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Abstract: Helmholtz resonators (HR) have been proven to have feasibility for sensor applications
with good performance. However, for biosensor application, when the amount of test sample is
limited, the operating frequency tends to be very high, which may bring challenges of resonance
excitation and frequency measurement. In this paper, a modified HR was proposed for biosensor
application at a lower frequency, by designing the neck of the HR as a type of an Archimedes spiral,
which can increase the neck length as much as possible without occupying much space. The resonant
frequency of the proposed HR was derived by treating it as an HR with a straight neck with the
equivalent length. An analytical example was calculated and verified by acoustic finite element
analysis, and the results clearly showed that the frequency decreases in comparison to that of the
conventional HR. Based on the underlying theory, the measurement principle was proposed and the
experiment setup was established using a 3D-printed structure. The experiment was done using test
solutions with different glucose concentrations, whose results showed consistency with the analytical
results and noticeable frequency increases with the glucose concentration. Prospective results of the
proposed HR after miniaturization show an operating frequency around 3 kHz when the amount of
test sample is 0.1 mL, which will facilitate use of the common acoustic power source and acoustic
pressure sensors in the sensing system.

Keywords: Helmholtz resonator; analyte concentration; low frequency; biosensor application;
glucose sensor

1. Introduction

Over the past several decades, dynamic-mode cantilever sensors have been studied extensively
with broad applications in various fields due to their fast response and low fabrication cost. In addition,
with the development of microfabrication technology, high sensitivity and resolution are realized [1].
This kind of sensor mostly detects the resonant frequency shift induced only by the added mass effect,
so sensitivity improvements are usually realized by decreasing the size or operating at higher order
modes [2,3], which may bring manufacturing complexities and frequency measurement difficulties. To
conquer these deficiencies, sensing architecture based on Helmholtz resonance was proposed in our
previous paper as a new type of biosensor [4], which shows a higher sensitivity at a similar operating
frequency compared with the sensor using a cantilever beam. However, when the amount of test
sample is limited (which is common in biosensor application), the operating frequency tends to be
much higher, which brings challenges in resonance excitation and frequency measurement. In this
paper, we aim to design a new type of Helmholtz resonator (HR) to lower the resonant frequency.

Since the HR is known as an effective muffler, in the field of noise control in practical architecture
or vehicle engineering, some research was carried out to lower the resonant frequency of HRs for
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better noise attenuation performance at low frequencies under a space restriction. Selamet and Lee [5]
investigated the acoustic performance of HRs with an extended neck and found that the extension of the
neck into the cavity can lower the resonant frequency without increasing the volume. Selamet et al. [6]
then studied HRs with fibrous material and found that the acoustic performance can be modified
considerably using the fibrous material without changing the cavity dimensions. Cheng et al. [7]
constructed the low-frequency noise attenuation technology using HRs with horn-shaped necks. Shi
and Mak [8] modified HRs using a spiral duct to lengthen the neck in a small space, showing that HRs
with a spiral neck can achieve high noise attenuation performance at low frequencies. Cai et al. [9]
compared the noise attenuation effect of an HR with an extended neck and an HR with a spiral neck
and explained the potential application of these two neck types in noise control. Nudehi et al. [10]
studied HRs with a flexible end plate and found that the flexible plate provided the modified HRs
with multiple resonant frequencies, while the fundamental frequency went to a much lower frequency.
Kurdi et al. [11] applied the multi-objective optimization procedure to HRs with a flexible end plate,
which can produce a small volume HR capable of achieving high transmission loss across a specified
frequency range. Li and Assouar [12] proposed a meta-surface composed of a perforated plate with
a hole and a coiled air chamber, by which sound absorption could be achieved in a low frequency
range. Chen and Park [13] proposed an HR with a flexible membrane on an elastic foundation for the
measurement of the elastic coefficient of human skin. The elastic coefficient of human skin is related
directly with the resonant frequency located between rigid HRs and HRs with a flexible membrane, by
which the corresponding elastic coefficient value can be obtained.

In this paper, a modified Helmholtz resonator with an Archimedes spiral neck filled with two
kinds of fluid was proposed for the measurement of the analyte concentration in aqueous solution at
low frequency. The equivalent mass-spring system was used to predict the resonant frequency of an HR
with a spiral neck, by treating the Archimedes spiral neck as a straight neck with the equivalent length.
An analytical example was analyzed and verified by acoustic finite element analysis, and based on that,
the measurement principle was proposed and the sensing system was established. As an example, test
solutions with different glucose concentrations were made and measured by the established sensing
system, showing good performance of the proposed method in measuring the analyte concentration at
low frequency.

2. Material and Methods

2.1. The Underlying Theory

The modified Helmholtz resonator (HR) proposed in this paper is shown in Figure 1a. It consists
of a cavity and a spiral neck with inlet and outlet. There are several well-known 2D spirals including
Archimedes spirals, hyperbolic spirals, Theodorus spirals, Fibonacci spirals, Cornu spirals, etc. [14].
Among them, the neck of the proposed HR in this paper is designed along the Archimedes spiral,
which is the trajectory of a point moving with constant velocity on a rotating straight line with constant
angular velocity in the horizontal plane. Archimedes spirals are common in the natural world and
widely used in practical applications such as the flat coil spring and the planar spiral coil [15,16].
There are some other spiral structures modified from the Archimedes spiral, such as the rectangular,
hexagonal and octagonal spirals usually investigated as planar spiral inductors [17], which have
discontinuities in their curvatures that may yield non-uniformity of velocity or acceleration of fluid
moving inside. For the purposes of this paper, we needed a uniform cross-section, a smooth change of
curvature as well as a long length of spiral defined in a 2D plane simultaneously. Considering the
engineering restrictions mentioned above, the Archimedes spiral was selected in this paper. This kind
of structure can be easily fabricated using 3D printing or etching techniques, which are common in the
field of sensors. For the biosensor application, the HR was filled with two kinds of fluid, i.e., the fixed
fluid and the test solution. This HR can be equivalent to an HR with a straight neck with sectional area
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Sn, as shown in Figure 1b. The length of the neck filled with fixed fluid and test solution is marked as
L f and Ls, respectively.
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Figure 1. The proposed Helmholtz resonator (HR) partially filled with test solution. (a) Structure of the
proposed HR; (b) the equivalent HR and corresponding mass-spring system.

For a small HR, a small volume usually corresponds to a large resonant frequency, but the
frequency can be lowered by making the neck length much longer. For a small HR, the well-known
frequency formula ωHR = c0

√
Sn/(LV) obtained using the classical mass-spring system was justified

by Schweizer [18].
The proposed HR can be considered as a lumped mechanical system consisting of mass and

spring, as shown in Figure 1b, to calculate the resonant frequency. The mass (m) of the equivalent
mass-spring system can be obtained as

m = m f + ms = ρ f SnL′ f + ρsSnL′s (1)

where ρ is the density and L′ is the equivalent length. The subscripts f and s indicate the fixed fluid
and test solution, respectively. L′ f and L′s are usually longer than L f and Ls because of the radiation
mass loadings. They can be computed as L′ f = L f + α and L′s = Ls + β, where α and β are the end
correction lengths determined as α = 0.36

√
Sn, β = 0.48

√
Sn [19].

In a polar system (r,θ), the Archimedes spiral can be expressed as r = aθ and the arc length of
the Archimedes spiral can be obtained by

Las =
1
2

a
(
θ
√

1 + θ2 + ln
(
θ+

√
1 + θ2

))
(2)

where a is the distance between the starting point and the origin of the polar coordinate system, and θ
is the rotation radian of the spiral.

The stiffness (k) of the equivalent mass-spring system can be obtained by

k =
PSn

∆L
=

ρscs
2S2

n

V
(3)

Then, the resonant frequency can be calculated using

fhr =
1

2π

√
k
m

=
cs

2π

√
ρsSn(

ρ f L′ f + ρsL′s
)
V

(4)

Thus, the HR functions as a muffler when it is linked to a duct as a side-branch (Figure 2), and the
maximal noise attenuation will occur at the resonant frequency of the HR. The peak location of the
spectrum of transmission loss (TL) indicates the resonant frequency. TL can be calculated directly using
the difference of acoustic pressure levels at incident and transmitted end

TL = SPL1 − SPL2 = 20 log10(P1/P2) (5)

where P1 and P2 are incident and transmitted acoustic pressures, respectively.
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Figure 2. Duct linked with a Helmholtz resonator as side-branch.

For the side-branch HR mounted on a duct, transmission loss can be calculated by

TL = 20 log10

(∣∣∣∣∣1 + ρ f c f

2Sd

1
ZH

∣∣∣∣∣) (6)

where Sd is the cross-sectional area of the duct and ZH is the acoustic impedance of HR, and it can be
described as

ZH = RH + j(ωLH − 1/ωCH) (7)

where RH is the specific acoustic resistance, and it can be obtained as RH = ρ f c f K2 S2
n

2π , K is the wave
number calculated by ω/c f , and ω is the frequency of acoustic wave. The acoustic inertance LH and

acoustic compliance CH are expressed by LH =
ρ f L′ f +ρsL′s

Sn
and CH = V

κs
, where κs = ρscs

2 is the bulk
modulus of the test solution.

2.2. Effects of the Analyte Concentration on Density and Sound Speed

Equation (4) reveals the direct relationship of the resonant frequency with the density (ρs) and
sound speed (cs) of the test solution if other parameters are defined as constant values. Obviously,
the density of the test solution will change with the analyte concentration. The effect of analyte
concentration on sound speed in the test solution needs to be explained. The sound speed in glucose
solution, as well as the density, was observed to increase as glucose concentration increased [20]. The
adiabatic compressibility of the glucose solution (βs) can be expressed as

βs = β0(1−Φ) (8)

where β0 is the adiabatic compressibility of the water molecule and Φ is the fractional volume of the
glucose in the solution.

Then, the sound speed (cs) in glucose solution can be calculated using [21]

cs =
1√
βsρs

(9)

Using Equations (8) and (9) and referring to the existing data in [21], sound speed in glucose
solution with different glucose concentrations is calculated as shown in Table 1. The values of density
are also listed in Table 1, which reveal that both the density and sound speed increase with higher
glucose concentration.

Table 1. Density and sound speed at different glucose concentration.

Glucose Concentration Density (kg/m3) Sound Speed (m/s)

0 wt.% (Water) 998 1481.5
5 wt.% 1010.5 1498.1
10 wt.% 1023.8 1518.5
15 wt.% 1038.0 1543.6
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2.3. Analytical Example and Finite Element Method(FEM) Simulation

The value range of θ of the Archimedes spiral is selected as [0, 3.8] ∗ 2π in the polar coordinate,
and the arc length is obtained as Las = 205.89 mm. The geometrical parameters of the example HR
corresponding to Figure 1b were listed as follows: L f= 2 mm, Ls = 212.60 mm, Sn = 4 mm2 and

V = π× (16 mm)2
× 12 mm. All the walls of the duct, spiral neck and chamber are assumed to be rigid.

The fixed fluid is selected as air and the test solution is selected as pure water as an example, which
means that ρ f = 1.29 Kg/m3, c f = 340 m/s. For comparison, a conventional HR which has the same
cavity and the same height of neck as the proposed HR is designed. Spectra of the transmission loss
for the two types of HR are shown in Figure 3 and were obtained by Equation (6).
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Figure 3. Resonant frequency of the proposed HR and conventional HR.

As shown in Figure 3, the resonant frequencies are 328.47 and 2151.03 Hz, which means that the
proposed HR can significantly lower the resonant frequency. In addition, the proposed HR narrows the
resonance bandwidth compared with the conventional HR. This was mentioned in previous research [9]
as the disadvantage of increasing neck length when the HR was applied for noise attenuation. In
our research, however, only the resonant frequency was of concern, changing depending on the
analyte concentration. The effect on bandwidth is not investigated as a key point in this paper. Even
the sharp bandwidth can give a positive effect on reading the resonant frequency since it improves
frequency resolution.

To investigate the characteristics of the proposed HR more intuitively, a finite element model was
established utilizing LMS virtual.lab 10-SL1 (@Siemens PLM, Munich, German) for the same model
whose parameters were shown previously, and corresponding acoustic finite element analysis was
carried out. In the finite element model, only the fluid domain was concerned. This means that all the
walls are considered as rigid. There are 74,574 elements (tetrahedron elements) in the model and all
elements were set as acoustic elements. The established acoustic finite element model with which the
acoustic mode analysis was carried out is shown in Figure 4a. The pressure distribution of the 1st mode
is shown in Figure 4b, and the obtained resonant frequency is 325.08 Hz. It shows that under that mode,
the acoustic pressures are concentrated on the HR, and it accounts for the mechanism of transmission
loss of the duct with HR. The relative error between the analytical result using Equation (4) and the
Finite Element Method (FEM) result is 1.03%, which means that the two resonant frequencies are quite
close and the reasonability of the analytical derivation can be verified. The error of 1.03% may come
from the error of actual spiral neck length in the analytical example and FEM simulation.

Then, based on the mode analysis results, acoustic response analysis was conducted by defining
unit velocity with a frequency range of 310–350 Hz in the incident end. The other duct end was defined
as an anechoic end. Acoustic pressure levels were acquired in the input and output end of the duct,
and then the transmission loss could be obtained using Equation (5). Figure 5 shows the spectrum of
transmission loss for the duct-HR system filled with 0 wt.% (water) and 5 wt.% glucose solution. It
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reveals that the peak of the transmission loss (indicating the resonant frequency of the proposed HR)
shifts to a higher frequency with higher concentration. In Figure 5, two negative peaks (valleys) can
be observed, and the valley frequency also shifts to a higher frequency. They are expected to occur
from the other acoustic mode of the duct-HR system. In this paper, we are only concerned with the
positive peaks which can be measured in the following experiment. Then, the measurement principle
and device architecture can be proposed as shown in the next section.
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2.4. Measurement Principle and Device Architecture

The measurement principle of using the proposed HR to measure analyte concentration is shown
in Figure 6. The proposed HR is linked with a circular duct, where one end is equipped with an acoustic
power source and the other end is defined as an anechoic end. Two microphones are used to obtain the
P1 and P2 in Equation (5) before and after the neck inlet of the HR. Using the same HR dimensions as
the analytical example, the architecture consisting of a duct (Ld = 140 mm, Rd = 15 mm) linked with
an HR was fabricated by 3D printing. The material of 3D printing was ABS (acrylonitrile butadiene
styrene) resin. The walls were solid and wall thickness was 3 mm. A wireless speaker was selected as
the acoustic power source, and two acoustic pressure sensors were placed to measure the acoustic
pressures. The polyester fiber was used as an acoustic absorption material to cover the other end of
the duct in order to make it into an approximately full acoustic absorption boundary. The absorption
coefficient in the frequency range of 100–1000 Hz is larger than 0.92. The fixed fluid was selected as air.
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3. Results and Discussion

For different glucose concentrations (0 wt.%, 5 wt.%, 10 wt.% and 15 wt.%), the average spectrum
curves of the transmission loss obtained by three experiments are as shown in Figure 7a, which shows
the increase of resonant frequency with the increase of glucose concentration. Gaussian fitting was
used to get the smooth curve (Figure 7b), by which the value of resonant frequency can be identified
as shown in Table 2. Analytical results are also listed in Table 2 for comparison. The relative errors
between analytical results and experimental results varied from 0.09% to 1.89%, which showed quite
close results. For practical use, it is better to carry out the calibration test for the practical structure
and analyte concentrations, and the analytical values are just used as a design reference. Another
obvious phenomenon observed is that the Q factor of the proposed sensing device is quite low, which
may come from the surface roughness of the 3D-printed structure [22,23]. Another reason for the
low Q factor is the imperfect sound reflection of the 3D-printed walls, which means that losses of
acoustic power occur during the acoustic propagation. This work focuses on the location of the peak
but not the magnitude of the peak, so the effect of surface roughness on the Q factor is not discussed
in detail. In further studies, we will try to bring the analytical and numerical model much closer to
the experimental system. We will further try to develop a more consummate experimental system for
more reliable results of high quality.

Appl. Sci. 2020, 10, x FOR PEER REVIEW 7 of 10 

wireless speaker was selected as the acoustic power source, and two acoustic pressure sensors were 203 
placed to measure the acoustic pressures. The polyester fiber was used as an acoustic absorption 204 
material to cover the other end of the duct in order to make it into an approximately full acoustic 205 
absorption boundary. The absorption coefficient in the frequency range of 100–1000 Hz is larger 206 
than 0.92. The fixed fluid was selected as air. 207 

 208 

Figure 6. Schematic of the measurement principle and the experiment setup. 209 

3. Results and Discussion 210 
For different glucose concentrations (0 wt.%, 5 wt.%, 10 wt.% and 15 wt.%), the average 211 

spectrum curves of the transmission loss obtained by three experiments are as shown in Figure 7a, 212 
which shows the increase of resonant frequency with the increase of glucose concentration. 213 
Gaussian fitting was used to get the smooth curve (Figure 7b), by which the value of resonant 214 
frequency can be identified as shown in Table 2. Analytical results are also listed in Table 2 for 215 
comparison. The relative errors between analytical results and experimental results varied from 216 
0.09% to 1.89%, which showed quite close results. For practical use, it is better to carry out the 217 
calibration test for the practical structure and analyte concentrations, and the analytical values are 218 
just used as a design reference. Another obvious phenomenon observed is that the Q factor of the 219 
proposed sensing device is quite low, which may come from the surface roughness of the 220 
3D-printed structure [22,23]. Another reason for the low Q factor is the imperfect sound reflection 221 
of the 3D-printed walls, which means that losses of acoustic power occur during the acoustic 222 
propagation. This work focuses on the location of the peak but not the magnitude of the peak, so 223 
the effect of surface roughness on the Q factor is not discussed in detail. In further studies, we will 224 
try to bring the analytical and numerical model much closer to the experimental system. We will 225 
further try to develop a more consummate experimental system for more reliable results of high 226 
quality. 227 

 
(a) 

 
(b) 

Figure 7. Spectrum of transmission loss obtained by experiment. (a) Original results (average 228 
curves); (b) fitting results. 229 

230 

Figure 7. Spectrum of transmission loss obtained by experiment. (a) Original results (average curves);
(b) fitting results.

Table 2. Resonant frequencies obtained by analytical and experiment approaches.

Glucose Concentration 0 wt.% 5 wt.% 10 wt.% 15 wt.%

Analytical results (A) 328.5 Hz 332.1 Hz 336.6 Hz 342.1 Hz
Experiment results (B) 326.5 Hz 332.9 Hz 336.3 Hz 348.7 Hz

Standard deviations (C) 1.13 1.21 1.15 1.32
Relative error (|A − B|/B ∗ 100%) 0.61% 0.24% 0.09% 1.89%
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In research on the resonant-type liquid density sensor [24], the absolute sensitivity of a sensor is
defined as

Sa =
∂ f
∂ρs

(10)

and the relative sensitivity is defined as

Sr =
∂ f
∂ρs

ρs0

f0
(11)

where ∂ f is the change of resonant frequency, ∂ρs is the density variation of test solution, f 0 and
ρs0 are the fiducial values. For our proposed sensing devices, the absolute sensitivity obtained by
experimental results is Sa = 0.29 Hz/(kg/m 3) near the resonant frequency 328.5 Hz, and the relative
sensitivity is Sr = 0.88. For the cantilevered sensors, which are based on the added mass effect of the
test solution, the relative sensitivity is theoretically lower than 0.5 [25].

For practical biosensor applications, a test sample of about 10.5 mL in the present structure design
is a rather large amount. For a tiny bit of solution, Table 3 shows the estimated results in the case of the
test sample, obtained by analytical results. When the amount of the test sample is 0.1 mL after device
miniaturization, the resonant frequency goes to 3377.4 Hz and the corresponding absolute sensitivity
is 3.02 Hz/(kg/m 3), which is higher than the previous micro-cantilever sensors at a similar frequency
range. The frequency is relatively low, which locates it in the feasible range of conventional acoustic
pressure sensors. When the amount of the test sample goes to 0.01 mL, the frequency goes to 28.5 kHz,
but meanwhile, the sensitivity is about two times higher than that of the trapezoid cantilever beam
using the 2nd mode.

Table 3. Estimated frequencies and sensitivities of the miniaturized device (analytical results).

Test Sample Amount 0.1 mL 0.1 mL 0.01 mL
This Paper Reference [4] This Paper

Resonant frequency 3377.4 Hz 134.8 kHz 28.5 kHz
Sensitivity 3.02 Hz/(kg/m3) 299.2 Hz/(kg/m3) 25.52 Hz/(kg/m3)

Cantilever sensor [24] Rectangle 1.9 mm
(1st mode)

Trapezoid 1.5 mm
(2nd mode)

Resonant frequency 3747.245 Hz 29.1 kHz
Sensitivity 2.154 Hz/(kg/m3) 13.801 Hz/(kg/m3)

The possible future application of the proposed HR is monitoring glucose levels of human blood.
There are many other substances in human blood (e.g., fat, cholesterol) and they all ineluctably have
an impact on resonant frequency. However, glucose concentration changes greatly just before and
after meals. The glucose concentration in human blood varies significantly over the short term, so it
can be modeled as the aqueous solution mentioned above. This means that sensor calibration is
needed regularly (e.g., once a week). In this paper, underlying theory, principle and architecture based
on a modified HR were proposed for application as a biosensor. As future work, miniaturization,
integration and further optimization will be done for practical applications.

4. Conclusions

A modified Helmholtz resonator with an Archimedes spiral neck filled with two kinds of fluid
was proposed in this paper, for the analyte concentration measurement in aqueous solution at low
frequency. The equivalent mass-spring system was used to predict the resonant frequency of the
proposed HR, by treating the Archimedes spiral neck as a straight neck with the equivalent length.
An analytical example was analyzed and verified by acoustic finite element analysis. The resonant
frequency of the proposed HR is much lower than that of the conventional HR. Based on the underlying
theory, analytical example and FEM verification, a measurement principle was proposed and a sensing
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system was established. The test solutions with different glucose concentrations were made and
measured by the established sensing system. The results showed good performance of the proposed
method for measuring the analyte concentration for biosensor application at low frequency. Analytical
results after the expected miniaturization show the good performance of “low frequency and high
sensitivity” of the proposed Helmholtz resonator.
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