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Abstract: The three-dimensional acoustic intensimetry employing multiple probe-modules
are implemented for estimating the source distance by calculating the nearest intersection
points of the vectors. The probe spacing, source localization error, and source distance
affect the estimation error. It is found that the intensity vectors indicating the source loca-
tion diverge in some directions due to the geometric singularity. Numerical and experimen-
tal tests are conducted with three probe-modules configured as an equilateral triangle on a
plane. The result reveals that the large error due to geometric singularity can be significantly
reduced by only excluding the corresponding vectors that cause the divergence.
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1. Introduction

The localization of an acoustic source is essential for realizing the internet-of-things (IoT) for
various future-oriented systems, including industrial machines, vehicles, electronic appliances,
telecommunication systems, etc. The minimalist design of smart systems is regarded as valuable
that the sensor system is required to be compact even for the acoustic source localization.
Various potential application examples can be found in smart hearing aid devices,1 humanoid
robots,2,3 and surveillance systems using drones.4,5

Among many sensor configurations and algorithms, the time difference of arrival
(TDOA) method has been popular in estimating the source direction or distance of the acoustic
source. In implementing the TDOA, several closed-form solutions exist, such as the spherical
intersection (SX),6 spherical interpolation (SI),7 or linear intersection (LI).8–10 However, there are
several limiting parameters in the practical application of the TDOA method. Many microphones
are usually needed to enhance the precision of DoA estimation, a high sampling rate is essential
to minimize the quantization error,11,12 and a large array size is needed to enlarge the effective
frequency bandwidth.13 The matched field processing or neural network algorithms can be
applied to estimate the source distance, which is widely employed in the application for the
underwater environment.14–16 However, the relationship between the unknown parameters and
their individual influence must be clearly understood for a successful result, considering that a
large uncertainty exists in the actual test condition.

This study focuses on the use of the multiple three-dimensional (3D) acoustic intensime-
try (3DAI) with a compact microphone array. The 3DAI is advantageous in miniaturizing the
hardware because the finite difference error becomes small as the spacing between the adjacent
microphones decreases. However, the utilization examples of the 3DAI are rare in the sound
source localization because of the large amount of spectral and spatial bias errors in the esti-
mated result. Recently, the compensation methods for such bias errors are suggested,17–19 which
enable the source localization by the 3DAI in precision.

Most of the previous works on the source localization have been concerned about find-
ing the direction of arrival (DoA), and the research on estimating the source distance is sparse.
In this work, the 3DAI vectors measured from multiple probe-modules are used for the estima-
tion of the source distance. The numerical test is conducted with three 3DAI vectors. A heuristic
method is suggested for compensating the estimation error by sorting out the values in singular
directions.
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2. Estimation method

2.1 Basic principle of the DoA estimation by the 3DAI

If the p-p sensor configuration is employed for measuring the active intensity in a free field, the
DoA of a source is the opposite direction of the estimated vector. In this study, the 3DAI is
implemented for the microphone configuration of a tetrahedron. The tetrahedral configuration is
one of the polyhedra, which roughly approximates a spherical surface. The measured intensity
with this tetrahedral probe is approximately omnidirectional for small Helmholtz numbers. The
working kd range of this study is limited to kd< 1 that satisfies jDI j < 0:08 db.19 The measured
sound pressure by using a tetrahedral probe can be written in the harmonic acoustic field as13

p xð Þ � Xd xð Þ; (1)

where pðxÞ ¼ ½p1 p2 p3 p4�T denotes the measured pressure vector, X ¼ ½x1 x2 x3 x4�T implies
the matrix of the microphone position vectors, i.e., xk ¼ ½1 xk yk zk�T for the kth microphone,
dðxÞ ¼ ½p0 @p0=@x @p0=@y @p0=@z�T denotes acoustic pressure p0 and its spatial gradient at the
acoustic center expanded by the Taylor series, and the superscript “T” indicates the transpose
operation. The acoustic intensity vector is obtained as a cross-power spectral density function
between sound pressure and particle velocity.20 The 3D active intensity vector at the acoustic
center of a probe-module can be expressed as19

INðxÞ ¼ Re Ĝpou
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klĜkl

� �2
4

3
5jþ

X3

k¼1

X4

l¼kþ1

Im Cz
klĜkl
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where IN is the estimated active intensity vector at the acoustic center of a probe-module “a” or
“b,” i.e., the subscript N¼ a or N¼ b; Ĝpou means the one-sided cross-power spectral density
function (CPSD) between acoustic pressure and particle velocity at the acoustic center; Ĝkl
denotes the CPSD function between the kth and lth microphones; Reð� � �Þ, Imð� � �Þ mean the real
and imaginary part of a complex value, respectively; and i, j, k are the direction vector of the x,
y, z-axis, respectively. The coefficients of Ĝkl (Cx

kl , Cy
kl , Cz

kl) can be calculated by solving the
inverse problem in Eq. (1). One can find that the 3D intensity vector components are expressed
as a sum of CPSD. For eliminating the effect of coherent noise included in calculating the CPSD
from the actual measured data, which is often due to the microphone orientation and the reflec-
tion, the compensation method using the phase-linearized or truncated cross-correlation method
can be adopted.19 The DoA error eN between the actual and the estimated DoA of the sound
source can be calculated by the inner product between the vectors as follows:

eN ¼ cos�1 IN � SNð Þ kINk � kSNkð Þ�1
h i

: (3)

Here, SN denotes the position vector of the source to the acoustic center, the subscript N is as
defined in Eq. (2) for indicating a probe-module, and k � � � k means the norm of a vector. Figure 1
shows the 3D active intensity vector and the DoA error.

2.2 Estimation of source distance using the two intensity vectors

If there is a simple source in a free field and two intensity vectors indicating the source direction
are available, one can ideally think that the absolute source position can be estimated in principle.
One can obtain the source position from the nearest intersection point or the shortest distance
between two straight lines of the two vectors, which are measured from each of the two probe-
modules. Figure 1(a) depicts the schematic concept of the source distance estimation using the
double 3DAI vectors. Here, Oa and Ob denote the position vectors of the acoustic center of the
a-th and b-th intensity probe-modules, respectively, Oab is the geometric center between the two
probe-modules, S is the actual position of the sound source, and the positions as mentioned above
are placed in the same plane indicated as Q. The DoA bears the error of ea, eb, respectively, for
the intensity vectors Ia and Ib, which are skewed in 3D space. In such a condition, one can esti-
mate the distance between Oab and the sound source by calculating the nearest intersection Cab of
the two vectors. The unit vector nab of Cab is orthogonal to both Ia and Ib, so it follows that

Cab ¼ Oab þ Lab ¼ Oab þ u � Ia þ v � Ibð Þ=2: (4)

Here, u, v are the stretching parameters of the equations expressing Ia, Ib vector lines, respec-
tively, and Lab denotes the estimated source distance vector. Because Cab is orthogonal to Ia and
Ib, one can derive the following:
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Ia � Ib �kIbk2

" #�1
Ia � Ob �Oað Þ
Ib � Ob �Oað Þ

� �
: (5)

Then, the source distance from Oab can be obtained by substituting u, v in Eq. (5) into Eq. (4) as

kLabk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k u � Ia þ v � Ibð Þ � ik2 þ k u � Ia þ v � Ibð Þ � jk2 þ k u � Ia þ v � Ibð Þ � kk2

q
=2: (6)

If one uses M probe-modules to measure M 3DAI vectors, one can obtain MðM � 1Þ=2 source
distances from Eq. (6), from which the optimal position can be estimated by applying the least
square method.

2.3 An analytic model of the distance estimation error in using DoA vectors

Figure 1(b) illustrates the actual sound source position S and the estimated source position Cab,
which is obtained by the intensity vectors Oa and Ob. Here, Cab and S are assumed as being
located in the same Q-plane. The distance estimation error does not occur if the estimation of
DoA is perfectly conducted; however, an error kLabk � kSabk exists with some amount in gen-
eral. Besides, the spacing between the two probe-modules and the absolute distance of the source
can contribute to the estimation error. Consequently, the distance estimation error eL can be
written as follows:

eL �
kLabk � kSabk
kSabk

¼ r
kSabk

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin db þ ebð Þ

sin da þ db þ ea þ ebð Þ
sin db þ ebð Þ

sin da þ db þ ea þ ebð Þ � cos da þ eað Þ
� �

þ 1
4

s
� 1: (7)

Here, da, db denote the actual DoA of the source observed at the acoustic center, which can be
expressed as a function of kSabk, r, and dab as

da;b kSabk; r; dabð Þ ¼ sin�1 kSabk sin dabð Þ kSabk2 þ r=2ð Þ26kSabkr cos dab

h i�1=2
	 


; (8)

where the double signs are in the same order of da and db. When ea¼ eb¼ eab and dab¼90�, Eq. (7)
becomes

eL ¼ 1þ r tan eabð Þ 2kSabkð Þ�1
h i

1� 2kSabk tan eabð Þ r�1
� ��1 � 1: (9)

Figure 2 shows the predicted estimation error �eL for the mean distance varying r and kSabk. It is
calculated by using Monte Carlo simulations of 1000 times, assuming the normal distribution of
eab. In the simulation, the standard deviation of the DoA error is re¼ 0.2�, and its mean values
are changed as le¼ 1�, 3�, and 5�. The physical meaning of Fig. 2 can be explained in

Fig. 1. (Color online) (a) Overall geometric concept in the distance estimation using the two 3DAI vectors, (b) the geometric
condition, in which Cab and S are located in the same Q-plane. Here, Oa, Ob, denotes the position of the acoustic center of
each probe-module; Oab, the geometric center of the probe-modules; S, the actual position of the source; Cab, the estimated
position of the source; Sa, Sb, the actual distance vectors between S and Oa, Ob, respectively; Sab, the actual source distance
vector between S and Oab; Ia, Ib, the estimated intensity vectors; nab, the unit vector of Cab; ea, eb, the DoA errors; La, Lb,
the estimated distance vectors from Oa, Ob; Lab, the estimated distance vector from Oab; r, the spacing between the two
acoustic centers, Oa, Ob; da, db, the actual DoA of the source viewed from Oa, Ob; dab, the actual DoA of the source viewed
from Oab.
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connection with the system configuration in Fig. 1(b). First, one can note that �eL > 0 when ðda þ
ea þ db þebÞ < 180� or when both ðda þ eaÞ and ðdb þ ebÞ are the acute angles. Second, one can
find that �eL increases exponentially when ðda þ ea þ db þ ebÞ � 180� or ðda þ ea þ db þ ebÞ � 0�,
that corresponds to the condition of kSabk � r, kSabk 	 r, respectively. If La and Lb are per-
fectly parallel, i.e., jr�eLj is maximum, �eL diverges and the demarcation line between convergence
and divergence is given by kSabk ¼ r=ð2 tan eabÞ, which is indicated as the dashed line in Fig. 2.
Finally, one can see that �eL < 0 when kSabk exceeds the demarcation line of divergence, which
corresponds to the case of ðda þ ea þ db þ ebÞ > 180� or both when ðda þ eaÞ and ðdb þ ebÞ are
obtuse angles. Here, the negative �eL means that the estimated position is located on the opposite
side to the actual one. As a summary, one can say that the error in the distance estimation
becomes large if La and Lb are parallel to each other or if both of ðda þ eaÞ and ðdb þ ebÞ are
obtuse angles. It is noted that the main factors of determining the distance estimation error are
the DoA error of 3DAI vector, the spacing between probe-modules, and the source distance. If
M probe-modules are used, MðM � 1Þ directions are involved in estimating the diverging dis-
tance. It is evident that the estimation error can be reduced by adopting the least square method
as the number of probe-modules increases. However, in such a condition, the divergence cases
will be increased along with it.

3. Numerical test

3.1 Test result with three probe-modules

A Monte Carlo simulation is conducted to estimate the source distance. Here, the three 3DAI
vectors configured in an equilateral triangle shape are adopted; thus, a total of sensors are 12.
The spacing between probe-modules is r¼ 0.3 m, and the source distance is 1 m from the geomet-
ric center of the sensor layout. The DoA of the source is varied for the azimuth and elevation
angles of �180� < / < 180� and �90� < h < 90� within a free field, which results in a total of
16 471 directions. The DoA error ea and eb at each direction are assumed to follow the normal
distribution function with le¼ 1�, re ¼ 0.2� for the iterative test of n¼ 30 times. The mean dis-
tance estimation error �eD in using the multiple probe-modules is given by

�eD /; hð Þ ¼ 1
n

Xn

i¼1

2
M M � 1ð Þ

XM�1

a¼1

XM
b¼aþ1

kC ab;ið Þ �Gk

8<
:

9=
;� kS�Gk

2
64

3
75; (10)

where M denotes the number of probe-modules for estimating in this test, in this test case M¼ 3,
Cðab;iÞ is the estimated source position for the ith iteration, and G denotes the geometric center of
the three probe-modules. One can set the geometric center as the origin (0,0,0) in the Cartesian
coordinate. Figure 3(a) shows the test result. The mean spatial error is 0.034 m; however, one
can find that the error near /¼630�, 690�, 6150� are far larger, about ten times than the other
directions. At those directions and nearby, the diverging results are to be obtained because the
direction of each probe-module is nearly parallel to the DoA of the localized source. Figure 3(b)
exhibits the accumulated test results in the xy-plane when the regular intervals of the source loca-
tions are given in /¼ 30�. In this figure, O1, O2, O3 represent the acoustic center of each probe-

Fig. 2. (Color online) The predicted error of the estimated source distance obtained by the Monte Carlo simulation of 1000
times varying the kSabk and r for different mean values of the DoA error (dab¼90�, ea¼ eb¼ eab, re¼ 0.2�): (a) le¼ 1�, (b)
le¼ 3�, (c) le¼ 5�. Here, the color range in the right-hand side-bar represents the magnitude of �eL and the dashed line indi-
cates the line between divergence and convergence of �eL.
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module. One can observe that the error becomes large in the DoA’s corresponding to the direc-
tions connecting a set of two probe-modules. In such a way, the diverging directions are
determined.

3.2 Compensation attempt

As observed in Sec. 3.1, it is apparent that one cannot estimate the source distance when the
source direction corresponds to the extended line connecting the acoustic centers of two probe-
modules. The overall error in the distance estimation is overwhelmed by those originated from
singular directions and their nearby angles.

The quick and heuristic method for the error compensation is that the DoA vectors par-
allel to the direction of the probe-modules are excluded in the process of calculating Eq. (10).
For example, the estimated result from O1 and O3 in Figs. 3(a) and 3(b) should be excluded
when the estimated DoA from the 3DAI vectors is /¼ 30�. Considering the actual distribution
of the singular directions in a narrow range, the estimated DoA is in the range of j/� 30oj 
 a,
where a is a tolerance obtained empirically depending on the type of the localization method and
the layout of the probe-modules. Figures 3(c) and 3(d) show the test result of distance estimation
by applying the heuristic compensation method, as mentioned above. Here, the test condition is
the same as in Figs. 3(a) and 3(b), and a ¼ 11o. One can see that the bias error in the diverging
direction and near of it is compensated well. Spatial average and maximum error in the range of
j/� 90oj 
 a, jhj 
 a are reduced to 0.013, 0.034 m, respectively, which are in contrast to the
corresponding data of 0.090 m, 1.619 m in the case without compensation.

The present heuristic method would not yield, in general, correct estimation if a large
number of unknown factors are simultaneously involved in the actual measurement condition.
One such factor to be considered first is the major operating range in Helmholtz number kd,
where k is the wavenumber and d means the spacing between adjacent microphones of a module.
The 3DAI method has high localization accuracy only when kd is not large.19 In this context,
one can minimize the effect of measurement uncertainty by constructing a probe module com-
prised of a compact microphone array.

3.3 Comparison of the estimation result with the GCC-PHAT algorithm

A test is conducted to compare the present 3DAI with the GCC-PHAT algorithm, which is
widely used for ranging the acoustic source using microphone arrays. The heuristic technique for
preventing divergence is applied to both methods. The experimental conditions are the same as
the previous one, as shown in Fig. 3, and each module is comprised of four microphones with a

Fig. 3. (Color online) The test result of the distance estimation using three 3DAI vectors measured from the probes config-
ured in an equilateral triangle: (a),(c) mean distance estimation error, �eD; (b),(d) cumulative estimation result for a specific
orientation of the three probe-modules configured in the xy-plane including the source positions. (a),(b) Without compensa-
tion; (c),(d) with bias error compensation. The meaning of the symbols: �, position of the acoustic center of each probe-
module; q, actual position of the source; �, /¼ 0�, 660�, 6120�, 180�; �, /¼630�, 690�, 6150�.
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tetrahedral layout. A band-limited white noise signal of 500–900 Hz with a signal-to-noise ratio of
35 dB is used as a source signal. The test results varying the microphone spacing in two sizes, which
corresponds to kd¼ 0.6, 3.1, are shown in Fig. 4. At kd¼ 3.1, the average estimation error of 3DAI
and GCC-PHAT algorithm is 0.108, 0.055 m, respectively, but the result represents a reverse trend
when the modules have smaller microphone spacing. When kd¼ 0.6 in Fig. 4(a), the experimental
result of 3DAI has an error of 0.023 m, which is far smaller than the error of GCC-PHAT of
0.181 m. One can observe that the heuristic method can be applied to both methods, but the 3DAI
method has higher accuracy when using a compact sensor array. With this simple test example, one
can say that the 3DAI has a beneficial feature in miniaturizing the array size.

4. Conclusions

A method to estimate the distance of the sound source has been studied by using the multiple 3D
acoustic intensity vectors measured from tetrahedron probe-modules. The concept is to estimate the
source distance by calculating the nearest intersection points of the 3D intensity vectors. The estima-
tion error is expressed as a function of the DoA error of 3DAI, the spacing between modules, and
the actual source distance. One can note that the calculation of the source distance diverges for a
total of MðM � 1Þ spatial directions when a set of DoA vectors measured from M probe-modules
are parallel. A numerical test is conducted using the three probe-modules configured on a plane of
an equilateral triangle. The test result reveals that the calculation for distance estimation diverges at
six directions from the geometric center of the sensor layout. The resulting errors at and in the vicin-
ity of those directions are about ten times larger than the others. A strategy is adopted to compen-
sate for the divergence error by excluding the sets of DoA vectors, of which directions are same,
and their extended lines pass through the acoustic center of each other. The error, which is brought
about by the diverged calculation in the vicinity of some angular directions, is reduced by about
98% after applying such a heuristic compensation method. The GCC-PHAT algorithm is compared
with the 3DAI method using three modules to estimate the source distance. The test result shows
that the 3DAI bears the lower error when the spacing between adjacent microphones is small.
However, for the application of the present method to the practical aero and underwater environ-
ments, further experimental validation would be needed including the effects of interaction with
other signals, reverberation, sensor conditioning, signal-to-noise ratio, etc.

The study result on this source distance estimation technique has an advantage in minia-
turizing the whole hardware system in particular. One can embed such a minimalist sensor sys-
tem in the fixed or mobile devices, such as a humanoid robot or drone, to conduct various source
localization tasks with the help of the other sensors measuring different parameters. In addition
to the high spatial efficiency, the high precision would find various potential applications in con-
structing the super-compact sensor network of the surveillance and system diagnosis employed in
the IoT devices. Some potential application examples include medical diagnosis using acoustic
bio-signals, localization of accident victims using acoustic bio-signals, enhancement of communi-
cation within an acoustically harsh environment, antitheft systems using the acoustic cues, locali-
zation of intruding objects such as unregistered drones, military applications during the night
time or in the city, etc. Because the medium is not specified, the basic concept can find the usage
in the underwater source localization using distributed vector-sensor array system.
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Fig. 4. (Color online) A comparison of the localization result of 3DAI and GCC-PHAT algorithms using three modules con-
figured in an equilateral triangle: (a) kd¼ 0.6, (b) kd¼ 3.1. The meaning of the symbols: �, position of the acoustic center of
each probe-module; �, position of the microphone; q, actual position of the source; �, estimated result by the 3DAI method;
�, estimated result by the GCC-PHAT algorithm.
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