’ are automatically satisfied.
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Fig. 6. Example of determining repair and work zone policy based on simplified rule.

5. Numerical study
The proposed methodology is demonstrated by applying it to two types of road pavement systems with different size: (i) a
toy-level road pavement system (Case 1), and (ii) a large-scale system (Case 2). In Case 1, the repair and work zone policy derived
with the exact solution method and the one with the approximation method are compared. In Case 2, the applicability of the
proposed approximation method to a large-scale (real-scale) pavement system is discussed. In addition, Case 2 includes the results
of sensitivity analyses in terms of costs and the weight between agency costs and user costs. The conditions based on the actual
situations of pavement management in Japanese expressways are listed in Table 1. In Case 1 and Case 2, repair and work zone
policies are determined using each pattern of Markov transition probabilities shown in Table 1. The Markov deterioration processes
that follow Pattern 1, Pattern 2, and Pattern 3 are graphically depicted in Figs. 8–10, respectively, as the evolution processes of
state vectors.
All calculations were done in MATLAB R2019a on a computer with the following features: OS: Windows 10 Home (64-bit);
Processor: Intel(R) Core(TM) i9-9980XE CPU @ 3.00 GHz 4.50 GHz; Memory (RAM): 64.00 GB.
5.1. Case 1: Small scale road pavement system
Repair and work zone policies in Case 1 are found by both the exact solution method and the approximation method. The results
are shown in Table 2. In the approximation method, the optimal rule (𝑋 ∗ , 𝑌 ∗ , 𝑍 ∗ ) is found as (4, 3, 1) for Pattern 1 and Pattern 2 and
(4, 2, 1) for Pattern 3. In each pattern, the expected life cycle cost of the repair and work zone policy derived by the approximation
method is close to that of the exact repair and work zone policy. The condition-based repair and work zone policies for both
methods are shown in Appendix B. Computational time to find the repair and work zone policy with the exact solution method is
approximately 640 s (10.7 min) and that with the proposed approximation method is approximately 1 s for all the patterns. The
result implies that the proposed approximation method can find a near-optimal policy with significantly reduced computational
time for small scale pavement systems.
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Fig. 7. Optimization of simplified rule.

Fig. 8. Supposed deterioration process: Pattern 1.

5.2. Case 2: Real scale road pavement system
The result of Case 2 for Pattern 1 is shown in Table 3 and discussed this section. The results for the other deterioration patterns
will be discussed in 5.3. As the number of road pavement sections is 100, the exact solution method cannot be applied due to an
extraordinarily high computational load. On the other hand, the proposed approximation method with the simplified rule can find
the repair and work zone policy by optimizing 𝑋, 𝑌 and 𝑍 with realistic computational time, 6.15 s and 54.51 s when 𝐿 = 2 and
𝐿 = 10, respectively. We can observe a desirable fact that the computational time increases almost proportional to the size of the
system compared to the computational time for five sections (approximately 1 s) when the maximum length of a work zone 𝐿 is
11
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Table 1
Input conditions.
Case 1

Case 2

Number of road pavement sections: 𝑁
Number of CS: 𝑀
Variable repair cost for agency: 𝛼
Variable work zone cost for agency: 𝛽
Fixed repair/work zone cost for agency: 𝛾
Work zone cost for usersb : 𝜄
Vehicle operating costs for users: (𝑐1 , … , 𝑐𝑀 )
Weight between agency cost and user cost: 𝜀
Maximum length of a work zone: 𝐿
Inspection interval: 𝑑
Initial CS
Planning period
Number of simulation runs: 𝑊
Discount rate: 𝜌

5
4
1
1
10
0
(0, 0, 3, 10)
0
2
1
1 ∀ 𝑛
 ≡ {0, 1, … , 100}
5,000
0.04

100
4
1a
1
10a
0
(0, 0, 3, 10)
0a
2 or 10
1
1 ∀ 𝑛
 ≡ {0, 1, … , 100}
5,000
0.04

Markov transition probability matrix: 𝒑
Pattern 1

0.6922
0
0
0

0.2330
0.7399
0
0

0.0408
0.2291
0.7815
0

0.0036
0.0310
0.2185
1

Markov transition probability matrix: 𝒑
Pattern 2

0.5115
0
0
0

0.3646
0.5776
0
0

0.1179
0.3926
0.8734
0

0.0060
0.0298
0.1266
1

Markov transition probability matrix: 𝒑
Pattern 3

0.7815
0
0
0

0.1950
0.8000
0
0

0.0196
0.1524
0.7815
0

0.0039
0.0476
0.2185
1

a

Sensitivity analysis will be carried out with respect to these variables.
In the numerical study, we assume that all repairs will be conducted during nighttime, so traffic disruptions are ignored, i.e., traffic does not shift in response
to the work zones. For practical use, 𝜄 might be needed to be set as a positive value accounting for the work zone costs for users to prevent them from becoming
excessively high.
b

Table 2
Result of case 1.
Computational time

Expected life cycle cost

Pattern 1

Exact solution
Approximation

649.79 s
0.92 s

106.20 [m.u.]
106.96 [m.u.]

Pattern 2

Exact solution
Approximation

642.39 s
0.91 s

111.61 [m.u.]
113.60 [m.u.]

Pattern 3

Exact solution
Approximation

637.52 s
1.14 s

102.20 [m.u.]
104.98 [m.u.]

Fig. 9. Supposed deterioration process: Pattern 2.

the same. Although the computational time increases as 𝐿 becomes larger, it is retained within realistic computational time. The
optimal rules (𝑋 ∗ , 𝑌 ∗ , 𝑍 ∗ ) are (4,3,1) and (4,3,3) when 𝐿 = 2 and 𝐿 = 10, respectively, and the approximately derived policies
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Fig. 10. Supposed deterioration process: Pattern 3.

Table 3
Result of case 2.

Computational time
Optimal rule (𝑋 ∗ , 𝑌 ∗ , 𝑍 ∗ )
Expected life cycle cost

𝐿=2

𝐿 = 10

6.15 s
(4,3,1)
2,086.08 [m.u.]

54.51 s
(4,3,3)
1,785.90 [m.u.]

can be expressed as 𝜹𝑡 (𝒂− , 𝑋 ∗ , 𝑌 ∗ , 𝑍 ∗ ) and 𝝃 𝑡 (𝒂− , 𝑋 ∗ , 𝑌 ∗ , 𝑍 ∗ ). Using the approximate policies, we can easily determine pavement
sections to repair and to include in work zones with a given CS vector. The expected life cycle cost of the entire system found by
the proposed approximation method is 2,086.08 [m.u.] when 𝐿 = 2, which is smaller than the 20-fold optimal life cycle cost of
a sub-system consisting of five sections, which is the same as Case 1, i.e., 2, 086.08 < 106.20 ∗ 20 = 2, 124 [m.u.]. The reduction
results from synchronizing repairs on two adjacent sections separated included in two sub-systems, which was impossible in each
sub-system problem. With more flexibility when 𝐿 = 10, we can obtain an even lower expected life cycle cost, 1,785.90 [m.u.] than
the case of 𝐿 = 2, 2,086.08 [m.u.]. It implies that the improvement of construction efficiency due to synchronized repairs on a
larger number of sections can significantly reduce the objective value.
5.3. Sensitivity analysis
A sensitivity analysis is conducted by finding (𝑋 ∗ , 𝑌 ∗ , 𝑍 ∗ ) with the conditions of Case 2 changing variable repair cost 𝛼 from 1/3
to 20, fixed repair/work zone cost 𝛾 from 1/3 to 20, and deterioration process from Pattern 1 to Pattern 3, respectively. The results
are shown in Figs. 11–13. 𝑌 ∗ and 𝑍 ∗ are shown to vary depending on the costs and deterioration patterns, but 𝑋 ∗ is constant
(𝑋 ∗ = 4) for all the combinations. In Fig. 11, focusing on the value of 𝑌 ∗ , the graph area, where the variable repair cost 𝛼 on
the abscissa and fixed repair/work zone cost 𝛾 on the ordinate, can be classified into three areas from left to right associated with
𝑌 ∗ = 2, 𝑌 ∗ = 3, and 𝑌 ∗ = 4, respectively. As the variable repair cost 𝛼 becomes smaller or the fixed repair/work zone cost 𝛾 becomes
larger (i.e., the benefit of simultaneously repairing multiple pavement sections in a work zone becomes higher), 𝑌 ∗ is shifting from
4 to 2 (i.e., it becomes necessary to repair pavement sections with CS 2 or 3 preventively). When 𝑌 ∗ is 4, no pavement section is
selected as the secondary section, and the simultaneous repair of primary sections in a work zone is determined based on 𝑍 ∗ . In
each graph area with the same value of 𝑌 ∗ , the larger the fixed repair/work zone cost 𝛾 is, the larger the optimal search distance
𝑍 ∗ becomes. This means that the secondary sections to be repaired become more distant from the primary section in a work zone
when the cost per one continuous work zone increases. Those results might be compatible with practitioners’ implicit knowledge of
how to conduct simultaneous repair in a work zone. Even though the results in Figs. 12 and 13 present the same tendency as that
in Fig. 11, 𝛾 and 𝛼 in which 𝑌 ∗ and 𝑍 ∗ change become different. In Pattern 2 shown in Fig. 9, the CS becomes 3 earlier and keep
this CS longer than that of Pattern 1 in Fig. 8 (see the red areas). It means that (i) the deterioration speed of the good-condition
pavement whose CS = 1 or 2 is faster so that the preventive repair of sections with CS = 2 is not beneficial, and (ii) the worst case
where CS = 4 becomes later so it is less urgent to conduct repairs on a section with CS 3. In summary, the merit to repair pavement
sections with CS 2 or 3 preventively becomes smaller, so the area with 𝑌 ∗ = 2 and that with 𝑌 ∗ = 3 shift to the upper left side in
Fig. 12. On the other hand, in Pattern 3 shown in Fig. 10, the CS becomes 3 later and a section with CS 3 deteriorates to CS 4 in a
relatively short time compared to Pattern 1. Similarly, we can understand that it is more beneficial to conduct repairs on pavement
sections with CS 2 or 3 preventively than the case of Pattern 1, so the areas with 𝑌 ∗ = 2 and with 𝑌 ∗ = 3 shift to the lower right
side in Fig. 13. Comparing Figs. 11–13, we found that 𝑌 ∗ and 𝑍 ∗ change with the same pair of 𝛾 and 𝛼 when the deterioration
process changes. This implies that it is desirable to consider heterogenous deterioration speed and the characteristics of corridors
of interest to determine their optimal repair and work zone policies separately.
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Fig. 11. Result of sensitivity analysis with respect to costs: Deterioration Pattern 1.

Fig. 12. Result of sensitivity analysis with respect to costs: Deterioration Pattern 2.

Fig. 13. Result of sensitivity analysis with respect to costs: Deterioration Pattern 3.
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Fig. 14. Result of sensitivity analysis with respect to weight 𝜀: Optimal rules.

Fig. 15. Result of sensitivity analysis with respect to weight 𝜀: Agency costs and user costs.

Another sensitivity analysis is conducted by changing weight 𝜀 between user and agency costs from 0 to 0.90 with 0.01 interval
in Case 2. Higher 𝜀 means that user costs are considered more important. It is also interpreted as the results of (i) a bi-criteria
problem or; (ii) a constrained optimization. In (i), the sets of the optimally found agency costs and user costs varying with different
𝜀, which are the components of the weighted objective function (10), form the Pareto frontier of the bi-criteria problem. In (ii), with
the assumption that the agency costs are bound by a given budget (i.e., the budget is not appropriated unnecessarily abundant), 𝜀
is the Lagrangian multiplier (or the shadow price) between the user cost minimization objective and the agency budget constraint.
In that sense, using a variable weight factor 𝜀 in the mathematical program can provide significant flexibility for various diverging
perspectives.
The sensitivity analysis results are shown in Figs. 14 and 15. As seen in Fig. 14, both 𝑋 ∗ and 𝑌 ∗ are monotonically non-increasing
with respect to the weight 𝜀. It means that lower thresholds are necessary to keep the pavement condition better with frequent repairs
when user costs become more important for the original generalized cost problem or when a higher agency budget is available for
the constrained problem. The frequent repairs conducted on sections under low CSs can reduce the vehicle operating costs for users.
For a given pair of 𝑋 ∗ and 𝑌 ∗ the searching distance increases with 𝜀. For example, for (𝑋 ∗ , 𝑌 ∗ ) = (3, 2), 𝑍 ∗ increases from 3 to
7. The longer searching distance can increase the number of secondary sections to repair, and it eventually improves the average
condition of the entire pavement corridor, reducing user costs.
We can observe a hierarchy among the optimal strategies, 𝑋 ∗ , 𝑌 ∗ , and 𝑍 ∗ . 𝑋 ∗ decreases from CS 4 to CS 2 as 𝜀 increases, and
𝑌 ∗ decreases or remains constant for a specific 𝑋 ∗ . Note that the feasible range of 𝑌 is bound by 𝑋, so 𝑌 is dominated by 𝑋. At
the bottom layer, 𝑍 ∗ increases with 𝜀 for given 𝑋 ∗ and 𝑌 ∗ . In this hierarchy, 𝑋 ∗ shows the highest importance, whereas 𝑍 ∗ is the
most subordinate.
If 𝜀 = 0, the objective is to minimize agency costs, and only the worst-case LOS constraint is considered for users. The optimal
solution has the highest threshold (𝑋 ∗ , 𝑌 ∗ ) = (4, 3) and the shortest searching distance 𝑍 ∗ = 3, resulting in the worst pavement
condition and the highest user costs as shown in Fig. 15. As 𝜀 increases between 0 and 1 (0 < 𝜀 < 1), the optimal policies become
tighter, yielding higher agency costs, while reducing the user costs. When 𝜀 = 1, we have the lowest user costs and the highest
agency costs.
6. Conclusion
In this study, we present two methodologies to determine pavement repair and work zone policies considering the economies of
scale accruing from the simultaneous repairs of neighboring sections within a single work zone. The first methodology is developed
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based on dynamic programming to find the exact optimal solutions, which is impractical to find repair and work zone policies for
real-scale (large-scale) pavement systems due to the computational complexity caused by the combinatorial explosion. To overcome
this limitation, a computationally feasible methodology is presented to determine desirable (near-optimal) policies by optimizing
a time-invariant simplified rule identified with the primary and secondary repair thresholds (𝑋 and 𝑌 ) and the search distance
(𝑍). In real-world practice, decision-makers consider numerous factors, including the risk of accidents due to work zones and the
implicit thresholds of the number of traffic regulations per year by work zones, all of which cannot be incorporated into conventional
optimization methods. 𝑋, 𝑌 , and 𝑍 can serve as a benchmark to determine actual sections to repair and include in a work zone,
considering various practical constraints that cannot be included in a mathematical framework.
In the numerical study, presented methodologies are used to find repair and work zone policies for small-scale (Case 1) and realscale (Case 2) pavement systems. In Case 1, the rule-based methodology can effectively find the optimal policy with significantly
reduced computational time, approximately 0.16% = 1∕640 of the exact solution algorithm. In Case 2, we applied the rule-based
methodology to a real-scale pavement system consisting of 100 sections and showed the feasibility of finding repair and work zone
policies with a realistic computational time for practical use. In addition, the numerical study includes sensitivity analysis, and
notably, optimal rules are meaningfully different, depending on the deterioration process, proving that determining optimal repair
and work zone policies separately is required for multiple corridors under different deterioration progressions.
Future research can address the limitations of this work. Currently, we only considered a single option of repair with complete
condition improvement. More realistic assumptions can be further incorporated by considering multiple MR&R (maintenance,
rehabilitation, and replacement) types, such as preventive and corrective maintenance, surface rehabilitation, and the reconstruction
of the whole pavement structure (Gu et al., 2012). A rule-based strategy should be modified according to available MR&R options.
As noted in Chu and Huang (2018), a best-first preventive maintenance strategy is considerable. Similarly, Lee and Madanat (2015b)
revealed that it is desirable to conduct preventive routine maintenance activities in the early phase of life cycle to slow down the
deterioration as much as possible and to stop them at the end phase since the facility will be rehabilitated or reconstructed soon.
Thus, we can introduce another control variable 𝑊 , together with 𝑋, 𝑌 , and 𝑍, which defines a CS window that requires preventive
maintenance between the best CS to the control point. Furthermore, if we want to account for permanent damages accumulated
on the underlying structure, which can be recovered only by reconstruction, it is necessary to consider multi-dimensional CS
such as a set including both surface and underlying structures’ condition states. In this case, the CS thresholds for all managerial
activities, including reconstruction, should have the same dimension of CS. We need to justify such extended rule-based algorithms
for multiple MR&R activities as we did for the sole repair option in this paper. Second, although we revealed that corridors
under heterogenous deterioration speeds, influenced by their traffic volumes, structural designs, and environmental situations, need
different sets of optimal (𝑋, 𝑌 , 𝑍), we have not found their optimal strategies when the agency costs for multiple corridors are
funded by a single combined budget. The sensitivity analysis with respect to 𝜀 in Section 5.3 explains the budget-constrained case
only for a single corridor. Thus, solving this weakly coupled multi-corridor problem would be interesting. In addition, the rule-based
methodology can be applied to pavement systems that include not only corridors but also other important roadway components
such as intersections. It might be another research topic to develop methods to efficiently find (near-)optimal repair and work zone
policies for pavement systems comprised of various elements. Third, we assumed that the inspection frequency is pre-determined,
but we can improve the results by determining the optimal inspection frequency for time-based inspection schemes. In the connected
era, real-time monitoring of the condition of a roadway network with high precision will be possible due to cheap sensors installed on
a number of connected vehicles. Furthermore, new inspection technologies such as drones are already the new norm, so adjusting
the optimization framework based on recent technologies can be expected. Last, the joint optimization of MR&R and work zone
policies can be addressed in the context of reinforcement learning (RL), where the system-wide condition is state, and the expected
lifetime costs and condition-based strategies are long-term reward and policies respectively. Based on the theory of RL, we expect
that an RL algorithm can provide closer optimality but results in higher computational complexity than the presented rule-based
algorithm. It would be worth investigating this trade-off between optimality and computational efforts by comparing the RL method
with the rule-based algorithm.
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Appendix A. List of notations

𝑋
𝑌
𝑍
𝑑
𝑡

𝑇
𝑁

𝑀

𝑠𝑛 (𝑡)
𝒔(𝑡)

𝑝𝑎,𝑏
𝒑
𝑃𝒂,𝒃
𝛿𝑡,𝑛
𝜹𝑡
𝜉𝑡,𝑛
𝝃𝑡
𝛼
𝛽
𝛾
𝜄
𝑐𝑎
𝜀
𝐿
𝑞𝑡 (𝝃 𝑡 )
𝛹 (𝜹𝑡 , 𝝃 𝑡 , ∀𝑡|𝒔− (0))

𝜌
𝑉𝑡 (𝒂− )




𝑛̂
𝑍̂
̂
𝜁

Primary risk control level
Secondary risk control level
Search distance
Inspection interval time
𝑡th inspection time points
Set of inspection time point
Number of inspections
Number of sections in the pavement system
Set of pavement section IDs
Number of discrete ratings of single pavement section
State space of the condition state of a single pavement section
Condition state of pavement section 𝑛 at time point 𝑡
Condition state vector of pavement system at time point 𝑡
State space of the condition state vector of the pavement system
Markov transition probability that condition state transfer from 𝑎 to 𝑏 in one
inspection interval time
Markov transition probability matrix of the condition state of a single pavement
section
Markov transition probability that condition state vector transfer from 𝒂 to 𝒃 in one
inspection interval time
Repair policy for pavement section 𝑛 at time point 𝑡
Repair policy vector for pavement system at time point 𝑡
Work zone policy for pavement section 𝑛 at time point 𝑡
Work zone policy vector for pavement system at time point 𝑡
Variable repair cost for the agency
Variable work zone cost for the agency
Fixed repair/work zone cost for the agency
Work zone cost for users
Vehicle operating cost for users when the CS of the pavement section is 𝑎
Weight between agency costs and user costs
Maximum length of a single continuous work zone
Number of continuous work zones at 𝑡 with given 𝝃 𝑡
Expected discounted value of the future life cycle cost of the pavement system at
time point 0 when the current condition state vector of the pavement system is
𝒔− (0)
Discount rate
Optimal value function at time 𝑡 when current condition state vector of pavement
system is 𝒔− (𝑡) = 𝒂−
Set of repair and work zone pavement sections (in the algorithm of the proposed
method)
Set of work zone pavement sections (in the algorithm of the proposed method)
Set of primary pavement sections (in the algorithm of the proposed method)
Set of secondary pavement sections (in the algorithm of the proposed method)
Minimal pavement section ID of mandatory risk pavement sections that have not
been included in 𝐻̂ (in the algorithm of the proposed method)
Temporal search distance (in the algorithm of the proposed method)
IDs of pavement sections in currently determining work zone (in the algorithm of
the proposed method)
Length of currently determining work zone (in the algorithm of the proposed
method)

Appendix B. The repair and work zone policies with pattern 1 in case 1
The repair and work zone policies with Pattern 1 in Case 1 are shown in Table 4. In the tables, an element of a vector indicating
a repair and work zone policy becomes 1 when 𝛿 = 𝜉 = 0 (not repaired or involved in a work zone), it becomes 2 when 𝛿 = 0
and 𝜉 = 1 (only work zone), and it becomes 3 when 𝛿 = 𝜉 = 1 (repaired in work zone). The combinations of CSs whose policies
are (1, 1, 1, 1, 1) in the two methods are not shown in the tables. CSs and policies in which different policies are found in the two
methods are highlighted in bold.
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Table 4
Repair and work zone policies with Pattern 1 in Case 1.
CS

Optimal

Approximated

CS

Optimal

Approximated

CS

Optimal

Approximated

(1,1,1,1,4)
(1,1,1,2,4)
(1,1,1,3,4)
(1,1,1,4,1)
(1,1,1,4,2)
(1,1,1,4,3)
(1,1,1,4,4)
(1,1,2,1,4)
(1,1,2,2,4)
(1,1,2,3,4)
(1,1,2,4,1)
(1,1,2,4,2)
(1,1,2,4,3)
(1,1,2,4,4)
(1,1,3,1,4)
(1,1,3,2,4)
(1,1,3,3,4)
(1,1,3,4,1)
(1,1,3,4,2)
(1,1,3,4,3)
(1,1,3,4,4)
(1,1,4,1,1)
(1,1,4,1,2)
(1,1,4,1,3)
(1,1,4,1,4)
(1,1,4,2,1)
(1,1,4,2,2)
(1,1,4,2,3)
(1,1,4,2,4)
(1,1,4,3,1)
(1,1,4,3,2)
(1,1,4,3,3)
(1,1,4,3,4)
(1,1,4,4,1)
(1,1,4,4,2)
(1,1,4,4,3)
(1,1,4,4,4)
(1,2,1,1,4)
(1,2,1,2,4)
(1,2,1,3,4)
(1,2,1,4,1)
(1,2,1,4,2)
(1,2,1,4,3)
(1,2,1,4,4)
(1,2,2,1,4)
(1,2,2,2,4)
(1,2,2,3,4)
(1,2,2,4,1)
(1,2,2,4,2)
(1,2,2,4,3)
(1,2,2,4,4)
(1,2,3,1,4)
(1,2,3,2,4)
(1,2,3,3,4)
(1,2,3,4,1)
(1,2,3,4,2)
(1,2,3,4,3)
(1,2,3,4,4)
(1,2,4,1,1)
(1,2,4,1,2)
(1,2,4,1,3)
(1,2,4,1,4)
(1,2,4,2,1)
(1,2,4,2,2)
(1,2,4,2,3)
(1,2,4,2,4)

(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,3)
(1,1,3,3,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)

(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,3)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,3)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,3)

(1,2,4,3,1)
(1,2,4,3,2)
(1,2,4,3,3)
(1,2,4,3,4)
(1,2,4,4,1)
(1,2,4,4,2)
(1,2,4,4,3)
(1,2,4,4,4)
(1,3,1,1,4)
(1,3,1,2,4)
(1,3,1,3,4)
(1,3,1,4,1)
(1,3,1,4,2)
(1,3,1,4,3)
(1,3,1,4,4)
(1,3,2,1,4)
(1,3,2,2,4)
(1,3,2,3,4)
(1,3,2,4,1)
(1,3,2,4,2)
(1,3,2,4,3)
(1,3,2,4,4)
(1,3,3,1,4)
(1,3,3,2,4)
(1,3,3,3,4)
(1,3,3,4,1)
(1,3,3,4,2)
(1,3,3,4,3)
(1,3,3,4,4)
(1,3,4,1,1)
(1,3,4,1,2)
(1,3,4,1,3)
(1,3,4,1,4)
(1,3,4,2,1)
(1,3,4,2,2)
(1,3,4,2,3)
(1,3,4,2,4)
(1,3,4,3,1)
(1,3,4,3,2)
(1,3,4,3,3)
(1,3,4,3,4)
(1,3,4,4,1)
(1,3,4,4,2)
(1,3,4,4,3)
(1,3,4,4,4)
(1,4,1,1,1)
(1,4,1,1,2)
(1,4,1,1,3)
(1,4,1,1,4)
(1,4,1,2,1)
(1,4,1,2,2)
(1,4,1,2,3)
(1,4,1,2,4)
(1,4,1,3,1)
(1,4,1,3,2)
(1,4,1,3,3)
(1,4,1,3,4)
(1,4,1,4,1)
(1,4,1,4,2)
(1,4,1,4,3)
(1,4,1,4,4)
(1,4,2,1,1)
(1,4,2,1,2)
(1,4,2,1,3)
(1,4,2,1,4)
(1,4,2,2,1)

(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,3,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,3,3,3,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,1,3,3,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,3,3,3,3)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,3)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,3,3)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,3,3)
(1,3,1,3,1)
(1,3,1,3,3)
(1,3,1,3,3)
(1,3,1,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,1,1,1)

(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,3,3,3,1)
(1,3,3,3,1)
(1,3,3,3,3)
(1,3,3,3,3)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,3)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,3)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,3,3)
(1,3,1,3,1)
(1,3,1,3,1)
(1,3,1,3,3)
(1,3,1,3,3)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,3)
(1,3,1,1,1)

(1,4,2,2,2)
(1,4,2,2,3)
(1,4,2,2,4)
(1,4,2,3,1)
(1,4,2,3,2)
(1,4,2,3,3)
(1,4,2,3,4)
(1,4,2,4,1)
(1,4,2,4,2)
(1,4,2,4,3)
(1,4,2,4,4)
(1,4,3,1,1)
(1,4,3,1,2)
(1,4,3,1,3)
(1,4,3,1,4)
(1,4,3,2,1)
(1,4,3,2,2)
(1,4,3,2,3)
(1,4,3,2,4)
(1,4,3,3,1)
(1,4,3,3,2)
(1,4,3,3,3)
(1,4,3,3,4)
(1,4,3,4,1)
(1,4,3,4,2)
(1,4,3,4,3)
(1,4,3,4,4)
(1,4,4,1,1)
(1,4,4,1,2)
(1,4,4,1,3)
(1,4,4,1,4)
(1,4,4,2,1)
(1,4,4,2,2)
(1,4,4,2,3)
(1,4,4,2,4)
(1,4,4,3,1)
(1,4,4,3,2)
(1,4,4,3,3)
(1,4,4,3,4)
(1,4,4,4,1)
(1,4,4,4,2)
(1,4,4,4,3)
(1,4,4,4,4)
(2,1,1,1,4)
(2,1,1,2,4)
(2,1,1,3,4)
(2,1,1,4,1)
(2,1,1,4,2)
(2,1,1,4,3)
(2,1,1,4,4)
(2,1,2,1,4)
(2,1,2,2,4)
(2,1,2,3,4)
(2,1,2,4,1)
(2,1,2,4,2)
(2,1,2,4,3)
(2,1,2,4,4)
(2,1,3,1,4)
(2,1,3,2,4)
(2,1,3,3,4)
(2,1,3,4,1)
(2,1,3,4,2)
(2,1,3,4,3)
(2,1,3,4,4)
(2,1,4,1,1)
(2,1,4,1,2)

(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,3,3,3,1)
(1,3,3,3,3)
(1,3,3,3,3)
(1,3,3,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,3,3,3,1)
(1,3,3,3,3)
(1,3,3,3,3)
(1,3,3,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,3,3,3,1)
(1,3,3,3,3)
(1,3,3,3,3)
(1,3,3,3,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,3,1,1)
(1,1,3,1,1)

(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,3)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,3,3)
(1,3,1,3,1)
(1,3,1,3,1)
(1,3,1,3,3)
(1,3,1,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,3,3,3,1)
(1,3,3,3,1)
(1,3,3,3,3)
(1,3,3,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,3,3,3,1)
(1,3,3,3,1)
(1,3,3,3,3)
(1,3,3,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,3,1,1)
(1,1,3,1,1)

(continued on next page)
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Table 4 (continued).
CS

Optimal

Approximated

CS

Optimal

Approximated

CS

Optimal

Approximated

(2,1,4,1,3)
(2,1,4,1,4)
(2,1,4,2,1)
(2,1,4,2,2)
(2,1,4,2,3)
(2,1,4,2,4)
(2,1,4,3,1)
(2,1,4,3,2)
(2,1,4,3,3)
(2,1,4,3,4)
(2,1,4,4,1)
(2,1,4,4,2)
(2,1,4,4,3)
(2,1,4,4,4)
(2,2,1,1,4)
(2,2,1,2,4)
(2,2,1,3,4)
(2,2,1,4,1)
(2,2,1,4,2)
(2,2,1,4,3)
(2,2,1,4,4)
(2,2,2,1,4)
(2,2,2,2,4)
(2,2,2,3,4)
(2,2,2,4,1)
(2,2,2,4,2)
(2,2,2,4,3)
(2,2,2,4,4)
(2,2,3,1,4)
(2,2,3,2,4)
(2,2,3,3,4)
(2,2,3,4,1)
(2,2,3,4,2)
(2,2,3,4,3)
(2,2,3,4,4)
(2,2,4,1,1)
(2,2,4,1,2)
(2,2,4,1,3)
(2,2,4,1,4)
(2,2,4,2,1)
(2,2,4,2,2)
(2,2,4,2,3)
(2,2,4,2,4)
(2,2,4,3,1)
(2,2,4,3,2)
(2,2,4,3,3)
(2,2,4,3,4)
(2,2,4,4,1)
(2,2,4,4,2)
(2,2,4,4,3)
(2,2,4,4,4)
(2,3,1,1,4)
(2,3,1,2,4)
(2,3,1,3,4)
(2,3,1,4,1)
(2,3,1,4,2)
(2,3,1,4,3)
(2,3,1,4,4)
(2,3,2,1,4)
(2,3,2,2,4)
(2,3,2,3,4)
(2,3,2,4,1)
(2,3,2,4,2)
(2,3,2,4,3)
(2,3,2,4,4)
(2,3,3,1,4)

(1,1,3,1,1)
(1,1,3,1,3)
(1,1,3,3,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,3)
(1,1,3,3,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)

(1,1,3,1,1)
(1,1,3,1,3)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,3)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)

(2,3,3,2,4)
(2,3,3,3,4)
(2,3,3,4,1)
(2,3,3,4,2)
(2,3,3,4,3)
(2,3,3,4,4)
(2,3,4,1,1)
(2,3,4,1,2)
(2,3,4,1,3)
(2,3,4,1,4)
(2,3,4,2,1)
(2,3,4,2,2)
(2,3,4,2,3)
(2,3,4,2,4)
(2,3,4,3,1)
(2,3,4,3,2)
(2,3,4,3,3)
(2,3,4,3,4)
(2,3,4,4,1)
(2,3,4,4,2)
(2,3,4,4,3)
(2,3,4,4,4)
(2,4,1,1,1)
(2,4,1,1,2)
(2,4,1,1,3)
(2,4,1,1,4)
(2,4,1,2,1)
(2,4,1,2,2)
(2,4,1,2,3)
(2,4,1,2,4)
(2,4,1,3,1)
(2,4,1,3,2)
(2,4,1,3,3)
(2,4,1,3,4)
(2,4,1,4,1)
(2,4,1,4,2)
(2,4,1,4,3)
(2,4,1,4,4)
(2,4,2,1,1)
(2,4,2,1,2)
(2,4,2,1,3)
(2,4,2,1,4)
(2,4,2,2,1)
(2,4,2,2,2)
(2,4,2,2,3)
(2,4,2,2,4)
(2,4,2,3,1)
(2,4,2,3,2)
(2,4,2,3,3)
(2,4,2,3,4)
(2,4,2,4,1)
(2,4,2,4,2)
(2,4,2,4,3)
(2,4,2,4,4)
(2,4,3,1,1)
(2,4,3,1,2)
(2,4,3,1,3)
(2,4,3,1,4)
(2,4,3,2,1)
(2,4,3,2,2)
(2,4,3,2,3)
(2,4,3,2,4)
(2,4,3,3,1)
(2,4,3,3,2)
(2,4,3,3,3)
(2,4,3,3,4)

(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,1,3,3,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,3,3,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,1,3,1)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,3,3,1)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)

(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,3,3,3,1)
(1,3,3,3,1)
(1,3,3,3,3)
(1,3,3,3,3)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,3)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,3)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,3,3)
(1,3,1,3,1)
(1,3,1,3,1)
(1,3,1,3,3)
(1,3,1,3,3)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,3)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,3)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,1,1)
(1,3,1,3,3)
(1,3,1,3,1)
(1,3,1,3,1)
(1,3,1,3,3)
(1,3,1,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)

(2,4,3,4,1)
(2,4,3,4,2)
(2,4,3,4,3)
(2,4,3,4,4)
(2,4,4,1,1)
(2,4,4,1,2)
(2,4,4,1,3)
(2,4,4,1,4)
(2,4,4,2,1)
(2,4,4,2,2)
(2,4,4,2,3)
(2,4,4,2,4)
(2,4,4,3,1)
(2,4,4,3,2)
(2,4,4,3,3)
(2,4,4,3,4)
(2,4,4,4,1)
(2,4,4,4,2)
(2,4,4,4,3)
(2,4,4,4,4)
(3,1,1,1,4)
(3,1,1,2,4)
(3,1,1,3,4)
(3,1,1,4,1)
(3,1,1,4,2)
(3,1,1,4,3)
(3,1,1,4,4)
(3,1,2,1,4)
(3,1,2,2,4)
(3,1,2,3,4)
(3,1,2,4,1)
(3,1,2,4,2)
(3,1,2,4,3)
(3,1,2,4,4)
(3,1,3,1,4)
(3,1,3,2,4)
(3,1,3,3,4)
(3,1,3,4,1)
(3,1,3,4,2)
(3,1,3,4,3)
(3,1,3,4,4)
(3,1,4,1,1)
(3,1,4,1,2)
(3,1,4,1,3)
(3,1,4,1,4)
(3,1,4,2,1)
(3,1,4,2,2)
(3,1,4,2,3)
(3,1,4,2,4)
(3,1,4,3,1)
(3,1,4,3,2)
(3,1,4,3,3)
(3,1,4,3,4)
(3,1,4,4,1)
(3,1,4,4,2)
(3,1,4,4,3)
(3,1,4,4,4)
(3,2,1,1,4)
(3,2,1,2,4)
(3,2,1,3,4)
(3,2,1,4,1)
(3,2,1,4,2)
(3,2,1,4,3)
(3,2,1,4,4)
(3,2,2,1,4)
(3,2,2,2,4)

(3,3,3,3,1)
(1,3,3,3,3)
(1,3,3,3,3)
(1,3,3,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(3,3,3,3,1)
(1,3,3,3,3)
(1,3,3,3,3)
(1,3,3,3,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,3)
(1,1,3,3,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)

(1,3,3,3,1)
(1,3,3,3,1)
(1,3,3,3,3)
(1,3,3,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,3,3,3,1)
(1,3,3,3,1)
(1,3,3,3,3)
(1,3,3,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,3)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)

(continued on next page)

19

Transportation Research Part C 120 (2020) 102797

D. Mizutani et al.
Table 4 (continued).
CS

Optimal

Approximated

CS

Optimal

Approximated

CS

Optimal

Approximated

(3,2,2,3,4)
(3,2,2,4,1)
(3,2,2,4,2)
(3,2,2,4,3)
(3,2,2,4,4)
(3,2,3,1,4)
(3,2,3,2,4)
(3,2,3,3,4)
(3,2,3,4,1)
(3,2,3,4,2)
(3,2,3,4,3)
(3,2,3,4,4)
(3,2,4,1,1)
(3,2,4,1,2)
(3,2,4,1,3)
(3,2,4,1,4)
(3,2,4,2,1)
(3,2,4,2,2)
(3,2,4,2,3)
(3,2,4,2,4)
(3,2,4,3,1)
(3,2,4,3,2)
(3,2,4,3,3)
(3,2,4,3,4)
(3,2,4,4,1)
(3,2,4,4,2)
(3,2,4,4,3)
(3,2,4,4,4)
(3,3,1,1,4)
(3,3,1,2,4)
(3,3,1,3,4)
(3,3,1,4,1)
(3,3,1,4,2)
(3,3,1,4,3)
(3,3,1,4,4)
(3,3,2,1,4)
(3,3,2,2,4)
(3,3,2,3,4)
(3,3,2,4,1)
(3,3,2,4,2)
(3,3,2,4,3)
(3,3,2,4,4)
(3,3,3,1,4)
(3,3,3,2,4)
(3,3,3,3,4)
(3,3,3,4,1)
(3,3,3,4,2)
(3,3,3,4,3)
(3,3,3,4,4)
(3,3,4,1,1)
(3,3,4,1,2)
(3,3,4,1,3)
(3,3,4,1,4)
(3,3,4,2,1)
(3,3,4,2,2)
(3,3,4,2,3)
(3,3,4,2,4)
(3,3,4,3,1)
(3,3,4,3,2)
(3,3,4,3,3)
(3,3,4,3,4)
(3,3,4,4,1)
(3,3,4,4,2)
(3,3,4,4,3)
(3,3,4,4,4)
(3,4,1,1,1)

(1,1,1,3,3)
(1,1,3,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,3)
(1,1,3,3,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,3,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,3,3,3,3)
(3,3,1,1,1)

(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,3)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,1)
(1,1,3,1,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,1,3,1)
(1,1,1,3,1)
(1,1,1,3,3)
(1,1,1,3,3)
(1,1,1,1,3)
(1,1,1,1,3)
(1,1,1,3,3)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,1)
(1,1,3,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,3,3,3,1)
(1,3,3,3,1)
(1,3,3,3,3)
(1,3,3,3,3)
(3,3,1,1,1)

(3,4,1,1,2)
(3,4,1,1,3)
(3,4,1,1,4)
(3,4,1,2,1)
(3,4,1,2,2)
(3,4,1,2,3)
(3,4,1,2,4)
(3,4,1,3,1)
(3,4,1,3,2)
(3,4,1,3,3)
(3,4,1,3,4)
(3,4,1,4,1)
(3,4,1,4,2)
(3,4,1,4,3)
(3,4,1,4,4)
(3,4,2,1,1)
(3,4,2,1,2)
(3,4,2,1,3)
(3,4,2,1,4)
(3,4,2,2,1)
(3,4,2,2,2)
(3,4,2,2,3)
(3,4,2,2,4)
(3,4,2,3,1)
(3,4,2,3,2)
(3,4,2,3,3)
(3,4,2,3,4)
(3,4,2,4,1)
(3,4,2,4,2)
(3,4,2,4,3)
(3,4,2,4,4)
(3,4,3,1,1)
(3,4,3,1,2)
(3,4,3,1,3)
(3,4,3,1,4)
(3,4,3,2,1)
(3,4,3,2,2)
(3,4,3,2,3)
(3,4,3,2,4)
(3,4,3,3,1)
(3,4,3,3,2)
(3,4,3,3,3)
(3,4,3,3,4)
(3,4,3,4,1)
(3,4,3,4,2)
(3,4,3,4,3)
(3,4,3,4,4)
(3,4,4,1,1)
(3,4,4,1,2)
(3,4,4,1,3)
(3,4,4,1,4)
(3,4,4,2,1)
(3,4,4,2,2)
(3,4,4,2,3)
(3,4,4,2,4)
(3,4,4,3,1)
(3,4,4,3,2)
(3,4,4,3,3)
(3,4,4,3,4)
(3,4,4,4,1)
(3,4,4,4,2)
(3,4,4,4,3)
(3,4,4,4,4)
(4,1,1,1,1)
(4,1,1,1,2)
(4,1,1,1,3)

(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,1,3,1)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,3,3,1)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,1,3,3)
(3,3,1,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,1,1)
(1,3,3,3,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,1)
(1,3,3,3,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)

(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,1,3,1)
(3,3,1,3,1)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,1,3,1)
(3,3,1,3,1)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,3)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,1,3)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,1,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)

(4,1,1,1,4)
(4,1,1,2,1)
(4,1,1,2,2)
(4,1,1,2,3)
(4,1,1,2,4)
(4,1,1,3,1)
(4,1,1,3,2)
(4,1,1,3,3)
(4,1,1,3,4)
(4,1,1,4,1)
(4,1,1,4,2)
(4,1,1,4,3)
(4,1,1,4,4)
(4,1,2,1,1)
(4,1,2,1,2)
(4,1,2,1,3)
(4,1,2,1,4)
(4,1,2,2,1)
(4,1,2,2,2)
(4,1,2,2,3)
(4,1,2,2,4)
(4,1,2,3,1)
(4,1,2,3,2)
(4,1,2,3,3)
(4,1,2,3,4)
(4,1,2,4,1)
(4,1,2,4,2)
(4,1,2,4,3)
(4,1,2,4,4)
(4,1,3,1,1)
(4,1,3,1,2)
(4,1,3,1,3)
(4,1,3,1,4)
(4,1,3,2,1)
(4,1,3,2,2)
(4,1,3,2,3)
(4,1,3,2,4)
(4,1,3,3,1)
(4,1,3,3,2)
(4,1,3,3,3)
(4,1,3,3,4)
(4,1,3,4,1)
(4,1,3,4,2)
(4,1,3,4,3)
(4,1,3,4,4)
(4,1,4,1,1)
(4,1,4,1,2)
(4,1,4,1,3)
(4,1,4,1,4)
(4,1,4,2,1)
(4,1,4,2,2)
(4,1,4,2,3)
(4,1,4,2,4)
(4,1,4,3,1)
(4,1,4,3,2)
(4,1,4,3,3)
(4,1,4,3,4)
(4,1,4,4,1)
(4,1,4,4,2)
(4,1,4,4,3)
(4,1,4,4,4)
(4,2,1,1,1)
(4,2,1,1,2)
(4,2,1,1,3)
(4,2,1,1,4)
(4,2,1,2,1)

(3,1,1,1,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,3,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,3,3)
(3,1,1,3,1)
(3,1,1,3,3)
(3,1,1,3,3)
(3,1,1,3,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,3,3)
(3,1,3,3,1)
(3,1,1,3,3)
(3,1,1,3,3)
(3,1,1,3,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,3,3)
(3,1,3,3,1)
(3,1,3,3,1)
(3,1,1,3,3)
(3,1,1,3,3)
(3,1,3,1,1)
(3,1,3,1,1)
(3,1,3,1,1)
(3,1,3,1,3)
(3,1,3,3,1)
(3,1,3,1,1)
(3,1,3,1,1)
(3,1,3,3,3)
(3,1,3,3,1)
(3,1,3,3,1)
(3,1,3,3,1)
(3,1,3,3,3)
(3,1,3,3,1)
(3,1,3,3,1)
(3,1,3,3,1)
(3,1,3,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)

(3,1,1,1,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,3,3)
(3,1,1,3,1)
(3,1,1,3,1)
(3,1,1,3,3)
(3,1,1,3,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,3,3)
(3,1,1,3,1)
(3,1,1,3,1)
(3,1,1,3,3)
(3,1,1,3,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,3,3)
(3,1,3,3,1)
(3,1,3,3,1)
(3,1,3,3,1)
(3,1,3,3,3)
(3,1,3,1,1)
(3,1,3,1,1)
(3,1,3,1,1)
(3,1,3,1,3)
(3,1,3,1,1)
(3,1,3,1,1)
(3,1,3,1,1)
(3,1,3,1,3)
(3,1,3,3,1)
(3,1,3,3,1)
(3,1,3,3,1)
(3,1,3,3,3)
(3,1,3,3,1)
(3,1,3,3,1)
(3,1,3,3,1)
(3,1,3,3,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,3)
(3,1,1,1,1)

(continued on next page)

20

Transportation Research Part C 120 (2020) 102797

D. Mizutani et al.
Table 4 (continued).
CS

Optimal

Approximated

CS

Optimal

Approximated

CS

Optimal

Approximated

(4,2,1,2,2)
(4,2,1,2,3)
(4,2,1,2,4)
(4,2,1,3,1)
(4,2,1,3,2)
(4,2,1,3,3)
(4,2,1,3,4)
(4,2,1,4,1)
(4,2,1,4,2)
(4,2,1,4,3)
(4,2,1,4,4)
(4,2,2,1,1)
(4,2,2,1,2)
(4,2,2,1,3)
(4,2,2,1,4)
(4,2,2,2,1)
(4,2,2,2,2)
(4,2,2,2,3)
(4,2,2,2,4)
(4,2,2,3,1)
(4,2,2,3,2)
(4,2,2,3,3)
(4,2,2,3,4)
(4,2,2,4,1)
(4,2,2,4,2)
(4,2,2,4,3)
(4,2,2,4,4)
(4,2,3,1,1)
(4,2,3,1,2)
(4,2,3,1,3)
(4,2,3,1,4)
(4,2,3,2,1)
(4,2,3,2,2)
(4,2,3,2,3)
(4,2,3,2,4)
(4,2,3,3,1)
(4,2,3,3,2)
(4,2,3,3,3)
(4,2,3,3,4)
(4,2,3,4,1)
(4,2,3,4,2)
(4,2,3,4,3)
(4,2,3,4,4)
(4,2,4,1,1)
(4,2,4,1,2)
(4,2,4,1,3)
(4,2,4,1,4)
(4,2,4,2,1)
(4,2,4,2,2)
(4,2,4,2,3)
(4,2,4,2,4)
(4,2,4,3,1)
(4,2,4,3,2)
(4,2,4,3,3)
(4,2,4,3,4)
(4,2,4,4,1)
(4,2,4,4,2)
(4,2,4,4,3)
(4,2,4,4,4)
(4,3,1,1,1)
(4,3,1,1,2)
(4,3,1,1,3)
(4,3,1,1,4)
(4,3,1,2,1)
(4,3,1,2,2)
(4,3,1,2,3)

(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,1,3,1)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,3,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,3)
(3,3,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,3,3)
(3,3,3,3,1)
(3,1,1,3,3)
(3,1,1,3,3)
(3,1,1,3,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,3,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,1,1,3,3)
(3,1,1,3,3)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,1,3)
(3,3,3,3,1)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,3,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)

(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,3,3)
(3,1,1,3,1)
(3,1,1,3,1)
(3,1,1,3,3)
(3,1,1,3,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,3,3)
(3,1,1,3,1)
(3,1,1,3,1)
(3,1,1,3,3)
(3,1,1,3,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,3)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,1,1)
(3,1,1,3,3)
(3,1,3,3,1)
(3,1,3,3,1)
(3,1,3,3,1)
(3,1,3,3,3)
(3,1,3,1,1)
(3,1,3,1,1)
(3,1,3,1,1)
(3,1,3,1,3)
(3,1,3,1,1)
(3,1,3,1,1)
(3,1,3,1,1)
(3,1,3,1,3)
(3,1,3,3,1)
(3,1,3,3,1)
(3,1,3,3,1)
(3,1,3,3,3)
(3,1,3,3,1)
(3,1,3,3,1)
(3,1,3,3,1)
(3,1,3,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)

(4,3,1,2,4)
(4,3,1,3,1)
(4,3,1,3,2)
(4,3,1,3,3)
(4,3,1,3,4)
(4,3,1,4,1)
(4,3,1,4,2)
(4,3,1,4,3)
(4,3,1,4,4)
(4,3,2,1,1)
(4,3,2,1,2)
(4,3,2,1,3)
(4,3,2,1,4)
(4,3,2,2,1)
(4,3,2,2,2)
(4,3,2,2,3)
(4,3,2,2,4)
(4,3,2,3,1)
(4,3,2,3,2)
(4,3,2,3,3)
(4,3,2,3,4)
(4,3,2,4,1)
(4,3,2,4,2)
(4,3,2,4,3)
(4,3,2,4,4)
(4,3,3,1,1)
(4,3,3,1,2)
(4,3,3,1,3)
(4,3,3,1,4)
(4,3,3,2,1)
(4,3,3,2,2)
(4,3,3,2,3)
(4,3,3,2,4)
(4,3,3,3,1)
(4,3,3,3,2)
(4,3,3,3,3)
(4,3,3,3,4)
(4,3,3,4,1)
(4,3,3,4,2)
(4,3,3,4,3)
(4,3,3,4,4)
(4,3,4,1,1)
(4,3,4,1,2)
(4,3,4,1,3)
(4,3,4,1,4)
(4,3,4,2,1)
(4,3,4,2,2)
(4,3,4,2,3)
(4,3,4,2,4)
(4,3,4,3,1)
(4,3,4,3,2)
(4,3,4,3,3)
(4,3,4,3,4)
(4,3,4,4,1)
(4,3,4,4,2)
(4,3,4,4,3)
(4,3,4,4,4)
(4,4,1,1,1)
(4,4,1,1,2)
(4,4,1,1,3)
(4,4,1,1,4)
(4,4,1,2,1)
(4,4,1,2,2)
(4,4,1,2,3)
(4,4,1,2,4)
(4,4,1,3,1)

(3,3,1,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,1,3,1)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,3,3,1)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,1,3)
(3,3,3,3,1)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,3,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,1,1,1)

(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,1,3,1)
(3,3,1,3,1)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,1,3,1)
(3,3,1,3,1)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,3)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,1,3)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,1,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)

(4,4,1,3,2)
(4,4,1,3,3)
(4,4,1,3,4)
(4,4,1,4,1)
(4,4,1,4,2)
(4,4,1,4,3)
(4,4,1,4,4)
(4,4,2,1,1)
(4,4,2,1,2)
(4,4,2,1,3)
(4,4,2,1,4)
(4,4,2,2,1)
(4,4,2,2,2)
(4,4,2,2,3)
(4,4,2,2,4)
(4,4,2,3,1)
(4,4,2,3,2)
(4,4,2,3,3)
(4,4,2,3,4)
(4,4,2,4,1)
(4,4,2,4,2)
(4,4,2,4,3)
(4,4,2,4,4)
(4,4,3,1,1)
(4,4,3,1,2)
(4,4,3,1,3)
(4,4,3,1,4)
(4,4,3,2,1)
(4,4,3,2,2)
(4,4,3,2,3)
(4,4,3,2,4)
(4,4,3,3,1)
(4,4,3,3,2)
(4,4,3,3,3)
(4,4,3,3,4)
(4,4,3,4,1)
(4,4,3,4,2)
(4,4,3,4,3)
(4,4,3,4,4)
(4,4,4,1,1)
(4,4,4,1,2)
(4,4,4,1,3)
(4,4,4,1,4)
(4,4,4,2,1)
(4,4,4,2,2)
(4,4,4,2,3)
(4,4,4,2,4)
(4,4,4,3,1)
(4,4,4,3,2)
(4,4,4,3,3)
(4,4,4,3,4)
(4,4,4,4,1)
(4,4,4,4,2)
(4,4,4,4,3)
(4,4,4,4,4)

(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,1,3,1)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,3,3,1)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,1,3)
(3,3,3,3,1)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,3,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,3)

(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,1,3,1)
(3,3,1,3,1)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,1,3,1)
(3,3,1,3,1)
(3,3,1,3,3)
(3,3,1,3,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,3)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,1,1)
(3,3,1,3,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,3)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,1,3)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,1,1)
(3,3,3,1,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,3)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,1)
(3,3,3,3,3)

21

Transportation Research Part C 120 (2020) 102797

D. Mizutani et al.

References
Bellman, R., 1957. A Markovian decision process. J. Math. Mech. 6 (5), 679–684.
Bertsekas, D.P., 2015. Value and policy iteration in optimal control and adaptive dynamic programming. IEEE Trans. Neural Netw. Learn. Syst. 28 (3), 500–509.
Brühwiler, E., Adey, B., 2005. Improving the consideration of life-cycle costs in bridge decision-making in Switzerland. Struct. Infrastruct. Eng. 1 (2), 145–157.
Burkhalter, M., Martani, C., Adey, B.T., 2017. Determination of risk-reducing intervention programs for railway lines and the significance of simplifications. J.
Infrastruct. Syst. 24 (1), 04017038.
Chan, W.T., Fwa, T.F., Tan, C.Y., 1994. Road-maintenance planning using genetic algorithms. I: Formulation. J. Transp. Eng. 120 (5), 693–709.
Chen, L., Bai, Q., 2019. Optimization in decision making in infrastructure asset management: A review. Appl. Sci. 9 (7), 1380.
Chen, C.H., Schonfeld, P., Paracha, J., 2005. Work zone optimization for two-lane highway resurfacing projects with an alternate route. Transp. Res. Rec. (1911),
51–66.
Chien, S., Tang, Y., Schonfeld, P., 2002. Optimizing work zones for two-lane highway maintenance projects. J. Transp. Eng. 128 (2), 145–155.
Childress, S., Durango-Cohen, P., 2005. On parallel machine replacement problems with general replacement cost functions and stochastic deterioration. Nav.
Res. Logist. 52 (5), 409–419.
Chu, J.C., Huang, K.H., 2018. Mathematical programming framework for modeling and comparing network-level pavement maintenance strategies. Transp. Res.
B 109, 1–25.
Decker, K.M., 1991. The Monte Carlo method in science and engineering: Theory and application. Comput. Methods Appl. Mech. Engrg. 89 (1–3), 463–483.
Dekker, R., 1996. Applications of maintenance optimization models: a review and analysis. Reliab. Eng. Syst. Saf. 51 (3), 229–240.
Donev, V., Hoffmann, M., 2020. Optimisation of pavement maintenance and rehabilitation activities, timing and work zones for short survey sections and multiple
distress types. Int. J. Pavement Eng. 21 (5), 583–607.
Donev, V., Hoffmann, M., Blab, R., 2020. Aggregation of condition survey data in pavement management: shortcomings of a homogeneous sections approach
and how to avoid them. Struct. Infrastruct. Eng. 1–13.
Durango-Cohen, P.L., Sarutipand, P., 2007. Capturing interdependencies and heterogeneity in the management of multifacility transportation infrastructure
systems. J. Infrastruct. Syst. 13 (2), 115–123.
Friesz, T.L., Fernandez, J.E., 1979. A model of optimal transport maintenance with demand responsiveness. Transp. Res. B 13 (4), 317–339.
Fwa, T.F., Cheu, R.L., Muntasir, A., 1998. Scheduling of pavement maintenance to minimize traffic delays. Transp. Res. Rec. (1650), 28–35.
Fwa, T.F., Tan, C.Y., Chan, W.T., 1994. Road-maintenance planning using genetic algorithms. II: Analysis. J. Transp. Eng. 120 (5), 710–722.
Golabi, K., Kulkarni, R.B., Way, G.B., 1982. A statewide pavement management system. Interfaces 12 (6), 5–21.
Gosse, C.A., Smith, B.L., Clarens, A.F., 2013. Environmentally preferable pavement management systems. J. Infrastruct. Syst. 19 (3), 315–325.
Gu, W., Ouyang, Y., Madanat, S., 2012. Joint optimization of pavement maintenance and resurfacing planning. Transp. Res. B 46 (4), 511–519.
Hajdin, R., Lindenmann, H.P., 2007. Algorithm for the planning of optimum highway work zones. J. Infrastruct. Syst. 13 (3), 202–214.
Hu, X., Daganzo, C., Madanat, S., 2015. A reliability-based optimization scheme for maintenance management in large-scale bridge networks. Transp. Res. C 55,
166–178.
Jido, M., Otazawa, T., Kobayashi, K., 2008. Optimal repair and inspection rules under uncertainty. J. Infrastruct. Syst. 14 (2), 150–158.
Kabir, G., Sadiq, R., Tesfamariam, S., 2014. A review of multi-criteria decision-making methods for infrastructure management. Struct. Infrastruct. Eng. 10 (9),
1176–1210.
Kielhauser, C., Adey, B.T., Lethanh, N., 2017. Investigation of a static and a dynamic neighbourhood methodology to develop work programs for multiple close
municipal infrastructure networks. Struct. Infrastruct. Eng. 13 (3), 361–389.
Lee, E.-B., Ibbs, C.W., Thomas, D., 2005. Minimizing total cost for urban freeway reconstruction with integrated construction/traffic analysis. J. Infrastruct. Syst.
11 (4), 250–257.
Lee, J., Madanat, S., 2015a. A joint bottom-up solution methodology for system-level pavement rehabilitation and reconstruction. Transp. Res. B 78, 106–122.
Lee, J., Madanat, S., 2015b. Jointly optimal policies for pavement maintenance, resurfacing and reconstruction. EURO J. Transp. Logist. 4 (1), 75–95.
Lee, J., Madanat, S., Reger, D., 2016. Pavement systems reconstruction and resurfacing policies for minimization of life-cycle costs under greenhouse gas emissions
constraints. Transp. Res. B 93, 618–630, Part A.
Lethanh, N., Adey, B.T., Burkhalter, M., 2017. Determining an optimal set of work zones on large infrastructure networks in a GIS framework. J. Infrastruct.
Syst. 24 (1), 04017048.
Li, Y., Madanat, S., 2002. A steady-state solution for the optimal pavement resurfacing problem. Transp. Res. A 36 (6), 525–535.
Madanat, S., 1993. Optimal infrastructure management decisions under uncertainty. Transp. Res. C 1 (1), 77–88.
Madanat, S., Ben-Akiva, M., 1994. Optimal inspection and repair policies for infrastructure facilities. Transp. Sci. 28 (1), 55–62.
Medury, A., Madanat, S., 2013. Incorporating network considerations into pavement management systems: A case for approximate dynamic programming. Transp.
Res. C 33, 134–150.
Mishalani, R.G., Gong, L., 2009. Optimal infrastructure condition sampling over space and time for maintenance decision-making under uncertainty. Transp. Res.
B 43 (3), 311–324.
Ouyang, Y., 2007. Pavement resurfacing planning for highway networks: parametric policy iteration approach. J. Infrastruct. Syst. 13 (1), 65–71.
Ouyang, Y., Madanat, S., 2004. Optimal scheduling of rehabilitation activities for multiple pavement facilities: exact and approximate solutions. Transp. Res. A
38 (5), 347–365.
Ouyang, Y., Madanat, S., 2006. An analytical solution for the finite-horizon pavement resurfacing planning problem. Transp. Res. B 40 (9), 767–778.
Petchrompo, S., Parlikad, A.K., 2019. A review of asset management literature on multi-asset systems. Reliab. Eng. Syst. Saf. 181, 181–201.
Su, Z., Jamshidi, A., Núñez, A., Baldi, S., De Schutter, B., 2017. Multi-level condition-based maintenance planning for railway infrastructures - a scenario-based
chance-constrained approach. Transp. Res. C 84, 92–123.
Tang, Y., Chien, S.I.J., 2008. Scheduling work zones for highway maintenance projects: Considering a discrète time-cost relation. Transp. Res. Rec. (2055), 21–30.
Zhang, L., Fu, L., Gu, W., Ouyang, Y., Hu, Y., 2017. A general iterative approach for the system-level joint optimization of pavement maintenance, rehabilitation,
and reconstruction planning. Transp. Res. B 105, 378–400.

22

