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1. Introduction

The most urgent theoretical issue in the standard model(SM) is probing the symmetry structure from which the observed flavor
phenomena can be understood. It is desirable if such symmetry results from an ultra-violet completed theory. At present, string theory
is considered to be the most attractive one among various ultra-violet completed theories, chiefly because it unifies gravity on the same
ground as gauge theories. The SM is obtained from compactification of six extra dimensions [1-6], and the symmetry structure of flavors
is the one realized below the compactification scale.

Previously, most studies along this direction were centered on obtaining three families in the standard-like models [7,8].! Since there
are too many Yukawa couplings in standard-like models, here we attempt to work in a grand unification (GUT) models. The GUT group
we use here is the rank 5 flipped SU(5) GUT [11,12], SU(5)a;,=SU(5)xU(1)x, which was obtained from compactifications via fermionic
string [13] and Z1,—; orbifold [14]. The simplest GUT SU(5) from string compactification is not accompanying an adjoint representation
at the level 1 construction where the Higgs multiplet needed for breaking SU(5) down to the SM is lacking. The rank 5 SU(5)qj, requires
10 & 10 for breaking it down to the rank 4 SM gauge group, and the model of [10] contains them.

Time is ripe enough to study the details of the flavor structure from string compactification to see whether they converge to the
observed data. The study is now possible in the Z4z model [9] based on [10] where the needed Z4r quantum numbers of all light chiral
fields are presented. In the quark sector, the Cabibbo-Kobayashi-Maskawa matrix [15,16] has been studied in our previous paper [17].
In this paper, we present a numerical study on the Pontecorbo-Maki-Nakagawa-Sakata (PMNS) matrix [18,19] via many U(1)’s arising in
string compactification. The heterotic string Eg x Eg has rank 16 gauge sector. The model presented in [10] has the SU(5)gj, from Eg and

* Corresponding author.
E-mail address: jihnekim@gmail.com (J.E. Kim).
1 For more references, see [9].

https://doi.org/10.1016/j.physletb.2019.02.035
0370-2693/© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by
SCOAP3.


https://doi.org/10.1016/j.physletb.2019.02.035
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://creativecommons.org/licenses/by/4.0/
mailto:jihnekim@gmail.com
https://doi.org/10.1016/j.physletb.2019.02.035
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2019.02.035&domain=pdf

216 J. Jeong et al. / Physics Letters B 791 (2019) 215-224

] Vm

Fig. 1. A neutrino interaction with the SM fields only.

Table 1
U(1) charges of matter fields in the flipped SU(5). & and #; contain the left-handed quark and lepton doublets, respectively, in the i-th family.

State(P +kVo) O; Rx(Sect.) Qr Q1 Q2 Q3 Q4 Qs Qs Qanom Qs Q20 Q22
& (+++——1—— )08 0 10_1(U3) +1 -6 -6 46 0 0 0 -13 +1 -1 +1
i3 (+————1+— )08 0 5.3(U3) +1 +6 -6 -6 0 0 0 -1 +1 -1 +1
¢ (++++4;—+—)©@% 0 1_5(U3) +1 -6 +6 -6 0 0 0 +5 +1 -1 +1
& (+++-———%. -1 -Dody £ 10_1(T9) -1 -2 -2 -2 0 0 0 -3 -1 -1 -1
2 (+—————¢.—g. -0  H 55T -1 -2 -2 -2 0 0 0 -3 -1 -1 -1
ue (+++++ - L -DEdy 4 1_5(T9) -1 -2 -2 -2 0 0 0 -3 -1 -1 -1
& (+++-——i1—¢ -1 -D©dy 2 T0_(T9) -1 -2 ) -2 0 0 0 -3 -1 -1 -1
i (+=—————t. -3, -D©dy 2 5.3(T9 -1 -2 -2 -2 0 0 0 -3 -1 -1 -1
e¢ (+++++—5. -5 — D%y 2 1_5(T9) -1 -2 -2 -2 0 0 0 -3 -1 -1 -1
Hu (+10000; 000)(0°; 3t Loy 4 2-5_5(Te) -2 0 0 0 -12 0 0 0 -1 -1 -1
Hqy (=10000; 000)(0°>; £ St oy 4 2-5,5(Te) +2 0 0 0 +12 0 0 0 -1 -1 -1

SU(5)' xSU(2)" from Eg, and we can consider 6 extra U(1) gauge groups. These many U(1)’s make it possible to have flavor dependent
Yukawa couplings.?

String compactification in our example allows all the needed Yukawa couplings in the SM as non-renormalizable forms. There has been
an ambitious attempt [21] to relate the origin of the u term with the magnitudes of neutrino masses by introducing just one singlet
chiral field beyond the minimal supersymmetric SM. This try allowed only renormalizable couplings. Therefore, with so many singlets
participating through non-renormalizable Yukawa couplings in our model, this design is not applicable. The relations in our model might
be intertwined in an elaborate way since the Z4g discrete symmetry automatically gives the p term at the electroweak scale [22]. Since
our Zyg is a subgroup of an Abelian gauge group U(1)®, it cannot be a non-Abelian discrete symmetry such as the interesting A4 symmetry
[23].

The mass matrices leading to the Kim-Seo (KS) parametrization [24] of the CKM and PMNS mixing matrices have a small number
of complex elements, by making one row consist of real numbers. At the places where complex entries are allowed, we allocate the CP
phase. The KS form has another advantage that the Jarlskog determinant is | = —Im VXSV VS [25]. Toward a model building, the next
step is to obtain phenomenologically acceptable mass matrices. In the flipped SU(5), the neutrino mass matrix is symmetric, can be made
real, and hence we propose in this paper to put the CP phase in the charged lepton mass matrix.

The string model gives the Yukawa couplings for the charged lepton masses and neutrino masses. Thus, in Sec. 2 we present the lepton
mass matrices from the flipped SU(5) model, i.e. allowed by the quantum numbers of Ref. [9], in the forms related to the KS mixing matrix.
Then, we locate possible phases in the complex vacuum expectation values (VEVs) of the SM singlet fields o;. Next in Sec. 3, we relate
these leptonic mass matrices with the PMNS matrix and compare it with the data presented in the Particle Data Book [26]. In Sec. 4, we
present numerical analyses and obtain |Spyns| < 62.8° for the normal hierarchy of neutrino masses with the PDG book parametrization
[26]. Section 5 is a conclusion. The magnitude on the weak CP violation J [27] is briefly discussed in Appendix A.

2. Suggestion from the flipped SU(5) model

If we consider only the SM particles, neutrino masses arise from the diagram shown in Fig. 1. Any further attachments to this diagram
are SM singlet scalars. If we consider the quantum numbers under SU(2)y xU(1)y, two neutrinos have 1_1 & Bil where 1 means that
the 3rd component of the weak isospin is +1. Possible additional scalar attachments to Fig. 1 must carry quantum number 1,q or
3i1 together with two HS'S, and 14 is ruled out because (141) breaks U(1)en. 3*1 allows the scalar attachments, shown as Hy, &
H, in Fig. 1. Depending on details of high energy fields, implied by the question mark in the gray, two types of neutrino masses are
named, Type I seesaw [28] and Type II seesaw [29]. Type IIl seesaw [30] requires more light particles at the electroweak scale. From the
SU(5)fip spectra shown in Ref. [20], we note that there is no SU(2) triplet representation; hence only Type I seesaw is allowed from our
string compactification.

2 Among these, the anomalous U(1) can work as a flavor symmetry [20]. Note that in addition to these we use U(1)’s from the extra dimensions toward Zs discrete
symmetry in Ref. [9].
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Table 2

U(1) charges of L-handed neutral scalars (but o7 for R-handed). We kept up to one oscillator represented as Number of resulting fields(number of oscillating mode). For

example, n(17) means that there results n multiplicities with one oscillator ]—5 For Qig20.22 charges, here we listed only those of L-handed fields, participating in the

Yukawa couplings. 0 3 4,11/,15/,21,22,23,24 have phase ®; =0, which can be used to break Zsz down to Zyg.

State(P +kVp) 0;  (Nb; P-Rx(Sect.) Qr Qi Q2 Qs Q4 Qs Qs  Qanom Qis Q20 Q22

o (4t —=0H0%F FE Y 0 23 2104(T)r +4 0 0 0 0 +9 43 = 1 41
o (k=00 FE F By 2 1313) 1T0_(T3),  +4 0 0 0 0 +9 +3 == -1 41 -1
T (+———0) 0 L E 22y o 2(15) 21044(T3)y -4 0 0 0 0 -9 -3 8 -1 -1 -1
T (=0 AL 2Ly 2 131y 1104(T3)y —4 0 0 0 0 -9 -3 8 -1 -1 -1
o1 (0% 2 2 )%y 2 0 2-19(T9) -4 -8 -8 -8 0 0 0 -12 -1 -1 -1
oy (05; 2 £ %y 0 3(15) 3-10(T9) 0 -8 +4 44 0 0 0 -2 -1 -1 -1
o3 (0% 1 2 Hody 0 3(17) 3-10(TY) 0 +4 -8 +4 0 0 0 -8 -1 -1 -1
o4 (0% 11 2508y 0 3(17) 3-10(TY) 0 +4 4+4 -8 0 0 0 +10 -1 -1 -1
os  (0%010)(0% 1 50y g0 2-19(Te) +4 0 +12 0 +12 0 0 +14 -1 -1 -1
os  (0%001)(0% 3 Soy £ 0 2-1o(Te) 0 o0 0 412 -12 0 0 —4 -1 -1 -1
o7 (050 —10)(0%; 5 2oy 20 2-19(Te)r +4 0 +12 0 +12 0 0 +14 -1 41 -1
o3 (0°;00 —1)(0%; 3 St oy <0 2-10(Te)r -2 0 0 +12 —-12 0 0 —4 -1 41 -1
o (0% 3 3 Fh% 2 Sy 2 20 +13,15+13)  2:10(T3) -6 -6 -6 -6 +12 -9 -3 = +1 41 -1
o % FFHo%n3iF Y 00 401+13,15+13)  4-10(Ty) -6 -6 -6 -6 +12 -9 -3 =2 -1 41 41
oz (0533 5)©0%3 35y 21 +15,15+15)  2-19(Ty) -2 6 +6 46 +12 -9 -3 0 41 41
of, (0% F 1 Ho% 3 Sy 22011 +15,15+13)  2-19(T3) -2 -6 +6 46 +12 -9 -3 O -1 41 41
o3 (0% 555053 55 2L+ 15 413 2-19(T3) -6 +6 +6 —6 -12 -9 -3 HA 41 41 -
oy (0% 113H0%F 25y 2201 +15,15+13)  2-10(T3) -6 46 +6 -6 -12 -9 -3 A -1 41 1
o (0511350 F Ly 22319 +103) 3.1¢(T3) +4 46 46 -6 O +9 43 8 -1 41 41
o5 (0% F S Hon R F Ty 2 201+13,15+13)  2-10(T) -6 -6 -6 -6 +12 -9 -3 =2 +1 41
o5 0 F S HOn R F Ty 00 201+13,15+13)  4-10(T) -6 -6 -6 -6 +12 -9 -3 =2 -1 41 +1
oie (0% F HEEHo% 2 Ly F 20+ 1515+15) 2-10(T3) -2 -6 +6 46 +12 -9 -3 O +1 +1 -1
ofg (0 F L IH% B Ly 2 201 +15,15+15)  2-10(T3) -2 -6 +6 46 +12 -9 -3 O -1 41  +1
o O HHESHONF RS 20+ 1515 +15)  2-10(T3) -6 +6 +6 6 -12 -9 -3 HA 41 41 -1
of, (O EShek LBy £ 201+ 13,15 +13)  2-10(T3) -6 +6 +6 -6 -12 -9 -3 HA -1 41 41
ois (0% 18 ShHos £ Ly 22319 +1(03) 2-1¢(T3) +4 46 +6 -6 0 +9 43 8 -1 +1  +1
o (0% F %Sy 0 1(1p) 10(T9) +2 -2 -2 -2 0 +9 +3 2 -1 -1 -1
o (0% FE0% 553 0 1(5+13) 10(T9) 42 -0 42 42 0 +9 43 F -1+ +1
o (052 DO 555 0 101j+13y) 10(T9) 2 10 42 42 0 49 43 = -1 41 41
o (05§ E DO 55T 0 10j+13y) 10(T9) 42 -10 42 42 0 49 43 #1414

The SM fields from [9] are shown in Table 1, and the SM singlet fields, including those in 10_; and 10, of SU(5)fip, are shown in
Table 2. Considering the SM singlet attachments to Fig. 1, let us consider the neutrino mass operators allowed by the quantum numbers
of Tables 1 and 2. Firstly, the diagonal masses are

1 1 — 1 —
Mj; o Ivel /dzﬁ‘ 5:3(U3, 0; +1)543(Us, 0: +1)5-2(Te, 55 —2)5-2(Tp, 53 =2)10-1(T3, 51 +4)101(T3, 0; +4)
3
M3 ai/dzﬁs (T, 21 ~1)543(T9. 7 ~1)5_2(Ts. %1 ~2)5_2(Te, 53 ~2)T0_1 (T, 25 +41T0_1 (T3, 0: +4)
22 1\71‘2‘ +3U4, 45 +3U4 75 206 35 -2{0s. 35 -1U3. 35 113,05 1)

1
-1¢(os, T, > +4)

where the last number after ; is the Qg charge, and M3 and M, are determined by ? in Fig. 1. We need Qg =2 modulo 4 above for d2¢
integration. M7, MY,, M}, have the same structure as MJ},. Note that the selection rule is making the phase an integer multiple, which is
satisfied above for ©;, viz. 0+0+1+1+1+0=1and +1+1+1+ 140+ 1 =2 Then, the above masses are estimated as

. (2)

where Mg = (10_1) = (10,1). Then, neutrino mixing masses are generally of order V%W/M since the SM singlet VEV (o05) can be at the
GUT scale without breaking Z4g.
For the off-diagonal masses between U3z and Tff neutrinos, we need Qg =0 modulo 4 for d29d29 integration.

v v 1 dZ dZ 3 . 0 1 . 1 . 1 .
M3;, M3y o=~ ¥d°¥ 543(Us, 05 +1)543(T4, -3 —1)5-2(Te, 3 —2)5-2(T6, 75 —2)
M 4 3 3 3)

— — 1 2
-10_1(T3, 0; +4)10_1 (T3, 0; +4) - 19(01, T3, i —4)"1g(014, T3, 3 +4)*.
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Then, the above mass mixing is estimated as

2 2
- Viw Migl{01014)]

IVE J (4)

M35 53
where M, is some mass scale determined by the above equations. Note that X%, ¥; and o7 can have the GUT scale VEVs because all of
them carry Qg =0 modulo 4, and we obtain a similar order of mass for all of M¥1,12,22,33,13,23-

Comparing M7, 22.31.32 and MY

33
My, My, |os| M3 M3, ‘(01014> 5)
M3; M| M3 M2

we note that the neutrino mass hierarchy can be the normal hierarchy (in the sense that v; is the heaviest) if the VEVs of o singlets are
comparably small, |0y, |o5| < M.

Since we obtained all entries in the neutrino mass matrix, here we investigate how the CP phase can be inserted in the mass matrix
of the Qem = —1 leptons and in the neutrino mass matrix.

2.1. Neutrino mass matrix inspired by flipped SU(5)

In Ref. [9] based on the flipped SU(5) model of [10], a possible identification Z4g has been achieved, forbidding dimension-5 B violating
operators but allowing the electroweak scale n term and dimension-5 L violating Weinberg operator. In the flipped SU(5), the neutrino
masses arise in the form

! = £} (o h)5!450955 , (Hu)5 5 (HW[T0_1 (Houn) 101 (Houn Jiju + h.c.. (6)

where the couplings f,(}’) are complex parameters, I and J are flavor indices, i, j, k,l, m are SU(5) indices, and the subscript is the U(1)x
quantum number of SU(5)g;p. 5-2 is usually denoted as Hyy, and 10_1, together with 101, is the ten-plet needed for breaking the rank
5 gauge group SU(5)xU(1) at a GUT scale down to the rank 4 SM gauge group.

Consider 5’ i Sj3 in Eq. (6) which is symmetric under I and J. Thus, the neutrino mass matrix is symmetric. The Majorana phase
factored out 1n Eq. (20) is from the heavy neutrinos, which will not affect our study of CC interactions of Sec. 3. We assume that the
neutrino mass matrix, being symmetric, is real. Thus, V() can be considered to be an orthogonal matrix 0.

2.2. Mass matrix of charged leptons inspired by flipped SU(5)

As commented above, we can always take V(") as a real matrix 0. Thus, the PMNS matrix given in the KS form, Eq. (25), can be
represented as

(I)T qi11711 +q12r12 + 413713, 11721 + 41222 +q13723,  q11731 + 412732 + 413733,
Vie = VOO0 = | qo1r11 +qoar12 + G23r13,  Ga1721 + q2ar22 +G23t23, 21731 + q22r32 + 23733, (7)
q31711 +q32712 + 433713,  g31721 +q32122 + 433723, (31131 + (32732 + (337133,

where the elements Vi(jl) =gq;j and 08.)) =rj; are complex and real numbers, respectively. Making the 1st row real for the KS form, q11, q12
and qq3 are required to be real.

The unitary matrices relating the weak eigenstates | amd mass eigenstates i of the charged leptons are named as V for L-handed fields
and U for R-handed fields,

3 3
= TV, = U, o
j=1 j=1
where lmass (£1,4£2,¢3); in terms of mass eigenstates £1, £3, £3, and [§**° = (N1, N2, N3)g. The mass matrix becomes
TL (Ve(l)Mmass Uél)T)lR (9)

in the weak eigenstate basis. Since R-handed leptons are not participating in the CC interactions, the lepton R-handed unitary matrix U®
can be taken as the identity matrix. Thus, the mass matrix in the weak basis becomes

me, 0, O quifMe,  q12My, qi13 real, real, real
MO=v®| o, fy,, 0|UYT=][qum. qumu, 23 |=| complex, complex, complex (10)
0, 0, 1 q31Me, q32My, ¢33 complex, complex, complex

where Vi(}) =q;j and we obtained q11,qq2 and qq3 are real numbers.
We show that the quantum numbers of the model presented in [9] allows an effective mass matrix form Eq. (10) for the charged
leptons.

—£}) = f{] (to 5,517 510 i (H) (1041 (Houn) 101 (Hour)] + h.c., (11)



J. Jeong et al. / Physics Letters B 791 (2019) 215-224 219

which arises from, for example for the (22), (33) and (32) elements, viz. Tables 1 and 2,

1 2925 = 0 1 o0 1 1 s, 2 * 1
M2 d“vd 19’72(T4,Z;—1)M (T, Z;—l)Hd(T5,§;+2)22(T3,0: —4)21(T3,§;+4)05 (TG’_E;_‘D

1 - 1 2
7 fdzvdzﬁ 3(Us, 0; +1)T°(Us, 0 +1) Hy(Ts, 33 +2) X2 (T3, 0; —4) (T3, 3 +4)05 (T3, 0; 0) (12)

l/dzﬁ'(u 0;+1) C(TO Ly 1)H4(T ]~+2)E (T3, 0; =4 Z¥(T 2-+4)a (T0 L 4)o5(T 1~+4)
MA n3(Us, U] 192 4 g d 6,3, 2(13,U; 1 3,3, 1 4 4 5 6,2,

which are allowed because they satisfy Qg =0 (needed for D-terms) and Qg =2 (needed for F-terms) modulo 4, respectively. The BSM
fields in Eq. (12) carry Qg =4 modulo 4 and hence Z4g is not broken by the mass terms of the charged leptons.

Since all the entries of the mass matrix M® are allowed, we show below how the required form (10) results. Because of the degeneracy
of the SM fields in the sector Tg, the mass matrix can be written as

riei, riei®, ryel®
~ | riel®, riel?, ryeit2 |. (13)
rsei?3 r3ei®3 rueits

Redefining the L-handed and R-handed phases,

es, 0, 0 1, 0, O
L={ o0 e o|ll=[0 1 0 |k (14)
00 o0, 1 0, 0, g%
we obtain the mass matrix for the choice of ¢5 = —¢1 and ¢g = ¢y — ¢1,
r, r, r
~ r, ., ) . (15)

raei?3, ryel®s.  rue—it2

The above mass matrix form is simple enough to assign phases in the SM singlet fields, o;. From Eq. (12), we can choose the following
phase for the singlets, (o7) ~ e!®3, (05) ~ €0 and (03) ~ e'®2. Determining these phases is postponed until a sufficiently accurate value of
the PMNS phase is known.

3. Diagonalization of mass matrices and mixing angles in the KS form

The charged current (CC) coupling in the lepton sector is

g 7 _
T Z IL)/aV”_Wa +hC (16)
I=e,u,T

Lcc=—

where the weak eigenstate leptons [ are the defining ones in the CC interaction, and the weak eigenstate leptons [, v, are related to the

mass eigenstate leptons li(mass), vi(mass) as
3 3
_ (e) ;(mass) _ (v) .. (mass)
= Vi L™ v =) vy v ™, (17)
j=1 j=1

where the first equation is given already in Eq. (8). The neutrino masses presented in Sec. 2 are in the weak eigenstate bases. Between
the mass eigenstates, the CC interaction is given by

Lec = —-ETM39) oy @Ty @), M)y — 4y ¢ (18)
V2
The PMNS matrix is given by>
V[]:MNS = vty ® (19)

where V® and V) are diagonalizing unitary matrices of L-handed charged leptons and neutrino fields.
A standard way to parametrize the CC lepton interactions is
1, 0 0
CC lepton matrix = Vi o x | 0 e@1/2 0 (20)
0 0 e/

where the first factor called the PMNS matrix is usually written as [31,26]

3 Compare with the CKM matrix Vegy = V®Tv@ defined from the W} coupling, — % ﬁl(mass)y“V(””V‘d)d;_mass) Wg +he.
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150 -

O [degree]

0 . . .
0 20 40 60 80

y [degree]

Fig. 2. The KS values of ©1 ;3 and « in the first quadrant within one sigma bounds of the PDG values as functions in the allowed region of y. In the second quadrant, ©1 33
are given as ©12,3(—y) = ©123(y). In the third quadrant « is given as a(—y) =~ —a(y). The 10% allowed region from the maximum, y = [+62.8°, +56.56°], is shown as
the pink band. The solution for ®; is an ellipse whose tangent, as shown by the extended dashed curve, gives the limit determining the maximum |y |’s in Eq. (23).

C12C3, S12C13, Size™™
V;MNS ~ | —S12C23 — C12523S13€"®,  C12Ca3 — S12S23S13€,  S23Ci3 |, (21)
S12523 — C12C23S13€®,  —C12523 — S12C23S13€",  Ca3Ci3

where Cjj = cos ©jj, Sjj = sin ®;, ©;; = [0, Z), and the angle § = [0, 27r] is the Dirac CP violation phase, and 31, 31 are two Majorana
CP violation phases. The second factor of (20) contains the Majorana phases which may be determined by heavy neutrinos in the seesaw
mechanism. The best fit (BF) real angles of the PMNS matrix are [26],

©12 =0.5764 [C12 = 0.8385, S1 = 0.5450],
©23 =0.7101 [Ca3 = 0.7583, S33 = 0.6519], (22)
©13 =0.1472 [C13 = 0.9892, S13 = 0.1466].

and we have the following bound from Fig. 2,

—78.29°4235" <y < 4+78.29° 100" (23)

from which we obtain

0.8294, 0.5391, 0.1466¢

Vis = | —0.4132-0.08015¢%, 0.6358 —0.0521¢,  0.6449 |,
. . 24
0.3553 — 0.0932¢%,  —0.5466 — 0.0606¢€%,  0.7501 (24)

J=ImV11V Vi3 =—3.28 x 107 2sins

where we used the central values for the allowed angles, 612 = 0.5758(= 32.99°), 013 = 0.1471(= 8.428°) and 6,3 = 0.7101(= 40.69°), for

the normal hierarchy4 of neutrino masses m; < my < ms.
The mass matrix in SU(5)gip from string was presented in Sec. 2 in the KS form, where the 1st row of the PMNS matrix is made real

[24],

Cq, $1C3, S1S3
Vie=| —CaS1,  CiCaC3+S3S3e7is,  C1CyS3 — SpCzeioks || (25)
—e%551S5,  —C2S3 4 C152C3e"%s,  CC3+ C1S2S3€%s

where Det Vis = 1. Then, the phase appearing in the (31) element is the key, viz. | = —Im VS VIS VES = —C,C35%5, 53 sinéks [25]. So,
let us obtain data in the KS form from the data in the PDG book [26]. In view of Fig. 5, we solve the equations for 6; in terms of 6;;,

C151S3 = C12€13513,

2222 222 2 222 2
C5C557S5 + C15755 — 2C1C2C3575253 COS O = C{3C23572593,

2222 2 22 2 2 2 2 2
C5C387S7 = C13€23572593 + C12C13573 — 2€12C73€23512523513 COS Y.

(26)

4 Here we cite, for simplicity of presentation, mainly the numbers for normal hierarchy of neutrino masses except in Fig. 3.
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For the fixed triangle given by (26), the area relation results in

€2€351S2 SIn@ = €13€23512523 Siny. (27)

Since there are four parameters to be determined i.e. 6123 and o from Eq. (26), there is a degree of freedom to define the KS form
from the observed angles in the PDG book. Even if we can determine the KS parameters from (26) with one degeneracy parameter, the
additional relation (27) has a profound meaning. It must be satisfied for all real values of parameters 6;,« and 6;, y. For some angles,
therefore, there must be a bound for the relation (27) to be satisfied. Let us fix the parametrization such that the (11) element in the KS
form agrees with the (11) element of the PDG book, c; = c12¢13. Then, the four conditions to determine the KS parameters are

€1 =C12€13,

$153 = $13,

28
\/cgcgs%sg + 35253 — 2010203595253 COS Q@ = £C13€23512523, (28)

_ 2 222 222 2
€2€35152 = &£/ C13C5357,553 + C15C13573 — 2C12C75€23512523513 COS /.

The second relation of (28) is the important parameter in the neutrino oscillation and hence the condition for the (11) element to
reproduce the PDG’s (11) element is intuitive and persuasive. From the known values of 6;; and the solutions of (26), y should be
bounded. Especially, it cannot be —%.

4. Numerical analyses

In this section, we present numerical analyses for the KS form angles of the PMNS matrix. The best fit (BF) real angles from [26]
determine ®1 and ®s3 accurately,

®1=0.5928 [C; =0.8294, S; =0.5587],

(29
©3 = 0.2656 [C3 = 0.9649, S5 = 0.2625], )

but ®, can be 0.5377 or 1.0331. Numbers given in Eq. (29) are presented in Fig. 2.° For a = —Z (corresponding to y = —62.8°) and
®, =0.5377, we have

0.82939, 0.53909, 0.14663
vie=| —0.47985,  0.68740+ 0.13441e~"s, 0.18697 — 0.49417e%s
—0.28611el%s,  —0.22543 + 0.40986e1%s,  0.82880 + 0.11148e ks (30)

J=—-ImVSvEVE — 28838 x 1072 sin éks .

Namely, to have ] given in Eq. (30) for dgxs = —% compared to | of Eq. (24), we have the minimum allowed value y = —62.8° which
is inside the region given in Eq. (23). In Fig. 2, we mark the +10% band from this value, y = [62.8°,56.52°], as the pink band. In the
third quadrant, the band becomes anti-symmetric to the curve in the first quadrant, y =[—62.8° f}:ggz, —56.56]. In Fig. 3, we present an
inverted hierarchy solution for ms <m; < my.

We used { notation in Egs. (25) and (30) since the definition of the PMNS matrix is given by W, coupling and the CKM matrix is given
by Wlf coupling. To compare both with the W; coupling, factoring out the Majorana phases, let us consider the PMNS parametrization
with  of Eq. (25),

C1, —C287, —S1S,e7 ks
Vks=| S1C3, C1C2C3+ S2S3e'%s,  —CyS3+ C1S2C3e7 s |, (31)
S1S3, C1C2S3 — SaC3eis,  C5C3 4 C15253e710%s

To build a model, leading to (31), one must find out the mass matrices M® and M® with appropriate insertions of e*%s which has
been already shown in Sec. 2.

As suggested in [32], if we use the KS parametrization for the CKM matrix given in [24] and again the KS parametrization for the
PMNS matrix given in Eq. (31) and the same CP phase « appears in the CKM and PMNS phases, we expect the unitary triangles take
the forms given in Fig. 4 (a). If we use the Maiani-Chau-Keung (MCK) parametrization for the CKM matrix and the Schechter-Valle (SV)
parametrization for the PMNS matrix given in [31,26] and the same CP phase y appears in the CKM and PMNS phases, we expect the
unitary triangles take the forms given in Fig. 4 (b). The CKM unitary triangle is known rather accurately but the PMNS unitary triangle
is not known accurately, chiefly because the error bars allowed for y is large: e.g. for the normal hierarchy dcp = —1.728f8:§g}, [34].
These unitary triangles are defined by CC interactions, and determined chiefly by the decay processes in the quark sector and by neutrino
oscillations in the lepton sector.

5 An approximate analytic solution near the dodeca symmetric point was given before [33].
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Fig. 3. Same as in Fig. 2 except for the inverted hierarchy [26], m3 <m; < mj, where Eq. (23) becomes —78.80° fg:g;‘s <y < +78.80°f3_'g)l§ and the lower limit of y becomes
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Fig. 4. The CKM and PMNS unitary triangles with one common angle [32]: (a) « in the KS form, and (b) y in the SV form.

C13C23512523

Fig. 5. The Jarlskog triangle [27,35] where ¢; = cos6;, s; = sin6;, and c;; = cos 6;j, sij = sin6;;.

5. Conclusion

We obtained the mass matrix forms of neutrinos and charged leptons from symmetries allowed in a compactified string [9], possessing
Z4p discrete symmetry. Discrete R parity Z4g is crucial in supersymmetric SMs toward the solutions of the dimension-5 proton decay
problem, @ problem, and acceptable neutrino masses [22]. In the flipped SU(5), the neutrino mass matrix is symmetric, and the weak CP
phase is inserted in the mass matrix of charged leptons. This is then related to the Kim-Seo form of the PMNS matrix. The flipped SU(5)

model compactified on Z1,_; is simple enough to draw this analysis up to satisfying all data on the PMNS matrix.
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Appendix A. Jarlskog determinant

In this Appendix, we comment on the Jarlskog determinant. For three families in the SM, the W boson couplings couple to the charged
currents (CCs) in terms of four angles (three real angles and one phase) in the quark sector [16] and also in the lepton sector [18,19]. The
weak CP violation in the SM is given by the Jarlskog determinant J. The numerical value of J is twice the area of the triangle shown in
Fig. 5. Originally, J was given by a sum of four products of V;; in the form V*VV*V [27]. It was proved that by making Det. V real, one
can express it in terms of three products of Vij: J = —ImVISVISVES or | =ImVSVISVES, ete. [25]. In this form, ] relates the entire
range of the 3 x 3 matrix, covering all three families, and hence it can be a theory dependent number. So, it is better to use this form of
J. Fig. 5 is drawn by considering ) ; V1 Vi3 =0.

One intuitive parametrization is using three rotation angles ®;; in the (ij) planes, with cosines V;; = Vjj = ¢;; and sines Vjj =
sij, Vji = —sjj in V;; and Vi =1 for k|| in the plane (ij). A non-Majorana phase & is inserted conveniently in (13) plane [36]:
Vij=(c13,0,5137%), Vo = (0,1,0), V3j = (—s13€', 0, c13). Since the unitary matrix in the (13) plane has the real determinant, here also
we can use | =—ImVISVISVES or J=ImVISVISVIS, etc.

The angles «, 8, and y, in the unitarity relation ) ; Vi Vi3 =0, of Fig. 5 are related to § of V. The same area of the triangle can be
given in terms of «, 8, or y. For the parameters of Fig. 5, J can be expressed as (c15153)(c2¢35152) sina for the parameters of [24] or
(c12€13513)(€13€23512523) sin y for the parameters of [36]. The usefulness of the Kim-Seo (KS) parametrization with Det. VXS =1 is making

one row real, e.g. in the first row [24],

Ry, Rz, R3
Vis=| Ti, Ra+Rse ™ T, |, (A1)
Ree', T3, T4
where R; and T; are real and complex numbers, respectively. Then, we have | = —R3R4Rgsiné. In this form, it is possible to visualize the

CP phase ei® appearing in the position V31 [25]. A complex (22) element can be always written in the form separating out the term with
the factor e,
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