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We construct three kinds of periodic minimal surfaces embedded in R3. We show the
existence of a 1-parameter family of minimal surfaces invariant under the action of a
translation by 2π, which seen from a distance look like m equidistant parallel planes
intersecting orthogonally k equidistant parallel planes, m, k ∈ N, mk ≥ 2. We also
consider the case where the surfaces are asymptotic to m ∈ N+ equidistant parallel
planes intersecting orthogonally infinitely many equidistant parallel planes. In this case,
the minimal surfaces are doubly periodic, precisely they are invariant under the action

of two orthogonal translations. Last we construct triply periodic minimal surfaces which
are invariant under the action of three orthogonal translations in the case of two stacks
of infinitely many equidistant parallel planes which intersect orthogonally.

Keywords: Periodic minimal surfaces; gluing procedure; fixed point theorem.

Mathematics Subject Classification 2020: 49Q05, 53A10

1. Introduction

Besides the plane and the helicoid, the first singly periodic minimal surface in R3

was discovered by Scherk [6] in 1835. This surface, known as singly periodic Scherk
minimal surface, is a properly embedded minimal surface in R

3 that is invariant
under the action of one translation T and can be seen as the desingularization of
two perpendicular planes. It has four ends which are asymptotic to four half-planes.
In the quotient R3/T by its shortest period, this surface has genus zero and four
ends asymptotic to flat annuli. Such ends are called Scherk-type ends.

In [7], Traizet showed that for each finite set Π of vertical planes such that for
each choice of three of them they do not have common intersection, there exists,
for any t > 0 small enough, a complete minimal surface Mt of vertical period
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T = (0, 0, t) such that Mt converges to Π as t tends to zero, the quotient Mt/T has
finite total curvature and Scherk-type ends.

In [3], Martin and Ramos Batista constructed a 1-parameter family of properly
embedded singly periodic minimal surfaces which in the quotient have genus one
and six Scherk-type ends.

In [1], the authors show the existence for each finite k ≥ 1 of 1-parameter
families of singly periodic minimal surfaces properly embedded in R3 which in the
quotient have genus k and six and infinitely many Scherk-type ends.

In this paper, we show the existence of three kinds of periodic minimal surfaces
which are properly embedded in R3. The surfaces of the first kind are singly periodic
and seen from a distance they look like m equidistant parallel planes intersecting
orthogonally k equidistant parallel planes. The numbers m and k satisfy the relation
2 ≤ mk < +∞. The case m = k = 1 is not interesting because the minimal surface
enjoying the properties above is the singly periodic Scherk surface. The surfaces
are invariant under the action of a translation by 2π and they have 2k + 2m ends
asymptotic to 2k + 2m half-planes. The quotient has 2k + 2m Scherk-type ends.

The surfaces of the second kind are doubly periodic and seen from a distance
they look like 1 ≤ m < +∞ equidistant parallel planes intersecting orthogonally
infinitely many equidistant parallel planes. The surfaces are invariant under the
action of two orthogonal translations and they have infinitely many ends. The
quotient has two Scherk-type ends.

The surfaces of the third kind are triply periodic and seen from a distance they
look like two stacks of infinitely many equidistant parallel planes which intersect
orthogonally. The surfaces are invariant under the action of three orthogonal trans-
lations and the quotient is compact.

The technique we adopt to build these surfaces is the gluing procedure. Pre-
cisely we glue together pieces of the singly periodic Scherk minimal surface and the
appropriate number of half-planes.

The statements of our results are the following.

Theorem 1.1. For any value of m, k ∈ N, 2 ≤ mk < +∞, there exists a 1-
parameter family of minimal surfaces properly embedded in R

3 and invariant under
the action of a translation by 2π, which seen from a distance look like m equidistant
parallel planes intersecting orthogonally k equidistant parallel planes. The surfaces
have 2k + 2m ends asymptotic to half-planes. In the quotient, the surfaces have
2m + 2k Scherk-type ends.

Theorem 1.2. For any finite value of m ∈ N+, there exists a 1-parameter family
of minimal surfaces properly embedded in R3 and invariant under the action of
two orthogonal translations, which seen from a distance look like m equidistant
parallel planes intersecting orthogonally infinitely many equidistant parallel planes.
The surfaces have infinitely many ends asymptotic to half-planes. In the quotient,
the surfaces have two Scherk-type ends.
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Theorem 1.2 is an improvement with respect to the result of Traizet because we
can handle the case of infinitely many planes and produce minimal surfaces with
infinitely many ends.

Theorem 1.3. There exists a 1-parameter family of minimal surfaces properly
embedded in R3 and invariant under the action of three orthogonal translations,
which seen from a distance look like two stacks of infinitely many equidistant parallel
planes which intersect orthogonally. The quotient of the surfaces is compact.

Here is how the paper is organized:

• In Sec. 2, we show there exists a family of singly periodic minimal graphs over a
half-plane. Each surface in this family plays the role of end.

• In Sec. 4, we show there exists a family of singly periodic minimal perturbations
of the singly periodic Scherk minimal surface.

• In Sec. 5, we show how to glue together the appropriate number of elements in
the two families above in order to show Theorems 1.1–1.3.

2. The Ends

In this section, we will construct the ends of the surfaces. Precisely we will show
the existence of a family of periodic minimal surfaces close to the half-plane

Ξ := {(x, y, z) ∈ R
3, z = 0, x ≥ dε}

where dε = −2 ln ε, ε > 0. To solve this problem, we will use the following approach.
We will construct a family of singly periodic minimal graphs over Ξ with prescribed
boundary data on ∂Ξ. Surfaces in this family will be glued to perturbations of the
singly periodic Scherk surface.

Our first purpose is to find the expression of the euclidean mean curvature of
the graph surface of a function over Ξ.

The half-plane Ξ can be identified with J := [dε, +∞)×R ⊂ R2. Let u denote a
function defined on J and let Σu denote its graph surface. It can be parametrized
on J by

X(x, y) := (x, y, u(x, y)), (1)

for (x, y) ∈ J and u ∈ C2,α(J).
Σu is a minimal surface with respect to the euclidean metric if u is a solution to

2Hu = div
( ∇u

(1 + |∇u|2)1/2

)
= 0, (2)

where Hu denotes the mean curvature of Σu.

Let Δ0 denote the Laplace operator. A computation allows us to prove the
following result.
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Lemma 2.1. The following equality holds:

2Hu =
Δ0u√

1 + |∇u|2 + Q0(∇u,∇2u), (3)

where

Q0(∇u,∇2u) = − ∇u · ∇(|∇u|2)
2
√

(1 + |∇u|2)3 .

In particular, Q0 has bounded coefficients and satisfies Q0(0, 0) = 0,∇Q0(0, 0) = 0.

So Σu has vanishing mean curvature if u satisfies the equation

Δ0u + Q̄(∇u,∇2u) = 0 (4)

where Q̄(∇u,∇2u) =
√

1 + |∇u|2Q0(∇u,∇2u).

2.1. A family of singly periodic minimal surfaces close to Ξ

We set Sa := {(x, y) ∈ [a, +∞) × R}. Consequently, J = Sdε .

Definition 2.2. Given k ∈ N, α ∈ (0, 1), and ρ ∈ (0, 1), we define Ck,α
ρ (Sa) as the

space of functions u ∈ Ck,α
loc (Sa), which are even and 2π-periodic in the variable y

and such that

‖u‖Ck,α
ρ (Sa) := sup

x∈[a,+∞)

‖e−ρxu‖Ck,α([x,x+1)×R) < +∞,

where ‖ · ‖Ck,α denotes the usual Ck,α Hölder norm.

The following proposition deals with the mapping properties of the Laplace
operator acting on C2,α

ρ (Sa).

Proposition 2.3. Given ρ ∈ (0, 1), for each a ∈ R, there exists an operator

I : C0,α
ρ (Sa) → C2,α

ρ (Sa)

such that for every f ∈ C0,α
ρ (Sa), the function w := I(f) solves{

Δ0w = f on Sa,

w = 0 on ∂Sa.
(5)

Moreover, ‖w‖C2,α
ρ (Sa) ≤ c‖f‖C0,α

ρ (Sa), for some constant c > 0 which does not
depend on a.

Proof. In order to show the existence of the solution we consider the Fourier series
of f and w (we recall they are even functions):

f(x, y) =
+∞∑
m=0

fm(x) cos(my), w(x, y) =
+∞∑
m=0

wm(x) cos(my).
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If Δ0w = f, then wm(x) is the solution to

Lmwm := w′′
m(x) − m2wm(x) = fm(x).

If m = 0, the general solution is

w0(x) = c1 + c2x +
∫ x

a

∫ s

a

f0(t)dtds.

If m ≥ 1, we can determine the general solution by using the method of variation
of parameters:

wm(x) = C1e
−mx + C2e

mx − e−mx

2m

∫ x

a

emsfm(s)ds +
emx

2m

∫ x

a

e−msfm(s)ds.

Since we are looking for solution in C2,α
ρ (Sa) with ρ ∈ (0, 1), then it is clear that

C2 = 0. If we impose wm(a) = 0, m ≥ 1, then C1 = 0. The operator I is uniquely
determined once we choose the values of c1 and c2. We set c1 = c2 = 0.

We now estimate the norm of the solution w in terms of the norm of f.

We can suppose ‖f‖C0,α
ρ

< +∞. Since M := sup[a,+∞) e−ρx|f0| < +∞ and

|w0(x)| ≤
∫ x

a

∫ s

a

|f0(t)|dtds =
∫ x

a

∫ s

a

eρte−ρt|f0(t)|dtds

≤ M

∫ x

a

∫ s

a

eρtdtds = Mρ−2eρx(1 − eρ(a−x)(1 − ρ(a − x))) ≤ Mρ−2eρx

holds true for any x ≥ a, then

sup
[a,+∞)

e−ρx|w0(x)| ≤ ρ−2 sup
[a,+∞)

e−ρx|f0(x)| ≤ ρ−2‖f0‖C0,α
ρ

.

We observe that, for m ≥ 1, Lm(eρx) = (ρ2 − m2)eρx. If we define

vm =
‖f‖C0,α

ρ (Sa)e
ρx

m2 − ρ2
− wm,

then vm(a) > 0 and

Lmvm = −‖f‖C0,α
ρ (Sa)e

ρx − fm ≤ 0.

Consequently by the maximum principle vm(x) ≥ 0, that is

wm ≤
‖f‖C0,α

ρ (Sa)e
ρx

m2 − ρ2
.

Instead if we define

vm = −
‖f‖C0,α

ρ (Sa)e
ρx

m2 − ρ2
+ wm,

then using the same argument we can show

wm ≥ −
‖f‖C0,α

ρ (Sa)e
ρx

m2 − ρ2
.

1850075-5

C
om

m
un

. C
on

te
m

p.
 M

at
h.

 2
02

0.
22

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 K
O

R
E

A
 A

D
V

A
N

C
E

D
 I

N
ST

IT
U

T
E

 O
F 

SC
IE

N
C

E
 A

N
D

 T
E

C
H

N
O

L
O

G
Y

 (
K

A
IS

T
) 

on
 0

8/
29

/2
0.

 R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



January 25, 2020 9:49 WSPC/S0219-1997 152-CCM 1850075

F. Morabito

Combining the two estimates above, we get

|wm(x)| ≤
‖f‖C0,α

ρ (Sa)e
ρx

m2 − ρ2
.

From this estimate, summing up over m, we obtain

e−ρx|w(x)| ≤ c‖f‖C0,α
ρ (Sa).

Finally, using Schäuder estimates, we get the estimate for the derivatives of w.

Combining these estimates with the previous one, we get

‖w‖C2,α
ρ (Sa) ≤ c‖f‖C0,α

ρ (Sa).

In the sequel, we will use the previous result under the assumption a = dε =
−2 ln ε. In this case, Sa coincides with the set J.

Let ϕ ∈ C2,α(R) be even, 2π-periodic and L2-orthogonal to the constant func-
tions with ‖ϕ‖C2,α ≤ κε1+η, η ∈ (0, 1) and κ > 0 is a constant to be determined
later. Let vϕ = Hdε(ϕ) be the harmonic extension of ϕ on J provided by Proposi-
tion A.1.

We look for a solution of Eq. (4) of the form u = v + vϕ.

The equation we are going to solve is

Δ0v = −Q(v + vϕ),

where Q(·) = Q̄(∇·,∇2·) for the sake of simplicity. The resolution of the previous
equation is obtained by solving the following fixed point problem

v = Z(ϕ, v),

where

Z(ϕ, v) = −I(Q(v + vϕ)).

I is the operator described by Proposition 2.3.

Proposition 2.4. Given ρ ∈ (0, 1), η ∈ (0, 1), there exist cκ > 0 and εκ > 0 such
that

‖Z(ϕ, 0)‖C2,α
ρ (J) ≤ cκε2+2η+2ρ

and for all ε ∈ (0, εκ),

‖Z(ϕ, v1) − Z(ϕ, v2)‖C2,α
ρ (J) ≤ cκε1+η‖v2 − v1‖C2,α

ρ (J)

‖Z(ϕ1, v) − Z(ϕ2, v)‖C2,α
ρ (J) ≤ cκε2+2η‖ϕ2 − ϕ1‖C2,α(R)

for all v, v1, v2 ∈ C2,α
ρ (J) whose norm is bounded by 2cκε2+2η+2ρ, for all boundary

data ϕ, ϕ1, ϕ2 which are even, 2π-periodic, L2-orthogonal to the constant functions
and whose norm is bounded by a constant κ times ε1+η.

Proof. Using Proposition 2.3, we get ‖I(f)‖C2,α
ρ (J) ≤ c‖f‖C0,α

ρ (J), then

‖Z(ϕ, 0)‖C2,α
ρ (J) ≤ c‖Q(vϕ)‖C0,α

ρ (J) ≤ c‖v2
ϕ‖C2,α

ρ (J).
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Here we use the fact that Q(vϕ) consists of products of derivatives of vϕ. The C0,α
ρ -

norm of each factor is smaller than c‖v2
ϕ‖C2,α

ρ (J). In order to find an estimate of
‖Q(vϕ)‖C0,α

ρ (J) we observe that from Proposition A.1 we obtain

‖vϕ‖C2,α
ρ (J) ≤ ce−ρdε‖ϕ‖C2,α(R) ≤ cκε1+η+2ρ,

and similarly

‖v2
ϕ‖C2,α

ρ (J) ≤ ce−ρdε‖ϕ‖2
C2,α(R) ≤ cκε2+2η+2ρ.

As a consequence

‖Z(ϕ, 0)‖C2,α
ρ (J) ≤ cκε2+2η+2ρ.

The bound for the norm of the functions v, v1, v2 follows from this estimate.
As for the second estimate, we observe that

‖Z(ϕ, v2) − Z(ϕ, v1)‖C2,α
ρ (J) ≤ c‖Q(vϕ + v2) − Q(vϕ + v1)‖C0,α

ρ (J).

It is possible to show that

‖Q(vϕ + v2) − Q(vϕ + v1)‖C0,α
ρ (J)

≤ c‖v2 − v1‖C2,α
ρ (J)‖vϕ‖C2,α(J)

≤ cκε1+η‖v2 − v1‖C2,α
ρ (J).

Indeed, Q(vϕ + vi) consists in products of derivatives of vϕ + vi and the C0,α
ρ -norm

of the products in Q(vϕ + v2) − Q(vϕ + v1) is smaller than

c‖(v2 − v1)vϕ‖C2,α
ρ (J) ≤ c‖v2 − v1‖C2,α

ρ (J)‖vϕ‖C2,α(J).

We used also the fact that ‖vϕ‖C2,α(J) ≤ ε−2ρ‖vϕ‖C2,α
ρ (J) ≤ cκε1+η. Then

‖Z(ϕ, v2) − Z(ϕ, v1)‖C2,α
ρ (J) ≤ cκε1+η‖v2 − v1‖C2,α

ρ (J).

To show the third estimate, we proceed as above

‖Z(ϕ2, v) − Z(ϕ1, v)‖C2,α
ρ (J)

≤ c‖Q(vϕ2 + v) − Q(vϕ1 + v)‖C0,α
ρ (J)

≤ c‖vϕ2 − vϕ1‖C2,α
ρ (J)‖v‖C2,α(J)

≤ cκε2+2η‖ϕ2 − ϕ1‖C2,α(R).

Indeed, Q(vϕi + v) consists in products of derivatives of vϕi + v and the C0,α
ρ -norm

of the products in Q(vϕ2 + v) − Q(vϕ1 + v) is smaller than

c‖(vϕ2 − vϕ1)v‖C2,α
ρ (J) ≤ c‖vϕ2 − vϕ1‖C2,α

ρ (J)‖v‖C2,α(J).

We used also the fact that ‖v‖C2,α(J) ≤ ε−2ρ‖v‖C2,α
ρ (J) ≤ cκε2+2η.

Theorem 2.5. Let Bκ := {v ∈ C2,α
ρ (J) | ‖v‖C2,α

ρ
≤ 2cκε2+2η+2ρ}. Then the nonlin-

ear mapping Z(ϕ, ·) defined above has a unique fixed point in Bκ.
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Proof. The previous proposition shows that, if ε is chosen small enough, the nonlin-
ear mapping Z(ϕ, ·) is a contraction mapping from the ball Bκ of radius 2cκε2+2η+2ρ

in C2,α
ρ (J) into itself. This value follows from the estimate of the norm of Z(ϕ, 0).

Consequently, thanks to Leray–Schäuder fixed point theorem, Z(ϕ, ·) has a unique
fixed point in this ball.

We have proved that for each ϕ of norm bounded by κε1+η, there exists a
minimal surface which is close to J, and for (x, y) in a neighborhood of ∂J , it is the
surface parametrized by (1) with u = Ū(x, y) given by

Ū(x, y) = Hdε(ϕ) + V̄ , with ‖V̄ ‖C2,α
ρ

≤ cε2+2η+2ρ.

We recall that Hdε(ϕ) is a harmonic function and dε = −2 ln ε. The function V̄

is the fixed point found above and it depends nonlinearly on ε, ϕ. We observe that

‖V̄ ‖C2,α ≤ eρdε‖V̄ ‖C2,α
ρ

≤ cε2+2η.

Consequently, the dominant term in the formula for Ū is Hdε(ϕ) because
‖Hdε(ϕ)‖C2,α ≤ cκε1+η. Furthermore using the third estimate of Lemma 2.4, we
get

‖V̄ (ε, ϕ)(·, ·) − V̄ (ε, ϕ′)(·, ·)‖C2,α(J)

≤ ceρdε‖V̄ (ε, ϕ)(·, ·) − V̄ (ε, ϕ′)(·, ·)‖C2,α
ρ (J)

≤ cε2+2η−2ρ‖ϕ − ϕ′‖C2,α(R). (6)

We recall that we identified J and the half-plane Ξ. So in conclusion, we con-
structed a periodic (invariant under the action of the horizontal translation by 2πe2,
e2 being one of the coordinate vectors) minimal graph Ξ(ϕ) over Ξ.

3. The Singly Periodic Scherk Minimal Surfaces

The (symmetric) singly periodic Scherk minimal surface is an embedded singly
periodic surface having four ends which are asymptotic to four half-planes. If
(O, x̄, ȳ, z̄) denote the system of cartesian orthogonal coordinates of R

3, then up
to a translation, a rotation and a homothety of R

3 the Scherk surface is invari-
ant by the reflection in the three coordinate planes {x̄ = 0}, {ȳ = 0}, {z̄ = 0}
and their period equals 2πe2. This surface can be viewed as the desingularization
of two orthogonal planes whose intersection is the ȳ axis. We consider the new
system of coordinates (O, x, y, z) of R3 such that one of the four asymptotic half-
planes is {(x, y, z) ∈ R3, z = 0, x ≥ 0}. Such half-plane can be identified with
W = [0, +∞)×R. Below we will give a description of the corresponding end of the
Scherk surface. Furthermore, it is possible to represent each end of the surface as
the graph surface of a function defined on W. Let S denote the Scherk surface. Let
E1,h denote the horizontal end parametrized by

X1,h(x, y) := (x, y, um(x, y)) ∈ R
3, (7)
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for (x, y) ∈ [x0, +∞) × R ⊂ W, where x0 is big enough. The parametrizations
X1,v, X2,h, X2,v of the remaining horizontal end E2,h and of the two vertical ends
E1,v, E2,v are obtained from X1,h by composition with appropriate isometries.

The function um satisfies the minimal surfaces equation

2Hu = div
( ∇u

(1 + |∇u|2)1/2

)
= 0, (8)

where Hu denotes the mean curvature of Σu, the graph surface of the function u,

with respect to the euclidean metric.
The result we recall below is [7, Proposition 2.1].

Proposition 3.1. For x big enough, the function um and its derivatives satisfy

|Dkum| ≤ c(k)e−x,

where c(k) denotes a constant which depends on k. The Gauss curvature of the end
E1,h at the point X1,h(x, y) satisfies: c−1e−2x ≤ |K(x, y)| ≤ ce−x.

If we linearize at u = 0 the nonlinear equation (8) we obtain the expression
of an operator which equals the Jacobi operator of the plane, that is LR2 = Δ0.

Indeed, Lemma 3.2 ensures that the linearization of (8) gives

Luv = div

(
∇v√

1 + |∇u|2 −∇u
∇u · ∇v√

(1 + |∇u|2)3

)
. (9)

We shall express Hu+v, the mean curvature of the graph surface of the function
u + v, in terms of the mean curvature of Σu, that is Hu.

Lemma 3.2. The following equality holds true:

2Hu+v = 2Hu + Luv + Qu(∇v,∇2v), (10)

where

Qu(∇v,∇2v) := div(∇(u + v)Q∗
u(v)) − div

(
∇v

∇u · ∇v√
1 + |∇u|2

)
,

has bounded coefficients, it satisfies Qu(0, 0) = 0,∇Qu(0, 0) = 0, and Q∗
u(v) is

defined in (12).

Proof. We observe that
1√

1 + |∇(u + v)|2 =
1√

1 + |∇u|2 − ∇u · ∇v√
(1 + |∇u|2)3 + Q∗

u(v). (11)

Q∗
u(v) has the following expression:

−|∇v|2
(1 + |∇(u + t̄v)|2)3/2

+
3(∇u · ∇v + t̄|∇v|2)2
(1 + |∇(u + t̄v)|2)5/2

, (12)
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with t̄ ∈ (0, 1), and it satisfies Q∗
u(0) = 0,∇Q∗

u(0) = 0. To show (11), it is sufficient
to set

f(t) :=
1√

1 + |∇(u + tv)|2 ,

to write down the Taylor series of order one of this function and to evaluate it at
t = 1. That is f(1) = f(0) + f ′(0) + 1

2f ′′(t̄), with t̄ ∈ (0, 1). We insert (11) in the
expression of 2Hu+v getting

div

(
∇(u + v)√
1 + |∇u|2 −∇(u + v)

∇u · ∇v√
(1 + |∇u|2)3 + ∇(u + v)Q∗

u(v)

)

= 2Hu + div

(
∇v√

1 + |∇u|2 −∇u
∇u · ∇v√

(1 + |∇u|2)3

)
+ Qu(∇v,∇2v).

From this, the wanted expression follows.

Hereafter, we shall assume that u = um. Since Hum = 0 then the mean curvature
of the graph surface of um + v vanishes if

2Hum+v =
1√

1 + |∇um|2 (Δ0v + L̄umv +
√

1 + |∇um|2Qum(∇v,∇2v)) = 0, (13)

where

L̄umv :=
√

1 + |∇um|2∇v · ∇
(

1√
1 + |∇um|2

)

−
√

1 + |∇um|2div

(
∇um

∇um · ∇v√
(1 + |∇um|2)3

)

is a second-order linear operator with coefficients which are functions OC∞(e−2x),
because um = OC∞(e−x).

If the function v satisfies Hum+v = 0, then the graph surface of um + v is
minimal.

We recall that S denotes the Scherk surface and that the parametrizations of
the four ends of S are denoted by X1,h, X2,h, X1,v, X2,v.

We set

xε = −3 ln ε.

We define ST (respectively, ST
0 ) as S from which we remove the images by

X1,h, X2,h, X1,v, X2,v of [xε, +∞)×R (respectively, [x0, +∞)×R, for the definition
of x0 see (7)).

In the sequel, we will show the existence of a family of minimal graphs over ST .

These minimal graphs are obtained from ST by perturbation.
We define the normed space of functions on S we shall use later on.
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Definition 3.3. Given 
 ∈ N, α ∈ (0, 1), and δ ∈ R, we define C�,α
δ (S) as the space

of functions in C�,α
loc (S) for which the following norm is finite:

‖w‖C�,α
δ (S) := ‖w‖C�,α(ST

0 )
+

∑
i=1,2;j=h,v

‖w ◦ Xi,j‖C�,α
δ ([x0,+∞)×R),

where

‖f‖C�,α
δ ([x0,+∞)×R) := sup

x≥x0

‖e−δxf‖C�,α([x,x+1)×R),

and which are invariant by a horizontal translation of 2πe2, by the reflection in the
plane {ȳ = 0}.

In order to construct a family of minimal perturbations of ST , we shall consider
graphs of functions of small norm over the original surface and we impose that their
mean curvature vanishes. The equation to solve has the following structure:

LSv + QS(v) = 0,

where LS denotes the Jacobi operator of S and QS is a nonlinear operator. We
shall show the existence of a solution by solving a fixed point problem. This step
requires the existence of an inverse of the Jacobi operator LS .

3.1. The Jacobi operator of S

We now study the mapping properties of the Jacobi operator. The Jacobi operator
of S with respect to the euclidean metric is

LS := ΔS + |AS |2, (14)

where |AS | is the norm of the second fundamental form of S.
We introduce the following operator acting on C2,α

δ functions defined on S:

LS : C2,α
δ (S) → C0,α

δ (S),

u �→ LSu.

It is linear and bounded.
To see that, let us set um = 0 in (13). We get the Jacobi operator of the plane

LR2 := Δ0.

Such an operator maps the space C2,α([x0, +∞)×R) into the space C0,α([x0, +∞)×
R). Since S is asymptotic to a half-plane at each end, then its Jacobi operator is
close to LR2 at each end. We conclude that the operator LS maps C2,α

δ (S) into
C0,α

δ (S).

The Jacobi fields. It is known that any smooth 1-parameter group of isometries
or dilations containing the identity generates a Jacobi field, that is a solution of the
equation LSu = 0. Let p denote a point of S and n(p) the unit normal vector to S
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at p. The Jacobi fields of this type are listed below:

• the Killing vector field Ξ(p) = p associated to the 1-parameter group of dilations,
generates the Jacobi field Φd(p) := n(p) · p.

• the Jacobi field Φr(p) := n(p) · (e2 × p) is generated by the Killing vector field
Ξ(p) = e2 × p which is associated to the group of rotations about the ȳ-axis.

• the Killing vector fields Ξ(p) = ej , j = 1, 2, 3, associated to the 1-parameter group
of translations in the direction ej , generate the Jacobi fields Φj(p) := n(p) · ej .

The first two of the Jacobi fields listed above are not bounded at the ends of
S : indeed they grow linearly. The remaining are bounded. In particular, Φ3 decays
exponentially fast at the ends. Indeed, it easily follows from Proposition 3.1 that
Φ3 = OL∞(e−x) at the horizontal end E1,h.

There is one more unbounded Jacobi field, F, which originates from the change
of angle between adjacent asymptotic half-planes. Such a Jacobi field has a linear
growth rate at the ends, consequently it belongs to C2,α

δ (S) only if δ > 0. It is
possible to get a formula for F as follows. Let 2φ and π − 2φ denote the angles
between adjacent asymptotic half-planes. For the symmetric Scherk minimal surface
both of them are equal to π/2. If we change the value of φ into φ + β, then we get
a new surface S(β). Let f denote the function on S whose normal graph coincides
with S(β). Then F := df

dβ |β=0
.

There are no other bounded Jacobi fields. The dimension of the space of the
bounded Jacobi fields about S equals 3, as can be showed using [4, Conclusion 1
and Corollary 15].

We observe that the quotient of S by its period has finite total curvature. The
Gauss map of a surface with finite total curvature extends to a holomorphic map
Ψ from a compact Riemann surface Σ to S

2. In [4], it is proved that the nullity
of Ψ, that is the dimension of {f ∈ C∞(Σ) : Δf + |∇Ψ|2f = 0}, is equal to the
number of independent Jacobi fields of any complete minimal surface in R

3 with
finite total curvature which has Ψ as extended Gauss map. Second, the nullity of
such a non-constant holomorphic map equals 3 if all of its branch values (that is
the images of the branch points by the Gauss map) lie in an equator of S2.

The Weierstrass data of the symmetric Scherk surface, we consider are

g(w) = w, dh = C
wdw

(w2 − ei2φ)(w2 − e−i2φ)
, w ∈ C̄.

C is a constant which makes the period equal to 2πe2 and 2φ = π/2.

As a consequence, the Gauss map of the quotient of these surfaces has a unique
branch point: w = ∞. It is easy to see that its image by the composition of the
inverse Π−1 of the stereographic projection and g is located on an equator of S2.

So the hypotheses of [4, Corollary 15] are satisfied.
None of the Jacobi fields belongs to C2,α

δ (S) with δ < 0, because they do not
enjoy the invariance properties of functions in C2,α

δ (S) or they do not have the
appropriate decay rate at the ends. Indeed, if we choose δ < 0, then the space
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C2,α
δ (S) contains only bounded functions which must decrease exponentially fast at

the ends. That shows that the Jacobi operator LS is injective.
Let Sq denote the quotient of S by its period. Sq is a manifold with 4 cylindrical

ends. Its Jacobi operator LSq is LS which we let act on functions defined on the
quotient Sq. Now, we study the mapping properties of this operator acting on
functions in L2

δ(S
q) and C2,α

δ (Sq).
We define L2

δ(S
q) as the space of functions u ∈ L2

loc(S
q) for which the following

norm is finite

‖u‖L2
δ(S

q) = (〈u, u〉L2
δ(Sq))

1/2 :=
(∫

Sq

u2γ−2d volSq

)1/2

,

where γ is a smooth function on S such that γ = 1 on ST
0 , γ = eδx on each end

and invariant with respect to the isometries which leave S fixed.
We define the operator

Aδ : L2
δ(S

q) → L2
δ(S

q),

u → LSqu.

This operator is unbounded and has dense domain

Dom(Aδ) := {u ∈ L2
δ(S

q) : LSqu ∈ L2
δ(S

q)}.
The indicial roots of LSq at the ends are the real numbers m for which there exists
a function y → v(y) such that

LSq (emxv(y)) = OL∞(em′x)

at the ends of Sq for m′ < m and x ≥ x0.

Using the fact that um decays like e−x at the ends and (13), we get that LSq−Δ0

is an operator whose coefficients can be estimated by OC∞(e−2x) at the ends. From
that it follows LSq(ejx cos(jy)) = OL∞(e(j−2)x), for x ≥ x0. Furthermore, a simple
computation shows that if j is an indicial root, that is LSq(ejxv(y)) = OL∞(ej′x),
with j′ < j, then v(y) must be collinear to cos(jy). Last j ∈ Z otherwise ejx cos(jy)
would not be a function of period 2π with respect to the y-variable.

In conclusion, the set of indicial roots coincides with Z.

It can be shown as in [2, Sec. 8.4] that Aδ is a Fredholm operator (that is it
has closed range of finite codimension and kernel of finite dimension) if δ is not
an indicial root. In order to use this property, it is convenient to identify the dual
(L2

δ(S
q))∗ of L2

δ(S
q) with L2

−δ(S
q).

Lemma 3.4. Given T ∈ (L2
δ(S

q))∗, there exists a unique w ∈ L2
−δ(S

q) such that

Tu =
∫

Sq

uw dvolSq ,

for every u ∈ L2
δ(S

q). Moreover, ‖w‖L2
−δ(Sq) = ‖T ‖(L2

δ(S
q))∗ .

See [5, Sec. 4] for the proof of this and following results.
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This allows us to identify the adjoint A∗
δ of Aδ with A−δ. Suppose v ∈ Dom(Aδ)

and w ∈ L2
−δ(S

q). A∗
δ is the adjoint if∫

Sq

wAδv dvolSq =
∫

Sq

v(A∗
δw) dvolSq .

If Tw is the operator such that Tw(v) =
∫

Sq vw dvolSq , then the right-hand side
equals TA∗

δ
w(v). Since v ∈ L2

δ(S
q), then by previous lemma, TA∗

δ
w can be thought

as Tf with f ∈ L2
−δ(S

q). That says∫
Sq

wAδv dvolSq = Tfv =
∫

Sq

fv dvolSq ,

for any v ∈ Dom(Aδ).
From the definition of Aδ, it follows that

∫
Sq wLSq v dvolSq =

∫
Sq fv dvolSq .

Since LSq is self-adjoint, that is
∫

Sq wLSq v dvolSq =
∫

Sq vLSq w dvolSq , this implies
that LSq w = f in the sense of distributions. Since w, f ∈ L2

−δ(S
q), we conclude

that w ∈ Dom(A−δ) and f = A−δw. In conclusion, TA∗
δ
w = Tf = TA−δw.

Conversely, if w ∈ Dom(A−δ), then for all v ∈ Dom(Aδ) it holds∫
Sq

wAδv dvolSq =
∫

Sq

wLSq
ε
v dvolSq =

∫
Sq

vLSq
ε
w dvolSq =

∫
Sq

vA−δw dvolSq .

The second identity uses integration by parts whose use is justified by the fact that
∇v ∈ L2

δ(S
q), ∇2v ∈ L2

δ(S
q), ∇w ∈ L2

−δ(S
q), ∇2w ∈ L2

−δ(S
q). In other terms v, w

belong respectively to the weighted Sobolev spaces W 2,2
δ (Sq) and W 2,2

−δ (Sq). This
is consequence of this result:

Proposition 3.5. If δ /∈ Z then there exists a compact set K ⊂ Sq and a constant
c > 0 such that, if u, f ∈ L2

δ(S
q) and

LSqu = f,

then

‖u‖L2
δ
(Sq) + ‖∇u‖L2

δ
(Sq) + ‖∇2u‖L2

δ
(Sq) ≤ c(‖f‖L2

δ
(Sq) + ‖∇u‖L2(K)).

In other terms

‖u‖W 2,2
δ (Sq) ≤ c(‖f‖L2

δ(S
q) + ‖∇u‖L2(K)).

The proof is very similar to the one of [2, Proposition 8.15] in combination with
the fact that at the ends LSq equals the sum of the Laplacian operator and an
operator whose coefficients decay as fast as e−2x.

In conclusion, w ∈ Dom(A∗
δ) and TA∗

δ
w = TA−δw.

This result also allows us to write Dom(Aδ) as {u ∈ L2
δ(S

q) : ∇u,∇2u ∈ L2
δ(S

q)}
or

{u ∈ L2
δ(S

q) : ∃{um}m ∈ C∞
0 , {um}m → u ∈ L2

δ(S
q), {LSqum}m → h ∈ L2

δ(S
q)}.

By using that it is easy to show that Aδ has dense domain and closed graph. If Aδ

has dense domain, then range(A∗
δ) is closed.
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We recall that if δ /∈ Z then Aδ is a Fredholm operator. Then also A∗
δ has closed

range. So from Fredholm theory for unbounded operators with dense domain and
closed range, we get ker(Aδ) = range(A∗

δ)
⊥, and if in addition range(Aδ) is closed,

then range(Aδ) = ker(A∗
δ)

⊥.

In view of the identification of A∗
δ with A−δ, we obtain

ker(Aδ) = range(A−δ)⊥, range(Aδ) = ker(A−δ)⊥,

and

dim ker(Aδ) = codim range(A−δ), dim range(Aδ) = codim ker(A−δ). (15)

Consequently,

Aδ is injective ⇔ A−δ is surjective.

In our case, Aδ is injective for δ < 0 and a Fredholm operator only for δ /∈ Z. As a
consequence, Aδ is surjective for any δ > 0, δ /∈ N.

In the sequel, we explain how to extend this result to the operator LSq which
acts on a weighted Hölder space.

We start by presenting an estimate for which the hypothesis δ /∈ Z is not nec-
essary.

Proposition 3.6. For any given δ ∈ R, there exists a constant c > 0 such that for
all u, f ∈ L2

δ(S
q) satisfying

LSqu = f,

if f ∈ C0,α
δ (Sq) then u ∈ C2,α

δ (Sq) and

‖u‖C2,α
δ (Sq) ≤ c(‖f‖C0,α

δ (Sq) + ‖u‖L2
δ(S

q)).

Using the previous proposition, it is possible to show the following result.

Proposition 3.7. Let δ ∈ (0, 1). The operator LSq : C2,α
δ (Sq) → C0,α

δ (Sq) is sur-
jective and has a kernel of dimension 4. Furthermore, there exists a right inverse
whose norm is bounded.

We observe that in [5] the kernel of the operator LSq has dimension 1. Indeed in
[5], we consider a space of functions which are invariant under the action of several
isometries of the Scherk surface. All the ends of the surface are in the same orbit
under the action of these isometries. See [5, Propositions 4.7, 4.8 and Remark 4.9].
Instead in this work, we consider a space of functions which are invariant under
the action of a smaller set of isometries. Consequently, we get one generator of the
kernel for each end of the surface. That explains why the kernel is larger.

Proposition 3.8. For any given δ′ > δ, such that (δ, δ′) does not contain any
indicial root (i.e. it does not contain any integer number), there exists a constant
c > 0 such that if f ∈ C0,α

δ (Sq), u, f ∈ L2
δ′(Sq), satisfying LSq u = f, then u ∈

C2,α
δ (Sq) and

‖u‖C2,α
δ (Sq) ≤ c(‖f‖C0,α

δ (Sq) + ‖u‖L2
δ′(S

q)). (16)
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Remark 3.9. Since the Jacobi operator of the surface is asymptotic to Δ0 at the
ends, then the Jacobi operator has a kernel which is related to the kernel of Δ0.

ker(Δ0) is generated by four functions having the following behavior at the ends.
Each of them has a behavior close to the one of the functions x− x0 at exactly one
end and it is close to the function identically equal to zero at the remaining ends.
We observe that the function which generates the kernel belongs to C2,α

δ (Sq) only
if δ > 0.

The generators are clearly related to the Jacobi field F of the surface which
is generated by the change of the parameter φ (half the angle between adjacent
asymptotic half-planes). Such a Jacobi field is in C2,α

δ (Sq) only if δ > 0 because has
a linear growth rate at the ends.

From Proposition 3.7, we get the corresponding result for LS .

Proposition 3.10. Let δ ∈ (0, 1). The operator LS : C2,α
δ (S) → C0,α

δ (S) is
surjective, has a kernel of dimension 4, and there exists an inverse V of bounded
norm.

It is possible to show that we can recover the surjectivity and bijectivity of the
Jacobi operator also for negative values of δ if we consider appropriate augmented
functional spaces. Such a result will not be used in the sequel.

Let D denote the 8-dimensional space of functions on S defined as

D := span{χi,jF, χi,j , i = 1, 2, j = h, v},
where χi,j denotes a cut-off function supported on the end Ei,j . We will use the same
notation when considering the corresponding space of functions on the quotient Sq.

The following proposition is the result corresponding to Proposition 3.7. Note
that since δ ∈ (−1, 0), then the space D is not contained in C2,α

δ (Sq).

Proposition 3.11. Let δ ∈ (−1, 0).

(1) Then the operator LSq : C2,α
δ (Sq) ⊕ D → C0,α

δ (Sq) is surjective, has a kernel of
dimension 4, and there exists an inverse of bounded norm.

(2) Furthermore, the operator LSq : C2,α
δ (Sq) ⊕ span{χi,j, i = 1, 2, j = h, v} →

C0,α
δ (Sq) is an isomorphism and the inverse has bounded norm.

Definition 3.12. Let v ∈ D be the function v = aχi,jF +bχi,j, a, b ∈ R. We define
the norm ‖ · ‖D as follows:

‖v‖D := |a| + |b|.
We observe that since D is a finite dimensional space then all norms are equivalent.

The following proposition is the result corresponding to Proposition 3.8. The
main differences are the fact that now the interval (δ, δ′) contains 0, one of the
indicial roots, and the use of the space D which contains functions which are in
C2,α

δ′ (Sq), δ′ ∈ (0, 1), but do not belong to the smaller space C2,α
δ (Sq), δ ∈ (−1, 0).
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Proposition 3.13. For any given δ′, δ, such that −1 < δ < 0 < δ′ < 1, there
exist a constant c > 0, a function u ∈ C2,α

δ (Sq) and a function v ∈ D such that if
f ∈ C0,α

δ (Sq), w, f ∈ L2
δ′(Sq), satisfying LSqw = f, then w = u + v ∈ C2,α

δ (Sq) ⊕ D

and

‖u‖C2,α
δ (Sq) + ‖v‖D ≤ c(‖f‖C0,α

δ (Sq) + ‖w‖L2
δ′ (S

q)). (17)

Furthermore, the kernel of LSq : C2,α
δ (Sq) ⊕ D → C0,α

δ (Sq) has dimension 4.

4. A Family of Minimal Surfaces Close to ST

In this section, we will show the existence of a family of minimal surfaces close
to ST . We recall we defined ST as S from which we remove the images by
X1,h, X2,h, X1,v, X2,v of [xε, +∞) × R with xε = −3 ln ε. Consequently, ST has
four boundary curves. We consider the part of the ends which is parameterized by
(7) with (x, y) ∈ [x0, xε]×R. Proposition 3.1 says that the function um is exponen-
tially decreasing with respect to the x-variable as fast as e−x. For values of x close
to xε, it holds um = O(ε3).

Remark 4.1. The choice of xε guarantees that the ends of the surface nearby the
boundary curves are the graphs of functions of very small norm over the asymptotic
half-planes.

We introduce a vector field on ST . Let ñ denote the vector field defined as the
smooth interpolation of

• the constant unit normal vector to the asymptotic half-planes for x ∈ [12xε, xε]
(we assume 1

2xε to be big enough so that 1
2xε > x0);

• the unit normal vector n to ST
0 .

Such a vector field will replace the unit normal vector n to ST in the construction
of the family of minimal graphs over ST . Indeed, given a function w ∈ C2,α

δ (ST ),
then Σw denotes the graph surface over ST of w in the direction of the vector field
ñ. It is a minimal surface with respect to the euclidean metric g0 if and only if w

is a solution of the following second-order nonlinear elliptic equation

2H(Σw) = LST w + L̃w + Q(w) = 0,

where LST is defined in (14), Q is a nonlinear differential operator which is
asymptotic at the Scherk type ends to the last term of (13); L̃ is a linear oper-
ator whose presence is consequence of the fact we consider a vector field ñ

which is not normal to ST . The coefficients of this operator are nonzero where
ñ �= n. In view of (A.4), an estimate of its coefficients can be obtained from
an estimate of g0(n, ñ). Clearly, if n = ñ then g0(n, ñ) = 1. Instead at the
ends, n = (−∂xum,−∂yum,1)√

1+(∂xum)2+(∂yum)2
, and, by Proposition 3.1, if x ∈ [12xε, xε], then

|Dkum| ≤ cε
3
2 , and (1 + (∂xum)2 + (∂yum)2)−

1
2 = 1 + OC∞(ε3). Consequently,
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g0(n, ñ) = 1 + OC∞(ε3) and it follows from (A.4) that the coefficients of L̃ are
uniformly bounded by a constant times ε3.

The equation to solve is

LST w + L̃w + Q(w) = 0. (18)

We shall look for a solution of (18) of the form w = wξ + v, where wξ is a function
defined below.

Definition 4.2. Given 
 ∈ N, α ∈ (0, 1), we define C�,α(R) as the space of functions
w on R which are even, 2π-periodic, and such that the norm

‖w‖C�,α(R) :=
�∑

k=0

sup
R

∣∣∣∣dkw

dyk

∣∣∣∣+ sup
R

∣∣∣∣d�w

dy�

∣∣∣∣
α

is finite.

Let ξ be the collection {ξi,j(y), i = 1, 2; j = h, v} of four functions belonging to
C2,α(R). They are even, 2π-periodic with respect to the y-variable, orthogonal to
the constant functions and such that

‖ξi,j‖C2,α(R) ≤ κε1+η,

κ being a positive constant and η ∈ (0, 1). We set

‖ξ‖C2,α(R) :=
∑
i,j

‖ξi,j‖C2,α(R).

We define wξ to be the function in C2,α
δ (ST ) equal to

(1) χH̃xε(ξi,j) on the images of [x0, xε] × R by each Xi,j , i = 1, 2, j = h, v,

(2) 0 on the remaining part of the surface ST ,

Here, χ is a cut-off function equal to 0 for x ≤ x0 + 1 and equal to 1 for x ∈
[x0 + 2, xε], and H̃ is the extension operator introduced in Proposition A.2.

Let us fix δ ∈ (0, 1). To solve Eq. (18), we rewrite it as a fixed point problem:

v = T (ξ, v)

with

T (ξ, v) := −V ◦ Eε(LST wξ + L̃(v + wξ) + Q(v + wξ)), (19)

where V denotes the operator introduced in Proposition 3.10. Eε denotes the linear
extension operator

Eε : C0,α
δ (ST ) → C0,α

δ (S),

defined as follows. If vEi,j := v ◦Xi,j ∈ C0,α
δ ([x0, xε]×R) for i = 1, 2, j = h, v, then

(EεvEi,j )(x, z) := 0 for (x, z) ∈ [xε + 1, +∞) × R,

(EεvEi,j )(x, z) := (1 + xε − x)vEi,j (xε, z) for (x, z) ∈ [xε, xε + 1] × R.

Eε is the identity operator elsewhere.
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From the definition of Eε, it follows that

‖Eε(v ◦ Xi,j)‖C0,α
δ ([x0,+∞)×R) ≤ c‖v ◦ Xi,j‖C0,α

δ ([x0,xε]×R).

The reason why we use the operator Eε is that the inverse V acts on functions
defined on the whole surface S.

Proposition 4.3. Given δ ∈ (0, 1), η ∈ (0, 1), there exist cκ > 0 and εκ > 0 such
that

‖T (ξ, 0)‖C2,α
δ (S) ≤ cκε1+μ,

with μ := 1 + 2η + 3δ, and for all ε ∈ (0, εκ),

‖T (ξ, v1) − T (ξ, v2)‖C2,α
δ (S) ≤ cκε1+η‖v2 − v1‖C2,α

δ (S),

‖T (ξ1, v) − T (ξ2, v)‖C2,α
δ

(S) ≤ cε1+γ‖ξ2 − ξ1‖C2,α(R),

with γ := min{2 + 3δ, μ}, for all v, v1, v2 ∈ C2,α
δ (S) and satisfying ‖v‖C2,α

δ (S) ≤
2cκε1+μ, for all collections ξ, ξ1, ξ2 of functions which are even, 2π-periodic, orthog-
onal to the constant functions, and whose norm is bounded by κε1+η.

Proof. We recall that the Jacobi operator associated to ST is asymptotic to the
Laplacian at the ends. The function wξ is identically zero far away from the ends,
that is where the explicit expression of LS is not known: this is the reason of our
particular choice in the definition of wξ. From Proposition 3.10, it follows

‖T (ξ, 0)‖C2,α
δ

(S) ≤ c‖Eε(LST wξ)‖C0,α
δ

(S) + c‖Eε(L̃(wξ))‖C0,α
δ

(S)

+ c‖Eε(Q(wξ))‖C0,α
δ (S).

We need to find an estimate of each summand. We recall that ‖ξi,j‖C2,α(R) ≤ κε1+η

and from Proposition A.2

‖wξ‖C2,α
δ (S) ≤ ce−δxε

∑
i,j

‖ξi,j‖C2,α(R) ≤ cκε1+η+3δ.

From the construction of wξ and from the fact that the coefficients of LST −Δ0 =
L̄um can be estimated by OC∞(e−2x) at the ends (see (13)), we get

‖Eε(LST wξ)‖C0,α
δ (S)

≤ c
∑

i=1,2;j=h,v

‖LST (wξ)Ei,j‖C0,α
δ

([x0+1,xε]×R)

≤
∑

i=1,2;j=h,v

c‖e−2x(wξ)Ei,j‖C0,α
δ ([x0+1,xε]×R)

≤ cκε3ε1+η+3δ = cκε4+η+3δ.

In order to get this estimate (and in particular the factor ε3) we used the fact that
at each end e−2xwξ is the sum of terms equal to e−2xek(x−xε)gk(y), k ≥ 1, for
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x ∈ [x0 + 1, xε] (see the proof of Proposition A.2). If x is close to xε then e−2x is
very small, so the estimate of e−2xwξ depends on the behavior of this function for x

close to x0. We write |e(k−2)x−kxεgk(y)| = |e(k−2)x−(k−2)xεe−2xεgk(y)| ≤ cε6|gk(y)|
if k ≥ 2, because e(k−2)x−(k−2)xε ≤ 1, for any x ≤ xε. Instead, if k = 1 the function
to consider is e−x−xεg1(y). If x is close to x0 then |e−x0−xεg1(y)| ≤ ce−xε |g1(y)| =
cε3|g1(y)|.

Furthermore,

‖Eε(L̃wξ)‖C0,α
δ (S) ≤ cε3‖wξ‖C2,α

δ (S) ≤ cκε4+η+3δ,

because the coefficients of L̃ are uniformly bounded by cε3,

‖Eε(Q(wξ))‖C0,α
δ (S) ≤ c‖(wξ)2‖C2,α

δ (S) ≤ cκε2+2ηε3δ = cκε2+2η+3δ,

because Q(wξ) consists in products of derivatives of wξ.

Then we conclude

‖T (ξ, 0)‖C2,α
δ (S) ≤ cκε1+μ,

with μ := 1 + 2η + 3δ. As for the second estimate, we observe

‖T (ξ, v2) − T (ξ, v1)‖C2,α
δ (S) ≤ c‖Eε(L̃(v2 − v1))‖C0,α

δ (S)

+ c‖Eε(Q(wξ + v2) − Q(wξ + v1))‖C0,α
δ (S).

Thanks to the considerations made above it holds

‖Eε(L̃(v2 − v1))‖C0,α
δ (S) ≤ cε2‖v2 − v1‖C2,α

δ (S),

‖Eε(Q(wξ + v2) − Q(wξ + v1))‖C0,α
δ (S) ≤ c‖(v2 − v1)‖C2,α

δ (S)‖wξ‖C2,α
∗ (S)

≤ cκε1+η‖v2 − v1‖C2,α
δ (S).

Here we used the estimate ‖wξ‖C2,α
∗ (S) ≤ cκε1+η, where ‖·‖C2,α

∗ (S) denotes the norm
introduced in Definition 3.3 with δ = 0. Then

‖T (ξ, v2) − T (ξ, v1)‖C2,α
δ (S) ≤ cκε1+η‖v2 − v1‖C2,α

δ (S).

To show the third estimate, we proceed in a similar way:

‖T (ξ2, v) − T (ξ1, v)‖C2,α
δ (S)

≤ ‖Eε(LST (wξ2 − wξ1))‖C0,α
δ (S) + ‖Eε(L̃(wξ2 − wξ1))‖C0,α

δ (S)

+ ‖Eε(Q(wξ2 + v) − Q(wξ1 + v))‖C0,α
δ (S)

≤ c‖e−2x(wξ2 − wξ1 )‖C2,α
δ (S) + cε3‖(wξ2 − wξ1 )‖C2,α

δ (S)

+ c‖(wξ2 − wξ1)‖C2,α
δ (S)‖v‖C2,α

∗ (S)

≤ cε3ε3δ‖ξ2 − ξ1‖C2,α(R) + cε1+μ‖ξ2 − ξ1‖C2,α(R)

≤ cε1+γ‖ξ2 − ξ1‖C2,α(R),
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where γ := min{2 + 3δ, μ}. We used the estimate ‖v‖C2,α
∗ (S) ≤ ceδxε‖v‖C2,α

δ (S) ≤
cε−3δε1+μ = cε1+μ−3δ. Consequently,

‖(wξ2 − wξ1)‖C2,α
δ (S)‖v‖C2,α

∗ (S)

≤ cε1+μ−3δ‖wξ2 − wξ1‖C2,α
δ (S)

≤ cε1+μ−3δε3δ‖ξ2 − ξ1‖C2,α(R)

≤ cε1+μ‖ξ2 − ξ1‖C2,α(R).

Theorem 4.4. Let Bκ := {v ∈ C2,α
δ (S) | ‖v‖C2,α

δ
≤ 2cκε1+μ}, with κ chosen large

enough. Then the nonlinear mapping T (ξ, ·) defined by (19) has a unique fixed point
in Bκ.

Proof. The previous proposition shows that, if ε is chosen small enough, the
nonlinear mapping T (ξ, ·) is a contraction mapping from the ball Bκ of radius
2cκε1+μ in C2,α

δ (S) into itself. This value follows from the estimate of the norm of
T (ξ, 0). Consequently, by Leray–Schäuder fixed point theorem, T (ξ, ·) has a unique
fixed point in this ball.

We have proved that, for any collection ξ = {ξi,j , i = 1, 2; j = h, v} ∈ (C2,α(R))4

of norm sufficiently small, there exists a minimal surface, ST (ξ), which is a small
deformation of ST . More precisely, ST (ξ) is the graph surface of a function over
ST . Since each end is, up to an appropriate isometry, the graph surface of um, then
each end Ēi,j of ST (ξ) is the image of the immersion (x, y) → (x, y, Ui,j(x, y)),
where Ui,j(x, y) is the restriction to the end of um + wξ + v, v being the fixed
point whose existence is provided by Theorem 4.4. Let ‖ · ‖C2,α

∗
denote the norm

introduced in Definition 3.3 with δ = 0. The norm of v can be estimated as follows
‖v‖C2,α

∗
≤ cε1+μ−3δ = cε2+2η. This estimate follows from

‖v‖C2,α
∗ ≤ ceδxε‖v‖C2,α

δ
≤ cε−3δ‖v‖C2,α

δ
≤ cε1+μ−3δ,

the fact that eδxε = ε−3δ, and the identity μ = 1 + 2η + 3δ. In the sequel, we will
suppose 2η < 1.

Since at the end Ēij it holds wξ = H̃xε(ξi,j), then we can write

Ui,j(x, y) = H̃xε(ξi,j) + Vi,j ,

with (x, y) ∈ [x0, xε] × R. The term Vi,j is the sum of the restriction of the fixed
point to the end and um. In a sufficiently small neighborhood of the boundary
curve of each end, that is for x say in [xε − 1, xε + 1], the function um satisfies
um = O(ε3). That follows from Proposition 3.1. Consequently for those values of
x, the dominant term in the expression for Vi,j is v. Then the norm of Vi,j can be
estimated as follows: ‖Vi,j‖C2,α

∗ ([xε−1,xε]×R) ≤ cε2+2η. Clearly 2 + 2η > 1 + η, so
the term of largest norm in the expression for Ui,j is H̃xε(ξi,j). Indeed, from the
definition of the operator H̃, it follows that ‖H̃xε(ξi,j)‖C2,α

∗
≤ c‖ξi,j‖C2,α ≤ cκε1+η.
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The function Vi,j depends nonlinearly on ε, ξ. Furthermore from the third esti-
mate of Proposition 4.3, we get

‖Vi,j(ε, ξ)(·, ·) − Vi,j(ε, ξ′)(·, ·)‖C2,α
∗ ≤ cε1+γ−3δ‖ξ − ξ′‖C2,α . (20)

We observe 1 + γ − 3δ > 0 in (20) because γ = min{2 + 3δ, 1 + 2η + 3δ}.

5. The Gluing Procedure

In this section, we will prove Theorems 1.1–1.3.

5.1. Proof of Theorem 1.1

Let m, k ∈ N be two numbers such that 2 ≤ mk < +∞.

We will glue together mk minimal graphs over ST and 2k +2m minimal graphs
over Ξ along their boundary curves. They are arranged so that, in the case m = 3,

k = 5, the cross section of the asymptotic planes is the one shown in Fig. 1. The
surface has 2k + 2m ends asymptotic to just as many half-planes.

We recall below the necessary results we proved in previous sections.
In Sec. 2.1, we showed the existence of minimal graphs Ξ(ϕ) over Ξ, for each

ϕ ∈ C2,α(R) which is even, 2π-periodic, L2-orthogonal to the constant functions
and ‖ϕ‖C2,α ≤ κε1+η. Ξ(ϕ) is the graph surface of the function

Ū(x, y) = Hdε(ϕ)(x, y) + OC2,α(ε2+2η)

over Ξ. The function OC2,α(ε2+2η) replaces the function V̄ that appears at the end
of Sec. 2.1. We recall that dε = −2 ln ε. It depends nonlinearly on the function
ϕ and is bounded by a constant times ε2+2η. The boundary curve corresponds to
x = dε. These surfaces will be glued to a perturbation of ST .

For each

ξ = (ξ1,h, ξ2,h, ξ1,v, ξ2,v) ∈ (C2,α(R))4,

Fig. 1. Position of the asymptotic planes in the case m = 3, k = 5.
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the result of Sec. 4 ensures the existence of a minimal surface ST
ε (ξ) which is close

to ST . The functions ξi,j , i = 1, 2, j = h, v, are even, 2π-periodic, L2-orthogonal to
the constant functions and ‖ξi,j‖C2,α ≤ κε1+η.

Each surface ST (ξ) nearby the boundary of its four ends is the graph surface of
the function

Ui,j(x, y) = H̃xε(ξi,j)(x, y) + OC2,α(ε2+2η),

i = 1, 2, j = h, v. The functions OC2,α(ε2+2η) replace the functions Vi,j that appear
at the end of Sec. 4. They depend nonlinearly on the functions ξi,j and are bounded
by a constant times ε2+2η. The boundary curves correspond to x = xε.

In the sequel ST (ξa,b), with a ∈ {1, . . . , m}, b ∈ {1, . . . , k}, denote the deforma-
tions of ST involved in the gluing procedure. Ξ(ϕn), with n ∈ {1, . . . , 2k+2m}, are
the minimal graphs over Ξ which play the role of ends. We assume that, for any
a ∈ {1, . . . , m}, b ∈ {1, . . . , k}, and n ∈ {1, . . . , 2k + 2m} it holds

‖(ξa,b)i,j‖C2,α ≤ κε1+η, ‖ϕn‖C2,α ≤ κε1+η, (21)

for a constant κ > 0 fixed large enough. It remains to show that, for all ε small
enough, it is possible to choose these functions in such a way that the surface(

m⋃
a=1

k⋃
b=1

ST (ξa,b)

)⋃(
2m+2k⋃

n=1

Ξ(ϕn)

)
(22)

is a C1 surface across the boundaries of the different summands. Regularity theory
will then ensure that this surface is actually smooth and by construction it has the
desired properties. It is necessary to solve a system of equations. Such a system
consists of several pairs of equations. Precisely one pair of equations for each pair
of adjacent summands.

If we want to glue ST (ξa,b) to ST (ξc,d), (c, d) = (a + 1, b) or (c, d) = (a, b + 1),
then we have to consider the parametrization of corresponding ends. We observe
that there are two possible cases: to glue the horizontal end Ea,b

i,h of ST (ξa,b) to
the horizontal end Ec,d

j,h of ST (ξc,d) with i �= j or to glue the vertical end Ea,b
i,v

of ST (ξa,b) to the vertical end Ec,d
j,v of ST (ξc,d) with i �= j. We remark that by

construction if i �= j then the normal vectors to the ends Ea,b
i,h and Ec,d

j,h point in
opposite directions. The same consideration holds true for the ends Ea,b

i,v and Ec,d
j,v ,

if i �= j. We suppose that Ua,b
l,m denotes the function whose graph surface is the end

Ea,b
l,m of ST (ξa,b). Then the equations to solve are

{
Ua,b

i,m(xε, ·) = −U c,d
j,m(xε, ·),

∂xUa,b
i,m(xε, ·) = ∂xU c,d

j,m(xε, ·).
(23)

Here, m = h or m = v and (a, b) �= (c, d).
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Instead if we want to glue an end of ST (ξab) to one of the minimal graphs Ξ(ϕn)
then the equations to solve are{

Ua,b
i,j (xε, ·) = Ūn(dε, ·),

∂xUa,b
i,j (xε, ·) = ∂xŪn(dε, ·).

(24)

Here, j = h or j = v and i = 1 or i = 2. We assumed that Ūn is the function whose
graph surface is Ξ(ϕn).

In view of the structure of Ua,b
l,m and Ūn, we deduce that (23) is equivalent to{

ξa,b
i,m + ξc,d

j,m = OC2,α(ε1+η),

∂∗ξa,b
i,m − ∂∗ξc,d

j,m = OC1,α(ε1+η)
(25)

and (24) is equivalent to{
ξa,b
i,j − ϕn = OC2,α(ε1+η),

∂∗ξa,b
i,j + ∂∗ϕn = OC1,α(ε1+η).

(26)

Here, ∂∗ denotes the operator which associates to φ =
∑∞

i=1 φi cos(iy) the function
∂∗φ =

∑∞
i=1 iφi cos(iy). In particular, we used the fact that Hdε(ϕn)(dε, ·) = ϕn,

H̃xε(ξ
a,b
i,j )(xε, ·) = ξa,b

i,j and we applied Lemmas A.3 and A.4.
In conclusion, we get a pair of equations of the form:{

ω ± λ = OC2,α(ε1+η),

∂∗ω ∓ ∂∗λ = OC1,α(ε1+η).
(27)

Lemma 5.1. The operator h defined by

C2,α(R) → C1,α(R),

ϕ → ∂∗ϕ

acting on functions that are even, 2π-periodic, L2-orthogonal to the constant
functions, is invertible.

Proof. We observe that if we decompose ϕ =
∑∞

j=1 ϕj cos(jy), then

h(ϕ) =
∞∑

j=1

jϕj cos(jy),

is clearly invertible from H1
2π-periodic(R) into L2

2π-periodic(R). Now, elliptic regularity
theory implies that this is also the case when this operator is defined between Hölder
spaces.

Using this result, the last equation of (27) is equivalent to ω∓λ = OC2,α(ε1+η).
Consequently, the pairs of equations of the form (27) can be rewritten as

(ω, λ) = (OC2,α(ε1+η),OC2,α(ε1+η)). (28)
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We recall that the right-hand side depends nonlinearly on the functions ω, λ. If we
consider all of such pairs of equations, we get the following system:{

(ξa,b)i,j = OC2,α(ε1+η), a = 1, . . . , m; b = 1, . . . , k; i = 1, 2; j = h, v,

ϕn = OC2,α(ε1+η), n = 1, . . . , 2k + 2m.

(29)

We look at this system as a fixed point problem and fix the constant κ in (21)
large enough. Thanks to estimates (6) and (20), we can use a fixed point theorem
for contracting mappings in the ball of radius κε1+η in (C2,α(R))4km+2k+2m to
obtain, for all ε small enough, a solution of (29). This provides a set of functions
((ξa,b)i,j , ϕn), a = 1, . . . , m; b = 1, . . . , k; i = 1, 2; j = h, v; n = 1, . . . , 2k + 2m, such
that the surface (22) is C1. So the proof of Theorem 1.1 is complete.

5.2. Proof of Theorem 1.2

In this case, the surface we wish to construct is doubly periodic, that is invariant
under the action of two orthogonal translations. We suppose that ST (ξa,b), with
a ∈ {1, . . . , m} and b ∈ Z, denote the deformations of ST and Ξ(ϕk,b), with k = 1, 2
and b ∈ Z, denote the minimal graphs over Ξ which play the role of ends of the
surface. The surface we construct is⋃

b∈Z

{Ξ(ϕ1,b) ∪ ST (ξ1,b) ∪ · · · ∪ ST (ξm,b) ∪ Ξ(ϕ2,b)}.

In order to get the additional periodicity we impose ST (ξa,b) = ST (ξa,b+1) and
Ξ(ϕi,b) = Ξ(ϕi,b+1) for any b ∈ Z. That is equivalent to impose (ξa,b)i,j = (ξa,b+1)i,j

and ϕi,b = ϕi,b+1 for any b ∈ Z. Consequently, the number of independent equations
and the number of independent unknowns are finite. By following the same tech-
nique used in the proof of Theorem 1.1, we get the following fixed point problem:{

(ξa,0)i,j = OC2,α(ε1+η), a = 1, . . . , m; i = 1, 2; j = h, v,

ϕk,0 = OC2,α(ε1+η), k = 1, 2.
(30)

Such a problem can be solved by using a fixed point theorem for contracting map-
pings in the ball of radius κε1+η in (C2,α(R))4m+2 as done for (29).

5.3. Proof of Theorem 1.3

In this case, the surface we wish to construct is triply periodic, that is invariant
under the action of three orthogonal translations. Only one type of building blocks
is considered. Indeed, the surface is given by

⋃
a∈Z

⋃
b∈Z

ST (ξa,b) and it has no
ends. In order to get a triply periodic surface, we impose ST (ξa,b) = ST (ξa,b+1) =
ST (ξa+1,b) for any a, b ∈ Z. That is equivalent to impose (ξa,b)i,j = (ξa,b+1)i,j =
(ξa+1,b)i,j for any a, b ∈ Z. Consequently also in this case, the number of indepen-
dent equations and the number of independent unknowns are finite. Indeed, we get
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that the fixed point problem to solve reduces to{
(ξ0,0)i,j = OC2,α(ε1+η), i = 1, 2; j = h, v. (31)

Such a problem can be solved by using a fixed point theorem for contracting map-
pings in the ball of radius κε1+η in (C2,α(R))4 as done for (29) and (30).

Appendix

A.1. Harmonic extension operators

Proposition A.1. Let ρ ∈ (0, 1). There exists an operator

Ha : C2,α(R) → C2,α
ρ ([a, +∞) × R),

such that for each even 2π-periodic function ϕ ∈ C2,α(R), which is L2-orthogonal
to the constant functions, then wϕ = Ha(ϕ) solves{

∂2
xxwϕ + ∂2

yywϕ = 0 on [a, +∞) × R

wϕ = ϕ on {a} × R.

Moreover then

‖Ha(ϕ)‖C2,α
ρ ([a,+∞)×R) ≤ ce−ρa‖ϕ‖C2,α(R), (A.1)

for some constant c > 0.

Proof. We consider the decomposition of the function ϕ with respect to the basis
{cos(iy)}i∈N, that is

ϕ =
∞∑

i=1

ϕi cos(iy).

Then the solution wϕ is given by

wϕ(x, y) =
∞∑

i=1

e−i(x−a)ϕi cos(iy).

Since

e−ρx|wϕ(x, y)| ≤ e−ρxe−(x−a)|ϕ| ≤ e−ρxeρ(x−a)|ϕ|,
then we get ‖wϕ‖C2,α

δ ([a,+∞)×R) ≤ ce−ρa‖ϕ‖C2,α(R).

Proposition A.2. Let δ ∈ (0, 1). There exists an operator

H̃a : C2,α(R) → C2,α
δ ([x0, a] × R),

such that for each even 2π-periodic function ϕ ∈ C2,α(R), which is L2-orthogonal
to the constant functions then wϕ = H̃a(ϕ) solves{

∂2
xxwϕ + ∂2

yywϕ = 0 on [x0, a] × R,

wϕ = ϕ on {a} × R.
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Moreover,

‖H̃a(ϕ)‖C2,α
δ ([x0,a]×R) ≤ ce−δa‖ϕ‖C2,α(R), (A.2)

for some constant c > 0.

Proof. We consider the decomposition of the function ϕ with respect to the basis
{cos(iy)}, that is

ϕ =
∞∑

i=1

ϕi cos(iy).

Then the solution wϕ is given by

wϕ(x, y) =
∞∑

i=1

ei(x−a)ϕi cos(iy).

It is easy to show that ‖wϕ‖C2,α
δ ([x0,a]×R) ≤ ce−δa‖ϕ‖C2,α(R).

Lemma A.3. Let wϕ(x, y) be the harmonic extension given by Proposition A.1 of
the even 2π-periodic function ϕ ∈ C2,α(R). Then

∂∗ϕ(y) = −∂xwϕ(x, y)|x=a.

Proof.

∂xwϕ(x, y) = −
∞∑

i=1

ie−i(x−a)ϕi cos(iy).

Consequently,

∂∗ϕ(y) = −∂xwϕ(x, y)|x=a.

Lemma A.4. Let wϕ(x, y) be the harmonic extension given by Proposition A.2 of
the even 2π-periodic function ϕ ∈ C2,α(R). Then

∂∗ϕ(y) = ∂xwϕ(x, y)|x=a.

Proof.

∂xwϕ(x, y) =
∞∑

i=1

iei(x−a)ϕi cos(iy).

Consequently,

∂∗ϕ(y) = ∂xwϕ(x, y)|x=a.

A.2. Jacobi operators of a surface with respect to different

transverse vector fields

Let Σ denote a smooth oriented surface embedded in a Riemannian manifold (M, g).
Let N, Ñ be respectively the unit normal vector field compatible with the orienta-
tion of Σ and a vector field transverse to Σ.
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Given a point p0 ∈ Σ, by the implicit function theorem, there exist two neigh-
bourhoods U, V of (p0, 0) ∈ Σ × R and a diffeomorphism

U � (p, s) → (f(p, s), h(p, s)) ∈ V,

such that f(p, 0) = p, h(p, 0) = 0, and

expp(sÑ(p)) = expf(p,s)(h(p, s)N(f(p, s))). (A.3)

By differentiation of this identity with respect to s at s = 0, we get

Ñ(p) = ∂sf(p, 0) + ∂sh(p, 0)N(p).

From that we get

g(Ñ(p), N(p)) = ∂sh(p, 0).

Consequently, h(p, s) = g(Ñ(p), N(p))s + O(s2). Using the formula for Ñ(p), we
get that its tangential component is equal to

[Ñ(p)]T = ∂sf(p, 0).

A surface Σ̃ which is close enough to Σ can be parameterized at the same time
as the graph of a function w over Σ in the direction of Ñ and the graph of a different
function w̃ over Σ in the direction of N. From (A.3), we get

w̃(f(p, w(p))) = h(p, w(p)).

Furthermore, we observe that the mean curvatures of Σ at the point expp(w(p)Ñ (p))
and at the point expp̄(w̃(p̄)N(p̄)) are equal provided p̄ = f(p, w(p)). In other
terms,

HÑ,w(p) = HN,w̃(p̄).

Differentiating this identity with respect to w at w = 0, we get

DwHÑ,0(v) = Dw̃HN,0(∂shv) + Dp̄HN,0(∂sfv).

If we insert the formulas for ∂sh and ∂sf, we get the following result.

Proposition A.5.

DwHÑ,0(v) = Dw̃HN,0(g(N, Ñ)v) + (∇[Ñ(p)]T HN,0)v.

If Σ has constant mean curvature, we get

DwHÑ,0(v) = Dw̃HN,0(g(N, Ñ)v). (A.4)
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J. Reine Angew. Math. 13 (1935) 185–208.
[7] M. Traizet, Construction de surfaces minimales en recollant des surfaces de Scherk,

Ann. Inst. Fourier 46(5) (1996) 1385–1442.

1850075-29

C
om

m
un

. C
on

te
m

p.
 M

at
h.

 2
02

0.
22

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 K
O

R
E

A
 A

D
V

A
N

C
E

D
 I

N
ST

IT
U

T
E

 O
F 

SC
IE

N
C

E
 A

N
D

 T
E

C
H

N
O

L
O

G
Y

 (
K

A
IS

T
) 

on
 0

8/
29

/2
0.

 R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


