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ABSTRACT
We investigate the impact of a vertically falling droplet onto a non-uniform liquid depth having a linear slope of the bottom substrate. Here,
we report that the resulting jet direction is inclined to the shallow liquid depth after the droplet impact, which is found to be markedly distinct
from a vertically falling droplet onto a uniform liquid bath. From experimental and numerical results, we observe that initially the cavity
grows almost axisymmetrically, and then, when it retracts, asymmetric capillary waves exhibit. The asymmetric cavity reversal leads to the
inclined jet ejection that is related to pressure distribution and velocity of the interface. For the systematic study, we explore the jet dynamics
by varying the surface tension, the droplet size, the droplet impact speed, the inclination angle of the bottom substrate, and the depth of the
liquid bath. Finally, we provide a simple scaling model to predict the inclination angle of the resulting jet after the drop impact on the inclined
liquid pool.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0028067., s

I. INTRODUCTION

A liquid drop impact toward another surface is omnipresent
in ordinary life such as a raindrop and a dripping tap. In addition
to curiosities on the fundamental physics, the drop impact prob-
lems are widely investigated for multiple aspects including sound
generation,1,2 crater formation,3 aerosol generation,4 and disease
transmission.5 Furthermore, some industrial applications including
spray coating6 and inkjet printing7 could also be relevant. Since the
work of Worthington8 over a century ago, drop impact phenom-
ena and liquid jet ejections have been extensively investigated using
high-speed photography technology. In particular, Rein9 explored
a liquid–liquid droplet impact problem and categorized four differ-
ent regimes of drop impacts such as floating, bouncing, coalescence,
and splashing by increasing the We(= ρU2D/γ) number, where ρ is
a density, U is an impact velocity, D is a droplet diameter, and γ is
a surface tension. Later, Yarin10 reviewed and summarized that the
cavity deformation and jet dynamics can be classified with Weber,
Froude, and capillary numbers. In a different circumstance, a simi-
lar jet can be observed such as a bursting bubble,11 breaking waves,12

and wave interaction.13 Such hollows on a liquid surface commonly
retract due to capillarity, gravity, or inertia raising the central jet,
similar to the above explained cavity reversal.

To understand the jet dynamics, investigation on the mech-
anism of the collapsing cavity is important. Before the jet protru-
sion, the curvature shape at the bottom of the cavity is transformed
from a hemispherical crater into a symmetrical conical shape. Mor-
ton et al.14 reported that during the cavity collapse, capillary waves
propagated along the cavity interface from the upper rim at the
free surface to the base of the cavity. The capillary waves create a
sharp conical cavity shape where the waves are converged at the
center of the bottom of the cavity. In the case of low impact veloc-
ities in a particular range, the converging waves form a dimple at
the bottom apex of the cavity, sometimes shedding tiny bubbles.15

In this case, a thin and fast jet is commonly observed.16 On the
other hand, in the case of high impact velocities, for instance, if
We > O(100), the bottom apex of the cavity is truncated, leading
to a thick and slow jet. Fedorchenko and Wang17 elaborated how
the shape of the cavity, especially the opening angle of the con-
ical cavity, affects the jet dynamics, which had been investigated
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by Birkhoff et al.18 for the hydrodynamic theory of cumulated jets
where a narrower cone angle of the cavity results in a faster jet.
Recently, Michon, Josserand, and Séon19 categorized these two dif-
ferent jets as a singular jet and a cavity jet. They reported that for
the singular jet, the cavity collapse and relaxation are highly cor-
related. However, it is still far from complete to fully understand
the relation between the cavity collapse and relaxation and the jet
dynamics.

To date, most studies have focused on vertically colliding
droplets onto a free surface of a uniform liquid bath20,21 or a uni-
form film,22,23 although an asymmetric liquid jet after the drop
impact can be possibly observed. Leneweit et al.24 investigated the
oblique droplet impact of single drops on a deep bath (meaning that
the depth is much larger than the droplet size), and they investi-
gated the evolution of the drop impacting and spreading by vary-
ing the impact angle and Weber number. Recently, Gielen et al.25

provided a power-law model for the asymmetrically elongated cav-
ity shape using scaling arguments between horizontal and vertical
kinetic energies. Later, the slantly falling drops in the presence of
wind were studied by Liu et al.26 exhibiting inclined jets due to the
oblique impact and the drag force by the wind. On the other hand,
the inclined jet was also observed in the moving liquid film, while the
droplet vertically falls onto the liquid film.27 Furthermore, in the case
of inclined flowing liquid films, the asymmetric bouncing, splashing,
and jet ejection toward the flow direction were studied by Che, Dey-
gas, and Matar.28 Nevertheless, although a non-uniform liquid depth
can be frequently observed in nature and ordinary life, to the best
of our knowledge, the shape of the bottom substrate has not been
considered yet.

In this paper, we investigate how a liquid jet protrudes when
a vertically falling drop impacts onto a liquid surface in the pres-
ence of an oblique bottom substrate. Here, we mainly consider
that the fully developed cavity size is comparable to the depth
of the liquid bath where the cavity does not touch down the
inclined substrate. To explore this problem, we change the droplet
size, the slope of the bottom substrate, the depth of the bath,

the impact speed, and the surface tension of working fluids. To
investigate the shape deformation of the liquid interface, we per-
form high-speed shadowgraphy measurements. Additionally, we
present that the numerical simulation results also show good agree-
ment with the experimental results. During the cavity deformation,
both experimental and numerical results show that initially the cav-
ity develops almost axisymmetrically, and then, the cavity retracts
asymmetrically during the cavity retraction. From the high-speed
shadowgraphy measurement and numerical results, we observe that
the capillary waves and surface recovery speeds are different in the
shallow and deep bath, which yield the asymmetric cavity defor-
mation while the cavity collapses. Furthermore, from the numer-
ical results, we observed that the pressure distribution is also not
symmetric. Finally, we provide the scaling arguments based on the
momentum balance to explain how the jet angle is inclined, and
the first-order model predicts well the trend of the experimental
results.

II. EXPERIMENTS
For the experiment, a syringe pump is used to generate a sin-

gle drop at the tip of a needle, and the drop is naturally pinched
off due to the gravity, as shown in Fig. 1. All the experiments are
carried out at constant room temperature (23 ○C ± 1 ○C). We var-
ied the height of a needle position to change the impact veloc-
ity U from 2.3 m/s to 3.5 m/s, which is measured from the side
view right before the impact. The drop diameter D is varied from
2.5 mm to 4.1 mm, where the droplet size is controlled by the nee-
dle size. In fact, during the fall, the shape is not a perfect sphere
due to oscillations. Therefore, we compute an equivalent diameter
that is a diameter of a circle with the same area as the measured
area of the projection view. To prepare the triangular open chan-
nel, a liquid is contained in a transparent acryl chamber (25 cm
× 25 cm and 10 cm deep) and the oblique bottom substrate is
installed inside the chamber, where the chamber size is relatively
large compared to the drop size. The bottom substrate angle ϕ is

FIG. 1. (a) Schematic of the experimen-
tal setup for a drop impact onto a liq-
uid chamber with an oblique bottom sub-
strate. D, U, and ϕ are the droplet diam-
eter, the impact velocity, and the incli-
nation angle of the bottom substrate,
respectively. (b) Sketch of the cavity and
jet formation. θ, R, H, and Zc are the jet
angle, the radius of the fully developed
cavity, the bath depth at the location of
the drop impact, and the position of the
center of the cavity, respectively. (c) List
of control parameters and ranges.
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changed as 30○, 45○, and 60○. The drop liquid and target liquid are
the same, and four solutions are used, i.e., water (ρ = 1000 kg/m3,
γ = 72 mN/m, and μ = 1 mPa s), 5 mM SDS water solution
(ρ = 1000 kg/m3, γ = 44 mN/m, and μ = 1 mPa s), 3 mM SDS water
solution (ρ = 1000 kg/m3, γ = 56 mN/m, and μ = 1 mPa s), and
10% mole fraction ethanol–water mixture (ρ = 967 kg/m3, γ = 40
± 2 mN/m, and μ = 2.12 mPa s), where to reduce the surface tension,
we use Sodium Dodecyl Sulfate (SDS) and ethanol–water mixture.
Here, ρ is the density, γ is the surface tension, and μ is the dynamic
viscosity. The depth H is varied from 7.5 mm to 25.5 mm. For H
≥ 25.5 mm, we do not consider because we observe the jet is almost
vertically created. For H ≤ 7.5 mm, we observed that the cavity inter-
face physically touches down the bottom substrate, which is out of
the current study scope. We realized that the depth would be impor-
tant to determine the jet angle here, but in this work, we would
like to focus on a specific case that the cavity size is comparable
to the depth. We defined the depth as a vertical distance between
the free surface and the bottom substrate. For the cavity geometry,
we defined R and Zc as depicted in Fig. 1(b), which are the maxi-
mum radius of the cavity and the position of the center of the cavity,
respectively.

All the images are taken by using a high-speed camera (Photron
Mini AX200) at 6400 frames per second (fps) to observe the defor-
mation of the cavity and the subsequent jet. In this study, each exper-
imental data point is obtained by averaging repeated experiments for
three times, and the error bar indicates the deviation from the mul-
tiple experiments. We measure the initial jet angle θ from the side
view when the head of the jet appears from the free surface of the
bath, and we monitor the jet shape. Typically, before the jet height
is two times of the drop diameter, the jet angle does not change.
After then, the jet angle is changed due to gravity. Thus, we measure
the jet angle when the jet height is 2D. All the results are obtained
using image processing based on in-house codes using MATLAB
2018a.

It is well-known that a vertically falling droplet onto a liquid
pool generates a hemispherical cavity, and consequently, a vertical
jet protrudes because of the cavity retraction, as shown in Fig. 2(a)
(Multimedia view). During this process, the kinetic and potential
energies of the falling drop are mostly converted to the surface and
potential energies of the cavity, and then finally, the jet is ejected
from the cavity.9 In this study, we use the non-uniform channel
depth such as a triangular open channel and we observe an inclined

FIG. 2. Experimental results: comparison of the evolution of the liquid interface deformation, cavity development, and jet ejection depending on an inclined bottom substrate,
where the time t = 0 is set when the drop touches the free surface. For (a), We (=ρU2D/γ) = 394 and Fr (=U2/gD) = 191, where the drop diameter D = 3.9 mm, the impact
velocity U = 2.7 m/s, the depth measured at the center of the cavity H = 14.5 mm, the bottom angle ϕ = 0○, and the jet angle θ = 0○. For (b), We = 323 and Fr = 232, where
D = 3.2 mm, U = 2.7 m/s, H = 8.9 mm, ϕ = 30○, and θ = 63○. For (c), We = 323 and Fr = 232, where D = 3.2 mm, U = 2.7 m/s, H = 11.7 mm, ϕ = 45○, and θ = 40○. For
(d), We = 326 and Fr = 267, where D = 3.0 mm, U = 2.8 m/s, H = 16.8 mm, ϕ = 60○, and θ = 30○. The symbol ⊕ indicates the center of the fully developed cavity. The drop
and the target liquid are the same as water. Multimedia views: https://doi.org/10.1063/5.0028067.1; https://doi.org/10.1063/5.0028067.2; https://doi.org/10.1063/5.0028067.3;
https://doi.org/10.1063/5.0028067.4
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jet shown in Fig. 2(b) (Multimedia view). We compare the shape
evolution of the central jet depending on the bottom substrate shape
as shown in Fig. 2 (Multimedia view), which indicates that the
inclined solid boundary condition plays an important role in the
jet direction. We should note again that here we only consider the
case where the cavity does not physically interact with the inclined
bottom substrate.

From the high-speed measurement results, we investigate how
the liquid interface evolves in time after the droplet impact onto the
triangular open channel. Then, we classify three different regimes
in time: (I) cavity expansion, (II) asymmetric cavity retraction, and
(III) inclined jet ejection. In regime (I), the inertia effect is more
dominant than the viscous effect, the capillary effect, and the grav-
ity effect because the Reynolds number, the Froude number and the
Weber number are much larger than unity, Re = ρUD/μ = O(103), Fr
= U2/gD = O(102), and We = ρU2D/γ = O(102). In regime (II), the
Ohnesorge number (Oh = μ/

√
ργR) is of the order of 10−3 so that

the viscous effect should be negligible, where the maximum cavity
radius R is used to define the Ohnesorge number instead of consid-
ering the droplet diameter D because here we assume that the cavity
contracts itself to return to the free surface. Finally, in regime (III),
we observe that the jet is tilted, which is due to the relative retrac-
tion speed of the cavity surface at the relatively deep side and the
relatively shallow side.

III. NUMERICAL SIMULATION
For the current study, we also performed a numerical investiga-

tion. Accurate and reliable representation of the free-surface motion
is an extremely important and difficult topic for the direct numer-
ical simulation of two-phase flows. Popular methods include Vol-
ume of Fluid (VOF), level set, and front tracking technique. Each
method has its distinctive advantage but relative shortcomings. VOF
has good mass conservation but non-smooth interface connection
property. On the other hand, the level set is very easy to implement
with smooth interface connection but suffers from a relatively large
mass loss. The front tracking method has good mass conservation
and smooth interface connection but becomes very complex, espe-
cially in three-dimensional formulation. Recently, several methods
combining two different techniques to utilize both advantages are
proposed. In this study, the Level Contour Reconstruction Method
(LCRM) has been used to track the interface movement.29–32 The
level contour reconstruction method can be considered as a hybrid
method, which combines the advantage of front tracking and level
set method to circumvent the inherent problem associated with the
aforementioned methods. The level contour reconstruction method
is basically a front tracking type method, which explicitly tracks
implicitly connected individual interface elements. This characteris-
tic is ideal for capturing the precise location of the interface motion.
On the other hand, the Eulerian function field (e.g., distance func-
tion), which can be computed directly from the given interface loca-
tion, is utilized to reconstruct the Lagrangian interface by simply
drawing specific contour lines. Due to the Eulerian nature of the dis-
tance function that comes from level set characteristic, merging and
pinch-off interfaces can also be dealt naturally and automatically.
Several upgrades have been performed to the original version of the
LCRM to improve the accuracy and smoothness of the reconstructed
interface. A more detailed and complete numerical structure of the

LCRM can be found in Refs. 29–32. Massive parallelization has
also been performed for enhanced performance for fully 3D simula-
tions.33 The following single field formulation of the continuity and
momentum equations is solved for the incompressible multiphase
flow,

∇ ⋅ u⃗ = 0, (1)

ρ(
∂u⃗
∂t

+ u⃗ ⋅ ∇u⃗) = −∇p + ρg⃗ +∇ ⋅ [μ(∇u⃗ +∇u⃗T)] + F⃗, (2)

where u⃗ is the velocity vector, p is the pressure, F⃗ is the sur-
face tension force, and g⃗ is the gravitational acceleration. For the
numerical computation, all the physical properties are used from the
experimental conditions.

Material property fields have been described using the Heavi-
side function, I(x⃗, t), which has the value 0 in one phase and 1 in the
other. The density can be presented as

ρ(x⃗, t) = ρL + (ρG − ρL)I(x⃗, t), (3)

where the subscripts L refers to liquid and G is gas. A similar
equation is used to define the viscosity, μ.

The interface is advected in a Lagrangian fashion by integrating

dx⃗f
dt
= V⃗ , (4)

where V⃗ is the interface velocity vector interpolated at x⃗f .
It is very important to implement the accurate surface ten-

sion force in the fluid momentum equation. The hybrid formula-
tion30 with compact curvature support31 is used for the local surface
tension force at the interface, F⃗, to minimize parasitic currents,

F⃗ = γκH∇I. (5)

Here, γ represents the surface tension coefficient, which is assumed
to be constant in our current study. We compute the hybrid form of
the interface curvature field κH as

FIG. 3. Schematic of the full three-dimensional numerical computation domain.
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γκH =
F⃗L ⋅ G⃗
G⃗ ⋅ G⃗

, (6)

where

F⃗L = ∫
Γ(t)

γκf n⃗f δf (x⃗ − x⃗f )dS (7)

and

G⃗ = ∫
Γ(t)

n⃗f δf (x⃗ − x⃗f )dS. (8)

Here, x⃗f is a parameterization of the interface and the geometric
information and interface curvature, κf , unit normal, n⃗f , and area of
the interface element, dS, are computed directly from the Lagrangian
interface. δf (x⃗− x⃗f ) is a three-dimensional Dirac distribution that is
non-zero only when x⃗ = x⃗f . This hybrid surface tension force term

can also be considered as a combination of front tracking and level
set method formulation. A more detailed description of the hybrid
method can be found in Ref. 31.

The Navier–Stokes equations are solved by the well-known
Chorin’s projection method.34 For the spatial discretization, we use
the well-known staggered mesh, MAC method35 with second order
ENO advection.36 The stationary solid structure with a prescribed
angle has been implemented using another distance function for the
solid (ϕs). Since the solid geometry is very simple (plane with angle)
for current simulation, the solid distance function (ϕs) can be easily
computed (ϕs > 0 fluid and ϕs < 0 solid). We replaced the fluid veloc-
ity inside the solid with 0 value to account for the stationary slanted
solid structure. The detailed numerical process for solving the above
governing equations can be found in Refs. 29–33.

Details of the simulation geometry are described in Fig. 3. A
spherical droplet with the initial diameterD is about to impact on the

FIG. 4. Numerical results: comparison of the evolution of the liquid interface deformation, cavity development, and jet ejection depending on a bottom substrate angle, where
the time t = 0 is set when the drop touches the free surface. For (a), We = 324 and Fr = 232, where D = 3.2 mm, U = 2.7 m/s, H = 10.5 mm, ϕ = 0○, and θ = 0○. For (b), We
= 324 and Fr = 232, where D = 3.2 mm, U = 2.7 m/s, H = 10.5 mm, ϕ = 30○, and θ = 46○. For (c), We = 323 and Fr = 232, where D = 3.2 mm, U = 2.7 m/s, H = 13.4 mm, ϕ
= 45○, and θ = 27○. For (d), We = 327 and Fr = 266, where D = 3.0 mm, U = 2.8 m/s, H = 18.4 mm, ϕ = 60○, and θ = 21○. The drop and the target liquid are the same as
water. Multimedia views: https://doi.org/10.1063/5.0028067.5; https://doi.org/10.1063/5.0028067.6; https://doi.org/10.1063/5.0028067.7; https://doi.org/10.1063/5.0028067.8
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FIG. 5. Evolution of interfacial velocity in time from numerical simulation for (a) ϕ = 30○, (b) ϕ = 45○, and (c) ϕ = 60○. The detailed computation parameters are given in
the caption of Fig. 4 (Multimedia view). We plot the interface shapes (blue lines) at y = 0, which is the center position of the droplet impact on the bath. In (a), two parts are
divided for the left and right cavities. The interface length for left (gray) and right (black) is Cl and Cr , respectively. From the numerical simulation, the local velocity vectors V⃗
on the interface are obtained. Here, the red lines indicate the magnitude of the velocity vector at the interface.

flat free surface. The initial impact velocity of U has been given to the
droplet. The slanted wall is placed with a prescribed angle ϕ under
the flat free surface. A symmetry condition was used for the hor-
izontal boundaries above the slanted wall. An open condition was
used at the top boundary where there is no velocity gradient and
the gauge pressure is 0. Four different cases are tested with different
slanted wall angles of 0○, 30○, 45○, and 60○. As shown in Fig. 4 (Mul-
timedia view), the tilted Worthington jets are observed. Initially, the
cavity is developed as an almost hemispherical shape and the cavity
is deformed asymmetrically.

As shown in Fig. 5, initially, the cavity grows almost symmet-
rically, but due to the bottom substrate on the left-hand side, it
slightly distorted. After the maximum cavity expansion (around t
= 14 ms), during the cavity contraction, the initial velocity pro-
files are almost symmetric at the x–z plane. After this regime, the
interface velocity profile becomes asymmetric. From the numer-
ical results, we observed that the right-hand side of the cavity
retracts faster than the other side, which induces the tilted con-
vergence point of capillary pressure at the bottom of the cav-
ity that will generate the titled jet toward the shallow bath side.
The bottom apex of the cavity temporarily anchors the inter-
face, and then due to the surface recovery process, the right-
hand side of the cavity retracts faster. To sum up, we observed
the that interface retraction velocity profiles are not symmetrical
and the cavity retraction dynamics seem complicated, as shown
in Fig. 5.

IV. RESULTS AND DISCUSSION
A. Regime (I): Cavity creation

We investigate how the cavity grows after the impact in a
different channel, i.e., the rectangular open channel and trian-
gular open channel, through high-speed shadowgraphy measure-
ments, as shown in Fig. 2 (Multimedia view). For both cases, we
observe that the cavity is developed as an almost hemispherical
cavity shape and the crown above the free surface is also sym-
metric [see regime (I) of Figs. 2 (Multimedia view) and 6(a) and
6(b) from experiments and see the numerical results (blue lines) at
t ≅ 14 ms, shown in Fig. 5]. When the cavity is fully developed such
as a hemispherical shape [see the case at t = 11 ms of Fig. 2(b)
(Multimedia view)], the center of sphere is slightly submerged
under the level of the free surface, which is previously reported by
Bisighini et al.37

To further analyze the growing dynamics of the cavity in the
triangular open channel, we plot the evolution of the cavity depth
as shown in Fig. 6 where r is the depth of the cavity. Here, initially,
the depth of a cavity is smaller than the drop diameter, and it grows
gradually. In the current problem, during the early impact regime,
we observe two different cavity growing regimes as shown in Fig. 6.
As soon as a drop impacts onto a free surface, the impacted drop
spreads on the surface, and it creates the crown and deforms the
cavity surface as the cylindrical shape,20,37 as shown in Fig. 6(a). In
this case, the time scale for the initial impact is much shorter than
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FIG. 6. Cavity growth after the drop impact. (a) The evolution of the cavity in the orange colored regime of (c). The yellow arrow indicates the cavity radius r. (b) The evolution
of the cavity in the cyan colored regime of (c). The scale bar is 5 mm. (c) Power-law relation of cavity depth and time in the almost spherical cavity regime where r indicates
the cavity depth. Diamond symbols indicate the experimental data, and two colors of solid lines indicate the power-law trends for t ∼ r and t ∼ r5/2, respectively. The black
dashed lines indicate the out of power-law regimes due to a crown collapse. The experimental conditions are the following: For (c), ϕ = 30○, U = 2.7 m/s, D = 3.2 mm,
H = 8.9 mm, and θ = 63○. For (d), ϕ = 45○, U = 2.7 m/s, D = 3.2 mm, H = 11.7 mm, and θ = 40○. For (e), ϕ = 60○, U = 2.8 m/s, D = 3.0 mm, H = 16.8 mm, and θ = 30○. The
pink colored cross (+) symbols indicate the numerical results where the detailed computation parameters and conditions are given in the caption of Fig. 4 (Multimedia view).

the inertia capillary time scale tCa (≅
√
ρD3/γ). The initial growth

rate presents a linear power-law behavior, i.e., t ∝ r (orange col-
ored regime in Fig. 6). After this regime, the power-law trend is
changed to t ∝ r5/2 (cyan colored regime in Fig. 6). The numerical
results (pink cross symbols) also show the same trends, as presented
in Fig. 6. Although the depth of the liquid (H) is slightly different
between numerics and experiments, we observe the same power-law
behaviors. The black dashed lines indicate the moment when the
crown begins to collapse down so that it is out of the cavity growing
regime.

Interestingly, these power-law behaviors have been observed in
the drop impact onto the uniform deep bath. For the first power-law
behavior case, this linear power-law relation was already reported
by Fedorchenko and Wang,17 which is obtained from a momen-
tum conservation law. We set the relative frame that the contact
point of the drop and the target liquid is stationary in a moving ref-
erence frame with U/2, reducing the cavity submergence velocity

r/t = U/2 in a stationary reference frame. The next power-law
behavior is reported by Liow38 based on the velocity potential
approach.37,39,40 By assuming that the drop impact represents a
source, the kinetic energy in the target liquid for the cavity
at a position of r and resultant velocity of dr/dt is defined as
Ek = πρr3(dr/dt)2. For high Fr(= U2

/gD) where the kinetic energy
does not change substantially during this stage, the result shows
t ∝ r5/2. As a result, the expansion dynamics of the cavity in the
liquid pool with an oblique bottom substrate is analogous to the
problem that a vertically falling drop impacts onto a uniform bath,
regardless of the channel shape, as shown in Fig. 6.

B. Regime (II): Asymmetric cavity
We observe that for the uniform open channel and triangu-

lar open channel, both crown and cavity are almost axisymmetri-
cally developed. The cavity almost uniformly expands, and the fully
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developed cavity is maintained with an almost hemispherical shape
for a short moment. Then, capillary waves are triggered by the crown
subsidence. During the cavity contraction, we observed that the cav-
ity shape becomes asymmetric where the wavelength is shorter than
the cavity radius. For the critical wavelength λm = 2π

√
γ/ρg, which

classifies the gravity wave and the capillary wave, here, the cavity
radius R≪ λm, verifying that the surface tension effect is predomi-
nant. After the capillary waves propagate from the upper rim to the
trough of the cavity, the cavity is simultaneously retracted. Whereas
Fig. 2(a) (Multimedia view) shows that the cavity interface exhibits
an axisymmetric retraction process, Figs. 2(b)–2(d) (Multimedia
view), 4 (Multimedia view), and 5 show that the cavity is deformed
from the hemispherical shape to the asymmetric shape, such as a
tilted conical shape. In other words, for the uniform open chan-
nel, a bottom apex of the cavity where the capillary waves converge

is located at the vertical axis of symmetry. However, for the trian-
gular open channel, the bottom apex of the cavity that is the wave
focusing point is shifted to the shallow side, and we observe that the
subsequent jet is inclined to the shallow bath [see Figs. 2(b)–2(d)
(Multimedia view), 4 (Multimedia view), and 5].

To understand the tilting jet, the pressure on the free surface
could be useful. Figure 7 shows the pressure distribution of the sur-
face from the top view, which is obtained from numerical simulation
where x increases with the depth. After the drop impact, the gen-
erated crown produces the downward wave propagations along a
cavity surface. Around t = 30 ms for all the cases from numerical
results, we observe two interesting features before the jet creation:
(1) the pressure is accumulated and the maximum pressure magni-
tude is located at the bottom apex of the cavity and (2) the axisym-
metric pressure distribution is broken. The pressure magnitude of

FIG. 7. Pressure distribution from the numerical results where the bath depth increases with x. For (a), We = 324 and Fr = 232, where D = 3.2 mm, U = 2.7 m/s, H = 10.5 mm,
ϕ = 30○, and θ = 46○. For (b), We = 323 and Fr = 232, where D = 3.2 mm, U = 2.7 m/s, H = 13.4 mm, ϕ = 45○, and θ = 27○. For (c), We = 327 and Fr = 266, where
D = 3.0 mm, U = 2.8 m/s, H = 18.4 mm, ϕ = 60○, and θ = 21○. Here, ϕ is the angle of the inclined substrate and θ is the angle of the vertical jet (see Fig. 1).
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the right-hand side is larger than that of the left-hand side. Due to
this effect, the right-hand side of the curvature is quickly recovered
compared to the left-hand side in the shallow bath. Finally, a tilted
Worthington jet is observed.

To further study the cavity retraction mechanism in regime (II),
from numerical and experimental results, we monitor the time evo-
lution of the cavity profile as shown in Figs. 2 (Multimedia view), 5,
and 8(a). First of all, the traveling waves along the cavity surface are
generated from the axisymmetrical crown. Then, the momentum by
the collapsing crown should be identical everywhere. For the uni-
form bath case, it is reported that the convergence point of the trav-
eling waves is located at the bottom center of the cavity.26,41 How-
ever, in the current case [see Figs. 2(b)–2(d) (Multimedia view)],
we observed that after the fully developed cavity at t ≈ 11 ms, the
cavity begins to deform from an almost hemispherical shape to an
arbitrary distorted shape at t ≈ 12 ms, where the bottom substrate
is inclined. Eventually, the cross section of the cavity is transformed
into a triangular shape with the bottom apex of the cavity moved to
the left, as shown in the cavity profile at t ≈ 27 ms of Figs. 2(b)–2(d)
(Multimedia view) and 8. This should be caused by the non-uniform
traveling wave speeds along the cavity surface during the cavity col-
lapse because the initial momentum of the crown falling down the
free surface is the same everywhere.

Singh and Das41 and Liu et al.26 qualitatively explained that the
accumulation process of the capillary waves is linked to the jet cre-
ation. Based on this, we can assume that the tilted jet could be due
to the asymmetric convergence of the traveling capillary waves. In
Sec. IV C, we try to explain the relation between the position of the
trough of the cavity and the inclination of the jet by comparing the
velocity of different capillary waves due to the depth variation.

C. Regime (III): Inclined jet
It is well-known that a vertical jet will be created if the axisym-

metric cavity uniformly contracts in the uniform bath. In contrast,
the current study shows that an inclined jet is created from the asym-
metric retraction, as shown in Figs. 2(b)–2(d) (Multimedia view), 5,
and 8. This asymmetric behaviors are mainly caused by the oblique
solid boundary condition at the bottom. The dynamics of the cav-
ity creation and retraction along the y-direction is symmetric, which
does not contribute the tilting jet in the x–z plane. Thus, we only
consider the dominant effect of the asymmetric boundary condi-
tion by the inclined substrate so that we modeled a two-dimensional

problem. The current problem can be assumed as an incompressible
and inviscid flow problem because the inertia and capillary effects
are predominant, i.e., Ca(=μU/γ)≪ 1, Oh≪ 1, Re≫ 1, and We≫ 1.
Therefore, two-dimensional continuity equation and the Bernoulli
equation can be expressed as

∂2Φ
∂x2 +

∂2Φ
∂z2 = 0, (9)

∂Φ
∂t

+
p
ρ
= 0, (10)

where Φ is the velocity potential and p is the pressure. Here, we
applied the three boundary conditions below,

∇Φ ⋅ nbottom = 0, (11)

(n ⋅ ∇Φ)interface = n ⋅ ∇Φinterface, (12)

Δp∣interface = γ(∇ ⋅ n)interface, (13)

where n is a normal unit vector to the bottom substrate or the cav-
ity interface. Based on the capillary wave dispersion relation,42 we
assumed that the propagation speed of the capillary wave is

c ∼
√

2γπ
λρ

tanh(
2πh
λ
), (14)

where λ is the wavelength and h is the liquid depth of the channel. In
the case of a deep liquid pool, (14) leads to the capillary velocity,

Vc =

√
γ
ρR

, (15)

where tanh( 2πh
λ ) ≈ 1 when h→∞. We observed that the wavelength

λ is inversely proportional to the radius of the cavity R, as shown in
Fig. 9. In this case, we assumed that it is satisfied when kh > 2, where
tanh(2) = 0.964 and k is the wavenumber (k = 2π/λ).

As presented in (14), a wave speed increases with the depth h
approaching the capillary velocity Vc. Thus, the wave velocity can be
varied by changing the depth. In this problem, due to the geometry
of the channel shape, the wave velocities along the cavity interface
are different. Although the wave propagation occurs in the three-
dimensional domain, due to the triangular cross section of the open

FIG. 8. (a) Evolution of cavity deforma-
tion after the drop impacts on the liquid
pool with an oblique bottom substrate.
The capillary wave propagation from the
rim to the trough is presented in (a),
which is obtained from experiments. The
experimental condition is the same as
that of Fig. 6(b). (b) Sketch of the simpli-
fied geometrical information of the asym-
metric cavity at t = 27.81 ms. Two distinct
capillary wave speeds are described at
the left-hand side and the right-hand side
of the cavity for V left and V right, respec-
tively. The truncated circle (dashed line)
represents the fully developed cavity.
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FIG. 9. Relation between the wavelength (λ) and cavity radius (R) by varying the
angle (ϕ) of the inclined bottom substrate, the impact velocity of the droplet, and
the droplet radius. The scale bar is 3 mm.

channel, we only consider the left (shallow) and the right (deep) side
propagation in the x–z plane to compare the difference in the wave
propagation speed. From the side view (the x–z plane), we scale the
actual liquid depth h differently for both sides of the cavity when the
cavity is fully developed. For the right-hand side, we assumed that
h > 2R so that tanh(kh) ≈ 1 because in this circumstance, the cav-
ity interface is nearly perpendicular to the oblique bottom wall [see
Fig. 8(b)]. On the other hand, for the left-hand side, we scale the film
thickness between the cavity and the bottom as (H − Zc) cosϕ − R,
where H is the depth [see Fig. 2 (Multimedia view)]. Consequently,
the wave speeds at the different sides, depicted in Fig. 8(b), are scaled
as

Vright ∼ Vc, (16)

Vleft ∼ Vc

√

tanh
(H − Zc) cosϕ − R

R
, (17)

where Vright and V left are the capillary wave speed at the deep and
shallow side, respectively. Here, for the convenience, we define the
geometric parameter e as

e =

√

tanh
(H − Zc) cosϕ − R

R
, (18)

which is associated with the shape of the bottom substrate, reduc-
ing V left ∼ eVc. Accordingly, the velocity difference appears V left
≤ Vright because 0 < e ≤ 1. As the confined effect of the open channel
decreases, e→ 1 equalizing V left and Vright.

After the asymmetric retraction, the bottom apex of the cav-
ity that two capillary waves meet is tilted to the shallow side as
shown in Figs. 2(b) (Multimedia view) and 8(a). From this geomet-
rical information, we can estimate α, the angle through which the
trough is biased, by comparing the relative velocity magnitude of the
two waves along the hemispherical cavity interface in a finite time.
As shown in Figs. 8(a) and 9, while the cavity interface retracts as
the capillary wave moves, the bottom apex of the cavity where the
capillary waves meet is temporally maintained. Based on the experi-
mental results [see Fig. 8(a)], we simplify and sketch the cross section
of the conical (a black solid line) and the hemispherical cavity (a
black dashed line) shape in Fig. 8(b). Using the trigonometric func-
tion relation as depicted in Fig. 8(b), we estimate two different radii
of curvatures in the shallow and deep side, such as R(π/2 − α) and
R(π/2 + α), respectively. It yields that α is scaled as

α ∼
π
2
(

1 − e
1 + e

). (19)

Note that α is decreased as e is increased, indicating that the asym-
metric shrinkage of the cavity interface is increased as the depth
H cosϕ is decreased, which is experimentally validated as shown
in Fig. 10. Here, for the ethanol–water binary mixture case, we
observed that the error bars are little bit large, which is possibly due
to the selective evaporation of ethanol at the free surface.43 However,
the chamber reservoir is extremely large compared to the droplet
volume and cavity so that all the physical properties are almost
constant during the experiments.

In the current problem, we focus on the cavity jet regime17,18

instead of the singular jet regime.44,45 To investigate the inclined jet
dynamics, the relative motion of two different capillary waves along
the cavity interface should be considered. We presume that the net of
relative momentum influx in the horizontal direction contributes the
inclined jet ejection, where the initial incoming fluxes are the same

FIG. 10. Investigation of deviation of
the bottom apex location. (a) α vs e,
where e is the geometric parameter, i.e.,
√

tanh (H−Zc) cos ϕ−R
R . The inset shows

the definition of α from the experimental
result. (b) Comparison between experi-
mental results and theory (19).
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everywhere because the crown shape is almost symmetric, which
is observed from the experimental and numerical results. Based on
this idea, the momentum conservation along the x-direction can be
scaled as

∫ ρu(u ⋅ n)dAcavity ∼ ∫ ρu(u ⋅ n)dAjet, (20)

where u is a fluid velocity vector, n is a normal unit vector to the cav-
ity surface, and A is the surface area for the cavity and jet. The capil-
lary waves are generated by the collapsing crown so that the incom-
ing mass flow rates on both sides of the cavity at z = 0 should be the
same everywhere. Finally, we assume that the resulting momentum
from the relative motion of the capillary waves of the cavity is pro-
portional to the momentum of the ejected jet. Then, the momentum
conservation relation for the horizontal direction is assumed to be

ṁcVc cos(
π
4
−
α
2
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Waves for the deep bath

− ṁcVce cos(
π
4

+
α
2
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Waves for the shallow bath

∼ ṁjVx
±

Jet

, (21)

where ṁc is the mass flow rate induced by the crown collapse and
ṁj is the mass flow rate of the jet determined by the initial poten-
tial energy of the drop impact. Here, Vx is the jet velocity of the
x-direction that is proportional to ṁc, which is usually zero for the
uniform bath problems. Equation (21) leads to

Vx ∼ Vc(cos(
π
4
−
α
2
) − e cos(

π
4

+
α
2
)). (22)

It is delineated that the vertical jet velocity is the same as the
flow speed at the cavity surface through the Bernoulli equation in a
moving reference frame.17,18 However, here, the flow speed at the
cavity surface is different depending on the location, and as we
showed the numerical results, the surface velocity seems very com-
plicated and non-linear as presented in Fig. 5. From the numerical
and experimental results, it showed that the right-hand side (deep
bath side) of the cavity has a relatively fast surface wave speed c and
a recovery speed ∣V⃗ ∣ at the cavity surface. In short, the relatively fast
surface wave speed induces that the bottom apex position is tilted
to the shallow bath side. Then, the cavity recovery speed is relatively
faster at the deep bath side, which leads to the tilting jet. Addition-
ally, to estimate the jet speed after the cavity retraction, we assumed
that the surface wave velocities contribute to the final jet speed. The
distinct cavity retraction process is originated from the different sur-
face wave speed on the shallow and the deep side. Therefore, we scale
the total jet velocity as the average of the wave velocities of both sides
of the cavity,

Vj ∝
1
2
(Vleft + Vright) ≅

Vc

2
(1 + e). (23)

Finally, we address that Vx and V j have a relationship of sin θ
∼ Vx/V j to θ. Substitution of (22) and (23) for Vx and V j leads to

θth ∼ arcsin(
2

1 + e
[cos(

π
4
−
α
2
) − e cos(

π
4

+
α
2
)]), (24)

which indicates that the inclination of the jet is purely determined
by the geometry conditions of the cavity.

To examine the model, we plot all the experimental results
and the theoretical results (24) in Fig. 11. We performed systematic
experiments to investigate the jet dynamics by changing the surface

FIG. 11. (a) Comparison of the inclination of the jet between experimental results
and theory for different working fluids (see the legend). Typical inclined jet exam-
ples are provided on the right side: (b) θ = 63.0○, D = 3.1 mm, and H = 8.9 mm,
(c) θ = 23.6○, D = 3.2 mm, and H = 10.6 mm, and (d) θ = 4.2○, D = 3.2 mm, and
H = 15 mm, where the bottom angle ϕ = 30○.

tension, the droplet size, the droplet impact speed, the inclination
angle of the bottom substrate, and the depth of the liquid bath. We
observe that the experimental results follow the theory with a slope
of 1/1. We also observed that the ethanol–water mixture and sur-
factant solution show the same trend, which means that there is no
effect of surfactant migration due to the cavity deformation.

V. CONCLUSION
In the present study, we report that the vertically impacting

drop onto a liquid surface with an oblique bottom wall produces
an inclined jet formation. We perform experimental and numer-
ical studies that show dynamically changed various cavity shapes
in a different regime. In regime (I), the cavity is expanded in an
almost hemispherical shape. We observe that the expansion dynam-
ics is analogous to that of the impact onto a deep liquid pool. We
observe that both experimental and numerical results agree well for
the power-law behaviors of the cavity expansion. In regime (II), the
asymmetric cavity retraction is observed. In this regime, there are
two different wave speeds on the left- and the right-hand side of
the cavity due to the oblique bottom. With the capillary plane wave
dispersion theory, we explain that the velocities of the waves on
both sides of the cavity can be scaled differently depending on the
local depth. The imbalance of the wave propagations changes the
bottom apex location of the cavity toward the shallow liquid bath
where the capillary waves are accumulated. Eventually, it leads to
the inclined jet in regime (III). Finally, we provide the first-order
model to predict the inclination angle of the jet θ with α and e from
scaling argument. Although the model is rather simple, we believe
that the simple model shows good agreement with the experimental
results. For the possible future works, to fully understand the whole
mechanism of this tiling jet, it might be very useful to perform the
detailed numerical or three-dimensional analytical studies. Further-
more, it would be very interesting if some other possible effects can
be explored, including density, viscosity, gravitational acceleration,
and a substrate shape on the jet dynamics. We believe that the cur-
rent study asks a new question about the control of jet dynamics by
a bath shape for the first time.
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