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ABSTRACT2

Boolean networks (BNs) have been widely used as a useful model for molecular regulatory networks3

in systems biology. In the state space of BNs, attractors represent particular cell phenotypes. For4

targeted therapy of cancer, there is a pressing need to control the heterogeneity of cellular responses5

to the targeted drug by reducing the number of attractors associated with the ill phenotypes of cancer6

cells. Here, we present a novel control scheme for global stabilization of BNs to a unique fixed7

point. Using a sufficient condition of global stabilization with respect to the adjacency matrix, we can8

determine a set of constant controls so that the controlled BN is steered towards an unspecified fixed9

point which can then be further transformed to a desired attractor by subsequent control. Our method10

is efficient in that it has polynomial complexity with respect to the number of state variables, while11

having exponential complexity with respect to in-degree of BNs. To demonstrate the applicability of12

the proposed control scheme, we conduct simulation studies using a regulation influence network13

describing the metastatic process of cells and the Mitogen-activated protein kinase (MAPK) signaling14

network that is crucial in cancer cell fate determination.15

Keywords: Boolean networks (BNs), global stabilization, sequential control, heterogeneity, systems biology16

1 INTRODUCTION

As a biology-based interdisciplinary field, systems biology is receiving a great interest in recent years as17

it can investigate complex interactions within biological systems using holistic approaches to biological18

research (Park et al., 2006; Kim et al., 2007; Murray et al., 2010). Since first proposed by Kauffman (1969),19

Boolean networks (BNs) have been successfully applied to modeling gene regulatory networks in systems20

biology. The main reason for utilizing BNs is that they can formulate simplified dynamics of biological21

networks while capturing the essential characteristics of the networks. Since each gene in the network can22

be considered to have approximately two levels of activity—active (logical one) or inactive (logical zero),23

one can define the corresponding Boolean state variables and Boolean logics that serve as state transition24

functions.25
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Attractors are the most important factors of BNs as they represent key cellular phenotypes. It is known26

that finding singleton attractors, or fixed points as they are often called, is an NP-hard problem (Akutsu et27

al., 1998). Nevertheless, many studies exist in the literature on detecting and analyzing attractors in the28

framework of BNs; see, e.g., Helikar and Rogers (1999); Cheng et al. (2011a); Gonzalez et al. (2006);29

Zheng et al. (2013); Cheng et al. (2017); Zheng et al. (2016) and references therein.30

On the other hand, controlling a cellular behavior is becoming an important issue in systems biology31

(Liu et al., 2011; Cornelius et al., 2013; Wang et al., 2016). In particular, inducing homogeneous cellular32

responses is critical to deal with tumor heterogeneity in most of the anti-cancer therapies (Burrell et al.,33

2013; Mroz et al., 2015; McGranahan and Swanton, 2017). Recent studies conform that non-genetic34

heterogeneity is the key driving force for the evolution of cancerous cells (Brock et al., 2009; Shaffer et al.,35

2017; Dagogo-Jack and Shaw, 2018). In terms of attractors, this is a problem of controlling BNs so that the36

controlled BN can always converge to one or a smaller number of attractors among all possible ones. It is37

most desirable if we can reduce the number of undesired attractors selectively. If not, as the second best38

policy, we can consider the two-step strategy where we first drive the BN towards a global attractor and39

then transform it into a desired one in the second step. In this way, the desired attractor landscape can have40

one fixed point.41

In this paper, we address the aforementioned problem, termed global stabilization of BNs. The main42

objective is to determine a set of constant controls that drive the BN towards a unique fixed point. There43

are many recent results on global stabilization of BNs. Notable among them is Cheng et al. (2011b) that44

presents necessary and sufficient conditions for global stability of BNs based on a matrix operation called45

semi-tensor product (STP). In Kim et al. (2013), on the other hand, a minimal set of state variables that46

make the BN reach a desired attractor is defined as the control kernel, and a general algorithm for the47

identification of the control kernel is presented. In Zañudo and Albert (2015), attractors are represented48

by stable motifs and a method is proposed to identify control targets that ensure the convergence of the49

BN to a desired attractor. The approach in Zañudo and Albert (2015) is remarkable since it combines the50

structural and functional information of the BN in finding control targets. In Zañudo et al. (2017), a scheme51

of feedback vertex set control is proposed that drives biological systems described by general nonlinear52

dynamics (including BNs) towards a desired attractor. Recently, Biane and Delaplace (2017) proposed53

an elegant theoretical scheme that can stabilize a BN in which abduction-based inference is employed to54

determine constant control inputs using integer linear programming (ILP). While their method guarantees55

global stabilization, it needs exponential complexity in deriving control targets. Further, if the dynamics56

of the BN alters by mutations, ILP must be re-formulated. On the other hand, as will be shown later, our57

method can be applied to BNs having mutations that cause constitutive activity or constitutive inactivity of58

proteins without any modification from the problem setting of a normal case.59

In the present study, we adopt the result of Robert (1986) and Cheng et al. (2011b) to determine constant60

controls that ensure global stability of BNs. In particular, we utilize the sufficient condition that if the61

influence graph of a BN is acyclic, there is only one fixed point and from each state there should be a62

trajectory to it. Our method takes a general BN and will search for a set of control inputs so that the resultant63

influence graph becomes acyclic. Also, the selection of control inputs relies on the canalization effect of a64

state variable. A canalized state transition function is fixed to a constant when one state variable belonging65

to the function as an argument is fixed (Kauffman et al., 2004). As the number of state transition functions66

canalized by a chosen control input increases, the tendency of the controlled BN directing towards global67

stabilization is becoming higher. In this regard, we will use the canalization effect as another criterion for68

selecting control inputs.69
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Note that ‘global stabilization’ in this paper does not mean that the controlled BN converges to a unique70

fixed point for all the possible combinations of external inputs and mutation profiles. Since activation71

and inhibition of some genes is determined only by external inputs representing extra-cellular micro-72

environments or mutations occurring to the genes, the global attractor cannot be always the same. Rather,73

the essence of the proposed methodology is the ability to provide a consistent set of control inputs that can74

achieve global stabilization for any given combination of external inputs and mutation profiles. Though75

the global attractor may vary depending on external inputs and mutations, our solution guarantees global76

stabilization despite the difference.77

The rest of this paper is organized as follows. Basic notations and terminologies of BNs and relevant78

notions are introduced in Section 2. In Section 3, we propose an algorithm for determining a set of79

constant control inputs that make the BN converge to a unique fixed point. Permutation of the adjacency80

matrix and canalization by state variables are incorporated into an efficient procedure of determining81

control inputs. To demonstrate the applicability of the proposed control scheme, numerical experiments are82

conducted in Section 4 where we apply the proposed method to a regulation influence network describing83

the metastatic process of cells (Cohen et al., 2015) and an MAPK signaling network regulating cancer cell84

fate determination (Grieco et al., 2013). A comparative study with feedback vertex set control, the control85

kernel method, and the stable motif control is also provided to highlight the efficiency of the proposed86

scheme.87

2 PRELIMINARIES

N is the set of natural numbers and rns “ t1, . . . , nu for n P N. For a finite set A, |A| P N denotes the88

cardinality of A.89

A BN with n state binary variables x1, . . . , xn P t0, 1u is represented by a Boolean mapping F “90

p f1, . . . , fnqT : t0, 1un Ñ t0, 1un where fi : t0, 1un Ñ t0, 1u is the state transition equation of xi. Index i91

and xi will be used interchangeably for the ith state variable. Letting x “ px1, . . . , xnq
T , we express the92

state evolution with x :“ Fpxq. Although our study focuses on BNs with synchronous updating, it can be93

also applied to asynchronously updating BNs.94

The connectivity of F is described by a Boolean matrix with respect to the influence graph of F (Paulevé95

and Richard, 2012), a topological representation of F in which state variables serve as nodes and there is96

an edge xi Ñ x j when f j depends on xi.97

Definition 1. Given F, the adjacency matrix ApFq is an nˆ n Boolean matrix whose pi, jq entry Ai, jpFq98

is 1 if there exists a state px1, . . . , x j´1, 0, x j`1, . . . , xnq
T such that fipx1, . . . , x j´1, 0, x j`1, . . . , xnq ,99

fipx1, . . . , x j´1, 1, x j`1, . . . , xnq; otherwise, Ai, jpFq “ 0.100

Ai, jpFq is equal to 1 when xi is directly affected by x j. Letting ApFq “ pai, jq, denote by ar
i P t0, 1u

1ˆn

and ac
j P t0, 1u

nˆ1 the ith row vector and jth column vector of pai, jq, respectively. The norm of each vector
is defined as

|ar
i | “

n
ÿ

j“1

ai, j

|ac
j| “

n
ÿ

i“1

ai, j
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|ar
i | and |ac

j| are equal to the number of all the incoming and outgoing edges of xi and x j, respectively. For
the row vector ar

i and the column vector ac
j, we define additional parameters

dpar
i q “

i
ÿ

j“1

ai, j

dpac
jq “

j
ÿ

i“1

ai, j

to denote the sum of all one entries from the first to ith position of ar
i and from the first to jth position of101

ac
j, respectively.102

Example 1. Consider the following synthetic BN F “ p f1, . . . , f8qT with

f1pxq “  x3 ^ x7 ^ x8

f2pxq “ px5 _ x6q ^  x8

f3pxq “ x8

f4pxq “ x2 ^ x7 (1)

f5pxq “ x2 _ x4

f6pxq “ x3 ^ x8

f7pxq “ x2 ^ x8

f8pxq “  px1 _ x2q ^ px4 _ x7q

where  , ^, and _ are negation, conjunction, and disjunction operation, respectively. In view of Definition
1, the adjacency matrix ApFq “ pai, jq P t0, 1u8ˆ8 is derived as

pai, jq “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 0 1 0 0 0 1 1
0 0 0 0 1 1 0 1
0 0 0 0 0 0 0 1
0 1 0 0 0 0 1 0
0 1 0 1 0 0 0 0
0 0 1 0 0 0 0 1
0 1 0 0 0 0 0 1
1 1 0 1 0 0 1 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

F has three attractors σ1–σ3 where σ1 and σ2 are fixed points and σ3 is a cycle with length 2:

σ1 “ p1, 1, 0, 0, 1, 0, 1, 0q

σ2 “ p0, 0, 0, 0, 0, 0, 0, 0q

σ3 “ p0, 1, 0, 0, 1, 1, 0, 1q� p0, 0, 1, 1, 1, 0, 0, 0q

Figure 1 shows the influence graph of ApFq, where the arrows with pointed heads represent activation and103

those with bar heads represent inhibition.104
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x1 x2 x3

x5x4

x6 x7 x8

Figure 1. Influence graph of ApFq.

In Cheng et al. (2011b), the necessary and sufficient condition for global stability of F to a fixed point is105

presented in terms of the adjacency matrix.106

Theorem 1. A BN F globally converges to a unique fixed point if and only if there exists k P N such that107

ApFkq “ 0nˆn where Fk denotes the kth iterate of F.108

ApFkq “ 0nˆn implies that all the edges between state variables are disconnected after the kth iterations.109

Hence F will reach a unique fixed point for any initial state. However, since the computation of Fk has110

exponential complexity with respect to n, this criterion is difficult to apply when n is large. Cheng et111

al. (2011b) also presents a sufficient condition for the existence of a global attractor with polynomial112

complexity.113

Theorem 2. For a BN F, assume that there exists k P N such that pApFqqk “ 0, where pApFqqk denotes114

Boolean power in which the sum and product operations in the matrix multiplication are logical OR and115

AND, respectively. Then, F globally converges to a unique fixed point.116

The existence of k P N leading to pApFqqk “ 0 can be determined by checking whether ApFq falls under117

a specific category as stated below (Robert, 1986).118

Theorem 3. For a BN F, there exists k P N such that pApFqqk “ 0 if and only if a permutation matrix119

H P t0, 1unˆn exists such that HT ˆB ApFq ˆB H is a strictly lower triangular (equivalently, upper120

triangular) matrix, where ‘ˆB’ denotes the Boolean product.121

HT ˆB ApFq ˆB H signifies that state variables of F are reordered according to H. If HT ˆB ApFq ˆB H122

is strictly lower triangular, the influence graph of F encoded by the adjacency matrix ApFq turns out to be123

acyclic as addressed in Robert (1986). Theorem 2 and Theorem 3 stipulate that with this condition, F will124

converge to a unique fixed point after some iterations k P N. Further, pApFqqk “ 0 is a sufficient condition125

for global stabilization since ApFkq ď pApFqqk for all k.126

Example 2. Consider a BN F “ p f1, f2, f3, f4qT with

f1pxq “ x2 _ x3

f2pxq “  x4

f3pxq “ x2 ^ x3

f4pxq “  x3

Frontiers 5
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Assume that x3 is fixed to 1 as a control input. With x3 “ 1, The second and third iterate F2 and F3 are
derived as

F2
“

$

’

’

’

’

&

’

’

’

’

%

x1 :“  x4 _ 1
x2 :“ x3

x3 :“ 1
x4 :“ 0

F3
“

$

’

’

’

’

&

’

’

’

’

%

x1 :“ 1
x2 :“ 1
x3 :“ 1
x4 :“ 0

Since ApF3q “ 04ˆ4, by Theorem 1 the BN globally stabilizes to (1,1,1,0) in three steps from any initial
state. The adjacency matrix of F with x3 “ 1 is

ApFq “

¨

˚

˚

˝

0 1 1 0
0 0 0 1
0 0 0 0
0 0 1 0

˛

‹

‹

‚

It is easy to compute that pApFqqp4q “ 04ˆ4. Hence global stability of the BN is confirmed again by
Theorem 2. The latter can be proved by employing the following permutation matrix

H “

¨

˚

˚

˝

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

˛

‹

‹

‚

that switches the order of x3 and x4. Since

HT
ˆB ApFq ˆB H “

¨

˚

˚

˝

0 1 0 1
0 0 1 0
0 0 0 1
0 0 0 0

˛

‹

‹

‚

is strictly upper triangular, by Theorem 3 k P N exists such that pApFqqpkq “ 04ˆ4 (k turns out to be 4 in127

this case).128

For x and P “ tpi1, u1q, . . . , pi|P|, u|P|qu Ă rns ˆ t0, 1u, let x̂P be the state vector in which each xik is129

fixed to a constant uk, k “ 1, . . . , |P|. If P “ H, x̂H “ x. For later usage, let Prns “ ti1, . . . , i|P|u Ă rns.130

x̂P stands for the state vector wherein some state variables are selected as constant control inputs or are131

canalized by other control inputs. This notation will be utilized in developing the algorithm for global132

stabilization.133

Assume that in a BN F, xik has been fixed to uk, k “ 1, . . . , |P|, as characterized by P. Then for x j and fi134

where i, j P rns ´ Prns and i , j, x j is called a canalizing variable of the transition function fi if there exist135

u, v P t0, 1u such that setting x j “ u in x̂P canalizes fipx̂Pq to v. Note that all successive canalizations by136

x j “ u are considered in checking the canalization of fi, namely, more than one transition function may be137

canalized in a sequential way as the result of setting x j “ u. fi is said to be a pu, vq-canalized transition138

function of x j with respect to x̂P (a similar definition is presented in Cheng et al. (2011a)).139
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To quantify the canalization effect of a state variable, denote by C jpP; uq Ă rns ´ Prns the index set of all
pu, ˚q-canalized transition functions of x j with respect to x̂P that are derived by setting x j “ u. For instance,
if x j “ u canalizes f j as well as another transition function f j1 , we have C jpP; uq “ t j, j1u. It is convenient
to elucidate which setting among x j “ 0 and x j “ 1 yields greater canalization effect. To this end, define

T jpPq “ maxp|C jpP; 0q|, |C jpP; 1q|q

as the canalization number of x j with respect to x̂P. T jpPq equals the maximum number of canalized
transition functions of x j that are found for all state variables in rns ´ Prns. But to describe our algorithm
of global stabilization, we often need to restrict the state variables of interest to a subset of rns ´ Prns.
Formally, for Q Ď rns ´ Prns define T jpP,Qq, where j P Q, as

T jpP,Qq “ maxp|C jpP; 0q X Q|, |C jpP; 1q X Q|q

T jpP,Qq represents the maximum number of canalized transition functions of x j that are searched only140

among state variables of Q.141

Example 3. Global stabilization by the control input x3 “ 1 in Example 2 can be interpreted as142

canalization. In view of Example 2, we can set that P “ H and Q “ t1, 2, 3, 4u. Once x3 is fixed to 1, x4 is143

also fixed to 0 in the second iterate F2. Further, x3 and x4 canalize x1 and x2 to 1 in the third iterate F3.144

Hence C3pP; 1q “ 3. Similarly, C3pP; 0q “ 3 and thus T3pP,Qq “ maxp3, 3q “ 3.145

3 METHODS

3.1 Global stabilization146

Although the criterion of Theorem 3 is sufficient but not necessary, it can serve as a practical tool to147

determine control inputs to complex biological networks since ApFq has a polynomial complexity with148

respect to n. Specifically, to derive ApFq from the influence graph of F with n nodes, one must check149

whether any pair of nodes are adjacent with each other. Hence ApFq is computed in Opn2q. Based on150

Theorem 3, we now propose a scheme of deriving a set of control inputs that guarantee global stabilization151

of a BN F. Theorem 3 implies that if the adjacency matrix or one of its permuted matrices is strictly lower152

triangular, F converges to a unique fixed point. To utilize this result, we first reorder state variables of F so153

that the permuted adjacency matrix can be as similar to a strictly lower triangular matrix as possible. If154

the permuted adjacency matrix turns out to be strictly lower triangular, no assignment of control inputs155

is necessary. Otherwise, we select in a sequential way a set of state variables that will be used as control156

inputs. In terms of the graph representation, the latter scheme is equal to making the influence graph of F157

acyclic by fixing some nodes, thus removing their input edges and potentially breaking cycles.158

Once a state variable xi is selected as a control input, all the incoming edges of xi are disconnected,159

leading to ar
i “ 01ˆn. In terms of global stabilization, we can also regard that the outgoing edges of xi160

are ‘disconnected’ since the influence of xi on other state variables becomes constant as does the value of161

xi. Hence we will set ac
i “ 0nˆ1 in our algorithm for determining control inputs. In this regard, it would162

be best if we first select the state variable that has the most outgoing edges in its upper right entries of163

the (permuted) adjacency matrix. Moreover, we must consider the canalization effect of the selected state164

variable. If the transition function of another state variable is canalized by the selected state variable, all165

the corresponding entries of the adjacency matrix also degenerate into zeros. How many state variables166
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are canalized, as is quantified by the canalization number, will be also utilized as a criterion to select the167

control input. The following algorithm is the main result of this paper.168

Algorithm 1. Derivation of control inputs that make the adjacency matrix strictly lower triangular:169

Given a BN F with the adjacency matrix ApFq “ pai, jq, we determine a set of control inputs that ensures170

global stability of F. Set P “ H and Q “ rns.171

1. Permute pai, jq and update Q as follows.172

a. Sort the row vectors into an ascending order of the row vector norm. Letting ip1q, . . . , ipnq be the
sorted indices, we have

|ar
ip1q| ď |a

r
ip2q| ď ¨ ¨ ¨ ď |a

r
ipnq|

b. Permute pai, jq according to ip1q, . . . , ipnq, i.e., reorder the state variables so that xipkq is placed on173

the kth position for all k P rns. Let pãi, jq be the permuted matrix of pai, jq.174

c. Set Q “ Q´ t j P Q|dpãc
jq “ 0u.175

2. Search for j˚ P Q as follows.176

a. Let K Ă Q be the set of indices such that

k “ arg max
jPQ

dpãc
jq @k P K

b. Among the entries of K, find j˚ such that

j˚ “ arg max
kPK

TkpP,Qq

3. Modify pãi, jq and update P and Q as follows.177

a. Let u˚ P t0, 1u be the value of x j˚ such that T j˚pP,Qq “ |C j˚pP; u˚q X Q|.178

b. Set

ãr
j˚ “ ãr

h “ 01ˆn

ãc
j˚ “ ãc

h “ 0nˆ1 @h P C j˚pP; u˚q X Q

c. Update P and Q by

P “ PY tp j˚, u˚qu

Q “ Q´ t j˚u YC j˚pP; u˚q

4. If pãi, jq is strictly lower triangular, terminate the algorithm. The solution to global stabilization of F is

x j1 “ u1, . . . , x j|P| “ u|P|

where P “ tp j1, u1q, . . . , p j|P|, u|P|qu. Otherwise, return to Step 2.179

In the above algorithm, P denotes the set of selected control inputs so far and Q represents eligible180

candidates that can be selected as control inputs in the next step (Prns X Q “ H). Step 1 describes the181

permutation of pai, jq by reordering state variables. Since the permuted adjacency matrix must be akin to a182
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strictly lower triangular one, we reorder xi’s in an ascending order of the norm of the corresponding row183

vectors, that is, those with more incoming edges are placed on later positions. If dpãc
jq “ 0, x j needs not184

be selected as a control input since the present form of its column vector ãc
j is already a component of a185

strictly lower triangular matrix. Thus x j is removed from the candidate set Q (Step 1.c).186

In Step 2, we derive the index j˚ of the state variable that, if selected as a control input, can modify pãi, jq187

so that the changed matrix approaches a strictly lower triangular matrix the most. The best candidate would188

be the one having the most outgoing edges in its upper right entries, which is represented by max dpãc
jq189

(Step 2.a). If more than one state variable have the maximum dpãc
jq, we choose the variable that has the190

greatest canalization number (Step 2.b), since the corresponding row and column vectors of all canalized191

state variables degenerate into zeros (Step 3.b), hence contributing to the modification of pãi, jq to a strictly192

lower triangular matrix.193

Once selected as a control input or canalized by any selected control input, the state variable must be194

excluded from the candidate set Q (Step 3.c). If the modified adjacency matrix is strictly lower triangular,195

the assignment of constant controls in P is the solution to global stabilization (Step 4). Otherwise, the196

foregoing steps are iterated until the solution is derived.197

Example 4. Using Algorithm 1, let us derive the solution to global stabilization of F in Example 1.
According to Step 1.a–b of Algorithm 1, we first permute pai, jq by reordering state variables in an ascending
order of the norm of their row vectors. The permuted adjacency matrix pãi, jq is shown in Table 1. Here,

Table 1. Permuted adjacency matrix pãi, jq

|ar
i | x3 x7 x6 x4 x5 x1 x2 x8

1 0 0 0 0 0 0 0 1
2 0 0 0 0 0 0 1 1
2 1 0 0 0 0 0 0 1
2 0 1 0 0 0 0 1 0
2 0 0 0 1 0 0 1 0
3 1 1 0 0 0 0 0 1
3 0 0 1 0 1 0 0 1
4 0 1 0 1 0 1 1 0

|ar
8| “ 4, |ar

2| “ 3, and so on. Since dpãc
jq “ 0 for all j P t3, 7, 6, 4, 5, 1u, we set Q “ t2, 8u by Step 1.c.

This means that only the outgoing edges of x2 and x8 are in the upper right positions of the permuted pãi, jq.
Figure 2(a) illustrates this topology where the outgoing edges of x2 and x8 are drawn in orange and green,
respectively. Since dpãc

8q “ 5 ą dpãc
2q “ 3, j˚ “ 8 is selected as the first control input by Step 2. If the

value of x8 is made constant, the incoming/outgoing edges of x8 are removed from the influence graph as
shown in Figure 2(b). Referring to (1), further, f2 is p1, 0q-canalized by x8. Hence x8 “ 1 is the value that
maximally canalizes the remaining variables of Q—single element x2 in this case. Applying Step 3.b, we
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modify pãi, jq to

pãi, jq “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0
1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

Since the above matrix is strictly lower triangular, we terminate the algorithm by determining the solution198

x8 “ 1. The resultant influence graph becomes acyclic as shown in Figure 2(c). The global fixed point199

obtained by the control input x8 “ 1 is x˚ “ p0, 0, 1, 0, 0, 0, 0, 1qT , which differs from σ1–σ3 derived in200

Example 1.201

To discuss computational complexity of Algorithm 1, let s P N be the maximum number of incoming202

edges of a node in F. In Step 1.a, sorting the column vectors needs n2 operations in the worst case. Since203

Step 1.b and Step 1.c can be done in one operation, respectively, Step 1 has the maximum n2` 2 operations.204

Step 2.a needs n operations in the worst case. In Step 2.b, on the other hand, we need to derive the205

canalization number of each state variable. For a state variable with l incoming edges, we must check206

whether the corresponding state transition function is fixed to a constant for all 2l´1 combinations of207

arguments (one argument is the canalizing variable). Hence Step 2.b needs n2s´1 operations in the worst208

case. Step 3 has four operations (Step 3.a needs two operations to determine u˚), and finally Step 4 has just209

one operation. Combining these factors, we conclude that Algorithm 1 can be computed in Opn2 ` n2s´1q.210

In other words, Algorithm 1 has polynomial complexity with respect to the number of state variables, while211

having exponential complexity with respect to the number of incoming edges. When the considered BN212

has a state variable with a huge number of incoming edges, applying Algorithm 1 may be computationally213

demanding. Still, Algorithm 1 is useful since it is known that BNs representing biological systems are very214

sparse in general—the average degree of a node is about two (Leclerc, 2008).215

As duality of making a strictly lower triangular matrix, we can adjust Algorithm 1 so as to search for216

a set of control inputs that make the resulting adjacency matrix strictly upper triangular. To this end, we217

reorder state variables according to an ascending order of the column vector norm |ac
j|, find the candidate218

control input that has the greatest |dpar
i q|, and so on. The following algorithm is analyzed in a similar way219

to Algorithm 1.220

Algorithm 2. Derivation of control inputs that make the adjacency matrix strictly upper triangular:221

Given a BN F with the adjacency matrix ApFq “ pai, jq, we determine a set of control inputs that ensures222

global stability of F. Set P “ H and Q “ rns.223

1. Permute pai, jq and update Q as follows.224

a. Sort the column vectors into an ascending order of the column vector norm. Letting jp1q, . . . , jpnq
be the sorted indices, we have

|ac
jp1q| ď |a

c
jp2q| ď ¨ ¨ ¨ ď |a

c
jpnq|
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x1 x2 x3

x5x4

x6 x7 x8

(a)
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x5x4
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(c)

Figure 2. Change of the influence graph of F: (a) before control, (b) removal of incoming/outgoing edges
of x8 by setting x8 “ 1, and (c) removal of incoming/outgoing edges of x2 by canalization (the resultant
influence graph becomes acyclic).

b. Permute pai, jq according to jp1q, . . . , jpnq, i.e., reorder the state variables so that x jpkq is placed on225

the kth position for all k P rns. Let pãi, jq be the permuted matrix of pai, jq.226

c. Set Q “ Q´ ti P Q|dpãr
i q “ 0u.227

2. Search for i˚ P Q as follows.228

a. Let K Ă Q be the set of indices such that

k “ arg max
iPQ

dpãr
i q @k P K

b. Among the entries of K, find i˚ such that

i˚ “ arg max
kPK

TkpP,Qq
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3. Modify pãi, jq and update P and Q as follows.229

a. Let u˚ P t0, 1u be the value of xi˚ such that Ti˚pP,Qq “ |Ci˚pP; u˚q X Q|.230

b. Set

ãr
i˚ “ ãr

h “ 01ˆn

ãc
i˚ “ ãc

h “ 0nˆ1 @h P Ci˚pP; u˚q X Q

c. Update P and Q by

P “ PY tpi˚, u˚qu

Q “ Q´ ti˚u YCi˚pP; u˚q

4. If pãi, jq is strictly upper triangular, terminate the algorithm. The solution to global stabilization of F is

x j1 “ u1, . . . , x j|P| “ u|P|

where P “ tpi1, u1q, . . . , pi|P|, u|P|qu. Otherwise, return to Step 2.231

Algorithm 2 is identical to Algorithm 1 except that (i) the column vector norm |ac
j| is employed instead232

of the row vector norm |ar
i | in permuting the adjacency matrix (Step 1), and (ii) dpãr

i q, the number of 1’s in233

off-diagonal entries of a row, replaces its column counterpart dpãc
jq in determining the control input (Step234

2). Algorithm 1 is suitable for applying to BNs in which state variables with a large number of outgoing235

edges produce large canalization numbers. On the other hand, Algorithm 2 is pertinent to apply to BNs236

where state variables with a large number of incoming edges have a tendency to have large canalization237

numbers.238

Example 5. Let us apply Algorithm 2 to global stabilization of F in Example 1. We first permute pai, jq239

according to an ascending order of the column vector norm. The permuted adjacency matrix pãi, jq is shown240

in Table 2.

Table 2. Permuted adjacency matrix pãi, jq

x1 0 0 0 0 1 1 0 1
x6 0 0 0 0 1 0 0 1
x5 0 0 0 1 0 0 1 0
x4 0 0 0 0 0 1 1 0
x3 0 0 0 0 0 0 0 1
x7 0 0 0 0 0 0 1 1
x2 0 1 1 0 0 0 0 1
x8 1 0 0 1 0 1 1 0
|ac

j| 1 1 1 2 2 3 4 5

241

After applying Step 2–4, we obtain P “ tp8, 1qu, i.e., x8 “ 1 as the control input that achieves global242

stabilization. Thus the control inputs and the global fixed point are the same as those derived using243

Algorithm 1 in Example 4244

The proposed algorithm can be applied without modification to the case that some state variables serve as245

external inputs or outputs. We first remove input and output variables from the entries of the adjacency246
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matrix. Then we derive the adjacency matrix by setting the values of external inputs and continue to apply247

Algorithm 1. The proposed algorithm is also applicable to the case that some state variables are disabled by248

mutation. For instance, if xi is knocked out by mutation, its value is fixed to xi “ 0. In a similar way to249

Step 3.b of Algorithm 1, to deal with mutated variables we refine the adjacency matrix a priori by setting250

ar
i “ ar

h “ 01ˆn and ac
i “ ac

h “ 0nˆ1 for all h P rns such that xh is canalized by xi “ 0. Moreover, our251

algorithm can deal with the existence of uncontrollable state variables, namely those state variables that252

cannot be used as control inputs. Let Q f Ă rns be the index set of uncontrollable state variables. The latter253

constraint can be easily implemented in the algorithm by setting Q :“ rns ´ Q f instead of Q “ rns in the254

initial phase.255

As mentioned in Introduction, a significant advantage of the proposed algorithm is that it always256

guarantees a solution to global stabilization for any values of the external inputs and fixed values of mutated257

variables. Unless the external inputs and mutations influence the variables that are otherwise to be selected258

as control inputs, the algorithm gives the same solution without regard to the external inputs and mutations.259

3.2 Sequential control260

Once the heterogeneity of cellular responses is eliminated by the proposed scheme of global stabilization,261

it would be a reasonable follow-up measure to investigate whether there is a subsequent scheme that can262

drive the BN further from the unique fixed point to another stable state with a desirable feature. We may263

realize this objective by applying various control strategies for BNs (Cheng et al., 2011a; Kim et al., 2013;264

Mochizuki et al., 2013). In doing so, the contribution of our study to reduce the heterogeneity of the BN265

strewn with many mutations and input variations will play a role as an important precedence.266

In this paper, we present one of straightforward subsequent schemes—to perturb the values of external267

inputs after the BN reaches the unique fixed point. We first assume that among n state variables of the268

considered BN, m ones (1 ď m ă n) serve as external inputs, that is, they have no incoming edges in269

the corresponding influence graph. We also assume that some bio-markers of the cell are available to270

determine that the BN reaches an attractor and that a desirable phenotype turns on a specific combination271

of bio-markers. The proposed sequential control scheme combining global stabilization and perturbation of272

external inputs is addressed as follows.273

Step 1: Given a BN F, apply Algorithm 1 (or Algorithm 2) to derive the set of constant control274

inputs P “ tp j1, u1q, . . . , p j|P|, u|P|qu that ensures global stabilization of F. Find the unique fixed point275

x˚ P t0, 1un that will be reached in response to P.276

Step 2: Allocating x˚ as the initial state, apply all 2m input combinations to F separately during which277

|P| state variables x j1 , . . . , x j|P| that were used as control inputs are set to be free variables again.278

Step 3: Check whether there exists an input combination that drives F from x˚ to another fixed point279

with the desirable phenotype.280

Step 4: If no such input combination is found, the sequential control scheme fails to achieve global281

stabilization to a desired fixed point. Else if there are a number of input combinations that succeed in282

favorable global stabilization, select the minimally perturbed input combination, namely, the input283

combination in which the number of activated external inputs is minimum.284

As elucidated in Step 4, this control strategy does not always give a solution, as the reachability of the285

BN starting from the unique fixed point x˚ may not be expanded enough by perturbing external inputs.286

Nevertheless, this method is worth attempting since it is very easy to apply and computationally tractable287

(usually the number of external inputs m is small). Once we derive the input combination that will be288
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applied in the second step, we can conduct the overall procedure of the sequential control scheme as289

follows.290

1. Provide P to the considered BN.291

2. Determine the convergence of the BN to x˚ by observing the corresponding bio-markers. When the292

convergence is ensured, stop the transmission of P.293

3. Engage in the second control step by providing the input combination that is derived in the preceding294

algorithm.295

4. Confirm the convergence of the BN to the desired fixed point by observing that the bio-markers change296

to the corresponding values.297

The practicality of the sequential control scheme will be validated in our numerical experiments.298

4 APPLICATION TO BIOLOGICAL SYSTEMS

4.1 Metastasis influence network299

ECMicroenv

Metastasis

DNAdamage

p63 p53 p73

AKT1 AKT2

CDH1 CDH2

CTNNB1

DKK1

ERK

GF

miR200miR203

miR34

NICD

p21

SMAD

SNAI1 SNAI2

TGFbeta

TWIST1

VIM ZEB1 ZEB2

CellCycleArrest ApoptosisEMT Invasion Migration

Figure 3. Boolean network implementing a metastasis influence network (Cohen et al., 2015). Some nodes
represent biochemical species (proteins, miRNAs, processes, etc.) and others represent phenotypes, and
edges represent activating (green) or inhibitory (red) influences of one node onto other node. The BN has
two input nodes ECMicroenv and DNADamage and one output node Metastasis, drawn in rectangles.

To validate the practicality of the proposed algorithm, we apply it to two real biological systems. First,300

let us consider an influence network describing the metastatic process of cells (Cohen et al., 2015). The301

network graph of the metastasis influence network is shown in Figure 3. There are two external inputs,302

ECMicroenv and DNADamage, and one output, Metastasis. ECMicroenv = 1 and 0 means that the effect of303

the extracellular micro-environment turns on and off, respectively. DNADamage=1 implies that a DNA304
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damage occurs to the considered cell. Excluding the inputs and output, the BN of Figure 3 has 29 free305

variables (n “ 29). According to Cohen et al. (2015), it has nine possible fixed points in total.306

Referring to Algorithm 1, we first compute the adjacency matrix pai, jq and permute it to pãi, jq according307

to the norm of the row vector. Display of pai, jq and pãi, jq is omitted here for space limit and the names of308

proteins shown in Figure 3 will take place of the corresponding indices. By Step 2, we derive K “ tk P309

Q|k “ arg max dpãc
jqu where Q “ rns “ t1, . . . , 29u. It turns out that K is a monotone set K “ tp53u.310

Hence we have j˚ “ p53.311

By Step 3.a, we replace p53 with 0 and 1 respectively to the Boolean logic rules (Table S1) to compute
the canalization number. It is found that by setting p53=1, eight state variables AKT1, AKT2, CTNNB1,
NICD, p63, p73, SNAI1, and SNAI2 are maximally canalized to logic 0. For instance, the state transition
equation of AKT1 is (see Table S1 and Cohen et al. (2015))

AKT1 “ CT NNB1^ pNICD_ TGFbeta_GF _CDH2q

^  p53^ miR34^ CDH1.

Since p53 is included in the equation in the form ‘^ p53’, p53 = 1 clearly leads to AKT1 = 0.312

Further, we investigate whether other variables are subsequently canalized by these first-canalized313

variables and so forth. Interestingly, all the other variables are canalized to fixed values. Therefore, we find314

that p53 = 1 is a solution to global stabilization of the metastasis influence network. To confirm our result,315

we use a Python package called BooleanNet (Albert et al., 2008; BooleanNet, 2018) to search for attractors316

of the BN with the control input p53 = 1 (see also the supplementary material BooleanNet.pdf). Table 3 is317

the outcome of the search given every possible combination of two inputs DNADamage and ECMicroenv.318

We ensure the validity of the proposed scheme since Table 3 equals the result of our scheme.319

An examination of Table 3 shows that four attractors attr1–attr4 are almost identical with each other (only320

the value of TGFbeta differs). Hence it can be said that the proposed scheme guarantees homogenous stable321

states of the considered BN against heterogeneity in terms of external inputs. Further, all the obtained322

attractors are desirable since they ensure programmed cell death and no metastasis is manifested (Apoptosis323

= 1 and Metastasis = 0 in all attractors). This result complies with the analysis in Cohen et al. (2015) that324

unless the mutation activating NICD and inhibiting p53 occurs, the network will converge to apoptotic325

stable states.326

Though any subsequent control is unnecessary in this case, we note that the proposed algorithm of global327

stabilization is not able to specify the features of the obtained fixed points in general since it does not use328

any parameter associated with the desirable phenotypes. Hence, if the obtained fixed points do not have329

desirable features, we must apply the second control step. The latter problem will be discussed in the next330

case study. We also note that Algorithm 2 produces the same result p53=1 for this case study.331

In Cohen et al. (2015), main consideration was devoted to constructing a logical model describing332

metastasis and to understanding the role of involved gene alterations. While some predictions were made333

on pathways and molecules triggering metastasis, no methodology was presented to determine control334

targets that can globally stabilize the metastasis influence network. Hence, our study can expedite further335

analysis of the metastasis influence network for control purposes.336
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Table 3. Unique fixed points with p53 = 1
Gene attr1 attr2 attr3 attr4

DNADamage 0 0 1 1
ECMicroenv 0 1 0 1

AKT1 0 0 0 0
AKT2 0 0 0 0
CDH1 1 1 1 1
CDH2 0 0 0 0

CTNNB1 0 0 0 0
DKK1 0 0 0 0
ERK 0 0 0 0
GF 0 0 0 0

miR200 1 1 1 1
miR203 1 1 1 1
miR34 0 0 0 0
NICD 0 0 0 0
p21 1 1 1 1
p53 1 1 1 1
p63 0 0 0 0
p73 0 0 0 0

SMAD 0 0 0 0
SNAI1 0 0 0 0
SNAI2 0 0 0 0

TGFbeta 0 1 0 1
TWIST1 0 0 0 0

VIM 0 0 0 0
ZEB1 0 0 0 0
ZEB2 0 0 0 0

CellCycleArrest 1 1 1 1
Apoptosis 1 1 1 1

EMT 0 0 0 0
Invasion 0 0 0 0

Migration 0 0 0 0
Metastasis 0 0 0 0
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4.2 MAPK signaling network337
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Figure 4. Boolean network implementing the MAPK signaling network (Grieco et al., 2013). Each node
denotes a model component. Model inputs and outputs are drawn in rectangles, and green arrows and red
T-arrows denote positive and negative regulations, respectively.

Next, we apply the proposed algorithm to global stabilization of the Mitogen-activated protein kinase338

(MAPK) signaling network that describes the mechanism underlying the influence of the MAPK signaling339

network on cancer cell fate decision (Grieco et al., 2013). Represented as a BN shown in Figure 4, the340

MAPK signaling network has 53 components in total, among which there are four inputs (DNA damage,341

EGFR stimulus, FGFR3 stimulus, and TGFBR stimulus) and three outputs (Proliferation, Apoptosis, and342

Growth Arrest).343

We have applied the proposed algorithm to the MAPK signaling network with various combinations of344

input sets and mutation settings, which are specified in Supplementary Dataset S3 of Grieco et al. (2013).345

For all the possible input combinations and mutation settings, our algorithm produces the same solution346

set, p38 = 1 and GRB2 = 1, that globally stabilizes the considered network (both Algorithms 1 and 2 derive347

the same result). Table 4 is a list of selected results that shows attractors with respect to five combinations348

of external inputs and three mutation settings, denoted by r4, r9, and r10 following Grieco et al. (2013);349

refer to Table S3 for attractors obtained with respect to all input combinations.350

This results imply a remarkable virtue of the proposed algorithm, i.e., despite differences in activations of351

the external inputs and mutation profiles, our scheme guarantees the global stabilization of the considered352

network. According to Supplementary Dataset S3 of Grieco et al. (2013), the number of attractors for each353

mutation setting is 3 for r4, 1 for r9, and 2 for r10. By contrast, applying the derived control inputs p38 = 1354

and GRB2 = 1, we ensure that the network converges to a fixed point for any mutation profile. Moreover,355

Frontiers 17



J.–M. Yang et al. Global Stabilization of Boolean Networks

as observed in Table 4, the global attractor for each case of the input combination and mutation setting356

is very similar to one another. For instance, in the attractors for all 24 “ 16 input combinations (among357

which only five are displayed in columns 2–6 of Table 4), only five state variables, ATM, SMAD, TAK1,358

TAOK, and TGFBR, have different values. The attractors obtained under mutation settings also have strong359

similarity with each other.360

The reason for this similarity is obvious. Note that the proposed algorithm always searches for the target361

variables and corresponding values according to the number of outgoing edges and the canalization number362

(Algorithms 1 and 2). Since the latter values are little influenced by perturbation of external inputs, the363

result will be the same in most cases. Only state variables having incoming edges from external inputs364

or from those variables that are directly connected with external inputs will differ. In the above case, for365

example, ATM will vary according to the input DNA damage since ATM = DNA damage (see Table S2).366

Once heterogeneity of cellular responses is minimized by global stabilization, we can apply further367

control schemes to take the derived global attractor towards another attractor with desirable features. In368

this numerical experiment, we try to achieve this goal by perturbing four external inputs as presented in369

Section 3.2. An apoptotic stable state of the MAPK signaling network is characterized by Apoptosis =370

Growth Arrest = 1 and Proliferation = 0 (Grieco et al., 2013). Referring to Table 4, six left most attractors371

are apoptotic stable states while those of mutations r9 and r10 are not. We apply every combination of372

input perturbations to the two non-apoptotic attractors in order to conduct the second control. Note that in373

the second step, the foregoing control inputs p38 = GRB2 = 1 are not employed any more and p38 and374

GRB2 are released as free variables.375

Table 5 shows the results of perturbation of external inputs after global stabilization for mutations r9 and376

r10 (see Table S4 for complete description of attractors). Note that there are a number of input combinations377

among 16 candidates achieving the goal, namely, invoking the BN to reach apoptotic stable states in both378

mutations. We select the case of DNA damage = TGFBR stimulus = 1 as our solution since it needs379

the minimum number of input perturbations. The sequential control procedure for the MAPK signaling380

network for mutations r4, r9, and r10 is summarized as follows (see also Section 3.2).381

1. Apply control inputs p38 = GRB2 = 1 to drive the network towards the global fixed point of each382

mutation setting (Table 4 and Table S3).383

2. Determine the convergence of the network by observing the change of bio-markers (see Grieco et al.384

(2013)).385

3. Conduct the second control step by applying DNA damage = TGFBR stimulus = 1 so as to drive the386

network towards apoptotic attractors (Table 5 and Table S4).387
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Table 4. Unique single attractors with p38 = 1 and GRB2 = 1 for various input combinations and mutation
settings

Gene

Input set to 1 Mutation settings

None
EGFR = 1 FGFR3 = 1

DNA EGFR FGFR3 TGFBR FGFR3 = 1 p14 = 0 p14 = 0
damage stimulus stimulus stimulus (r4) (r9) (r10)

AKT 0 0 0 0 0 0 1 1
AP1 1 1 1 1 1 1 0 0
ATF2 1 1 1 1 1 1 1 1
ATM 0 1 0 0 0 0 0 0

Apoptosis 1 1 1 1 1 1 0 0
BCL2 0 0 0 0 0 0 1 1
CREB 1 1 1 1 1 1 1 1
DUSP1 1 1 1 1 1 1 1 1
EGFR 0 0 0 0 0 0 1 0
ELK1 1 1 1 1 1 1 1 1
ERK 0 0 0 0 0 0 0 0

FGFR3 0 0 0 0 0 1 0 1
FOS 0 0 0 0 0 0 0 0

FOXO3 1 1 1 1 1 1 0 0
FRS2 0 0 0 0 0 0 0 0
GAB1 1 1 1 1 1 1 1 1

GADD45 1 1 1 1 1 1 0 0
GRB2 1 1 1 1 1 1 1 1

Growth Arrest 1 1 1 1 1 1 0 0
JNK 1 1 1 1 1 1 0 0
JUN 1 1 1 1 1 1 0 0

MAP3K1 3 1 1 1 1 1 1 1 1
MAX 1 1 1 1 1 1 1 1

MDM2 0 0 0 0 0 0 1 1
MEK1 2 0 0 0 0 0 0 0 0

MSK 1 1 1 1 1 1 1 1
MTK1 1 1 1 1 1 1 0 0
MYC 1 1 1 1 1 1 1 1
PDK1 1 1 1 1 1 1 1 1
PI3K 1 1 1 1 1 1 1 1
PKC 0 0 0 0 0 1 1 1

PLCG 0 0 0 0 0 1 1 1
PPP2CA 1 1 1 1 1 1 1 1

PTEN 1 1 1 1 1 1 0 0
Proliferation 0 0 0 0 0 0 0 0

RAF 1 1 1 1 1 1 0 0
RAS 1 1 1 1 1 1 1 1
RSK 0 0 0 0 0 0 0 0

SMAD 0 0 0 0 1 0 0 0
SOS 1 1 1 1 1 1 1 1

SPRY 0 0 0 0 0 0 0 0
TAK1 0 0 0 0 1 0 0 0
TAOK 0 1 0 0 0 0 0 0

TGFBR 0 0 0 0 1 0 0 0
p14 1 1 1 1 1 1 0 0
p21 1 1 1 1 1 1 0 0
p38 1 1 1 1 1 1 1 1
p53 1 1 1 1 1 1 0 0
p70 0 0 0 0 0 0 0 0
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Table 5. Results of perturbation of external inputs after global stabilization by p38 = 1 and GRB2 = 1
External inputs Key genes in attractors

Mutation DNA EGFR FGFR3 TGFBR Apoptosis Growth Arrest Proliferationsetting damage stimulus stimulus stimulus

r9

0 0 0 0 cycle cycle cycle
0 0 0 1 0 0 0
0 0 1 0 cycle cycle cycle
0 0 1 1 0 0 0
0 1 0 0 cycle cycle cycle
0 1 0 1 0 0 0
0 1 1 0 cycle cycle cycle
0 1 1 1 0 0 0
1 0 0 0 1 1 0
1 0 0 1 1 1 0
1 0 1 0 1 1 0
1 0 1 1 1 1 0
1 1 0 0 1 1 0
1 1 0 1 1 1 0
1 1 1 0 1 1 0
1 1 1 1 1 1 0

r10

0 0 0 0 cycle cycle cycle
0 0 0 1 0 0 0
0 0 1 0 cycle cycle cycle
0 0 1 1 0 0 0
0 1 0 0 cycle cycle cycle
0 1 0 1 0 0 0
0 1 1 0 cycle cycle cycle
0 1 1 1 0 0 0
1 0 0 0 cycle cycle cycle
1 0 0 1 1 1 0
1 0 1 0 cycle cycle cycle
1 0 1 1 1 1 0
1 1 0 0 cycle cycle cycle
1 1 0 1 1 1 0
1 1 1 0 cycle cycle cycle
1 1 1 1 1 1 0
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Like the foregoing case study, the present result can contribute to determining control targets for the388

MAPK signaling network since the original study (Grieco et al., 2013) did not consider the latter topic. The389

major concern of Grieco et al. (2013) was to present a logical model of the MAPK signaling network and390

to elucidate how MAPK signaling affects cell proliferation, growth arrest, apoptotic cell death, etc. Grieco391

et al. (2013) applied known biological input/output data to the MAPK signaling network, based on which392

the underlying mechanisms were analyzed in detail. Note that such analysis was focused on understanding393

the mechanism with respect to feedbacks and cross-talks inherent in the model, not on determining control394

targets for global stabilization as done in this study.395

As mentioned, the proposed algorithm cannot specify the feature of the unique fixed point in a desirable396

way, which may impose a burden on the second control step. But our sequential control scheme can still be397

useful, especially in controlling cancer cells, for the following reasons:398

(i) First, for cancer cells, removing non-genetic heterogeneity via global stabilization is a very significant399

phase itself that should be achieved even though the resulting attractor is unsatisfactory. Sequential400

control of cancer cells, i.e., initially blocking primary mutation effects and cross-talks, and subsequently401

applying combinatorial targeted drugs for additional controlling, has been an active area of research in402

recent years (see, e.g., Lee et al. (2012); Vijayaraghavalu et al. (2012)).403

(ii) Next, while many existing targeted drugs aim at inhibiting or activating intracellular molecules (mainly404

signaling proteins) of cancer cells, studies on tackling cancer cells by manipulating tumor micro-405

environments are also receiving a great attention. Since tumor micro-environments are characterized406

by external inputs in BNs, our sequential control scheme with external input control in the second step407

can be combined with the related methods (e.g., Bissell and Hines (2011); Quail and Joyce (2013)).408

4.3 Comparative study409

To conduct a comparative study, we have applied three representative global stabilization schemes—410

feedback vertex set (FVS) control (Fiedler et al., 2013), the control kernel (CK) method (Kim et al., 2013),411

and the stable motif (SM) method (Zañudo and Albert, 2015) to the control problem of the MAPK signaling412

network discussed in the previous subsection.413

(i) Feedback vertex set control: In graph theory, an FVS is a subset of nodes in the absence of which414

the digraph becomes acyclic, i.e., it contains no directed cycles (Fiedler et al., 2013; Liu and Barabàsi,415

2016). Hence if constant control inputs are assigned to the state variables of an FVS, the resultant BN will416

eventually converge to a unique fixed point. To apply FVS control, we first identify a desired fixed point417

that is possessed by the considered BN, namely, a fixed point showing the desirable phenotype (Apoptosis418

= Growth Arrest = 1 and Proliferation = 0). To this end, we randomly generated 100,000 initial states and419

made the MAPK signaling network evolve from each initial state. In this near brute-force searching, we420

found eight fixed points for r9 mutation and four ones for r10 mutation that have the desirable phenotype.421

We select a desired fixed point from each attractor set for r9 and r10 mutations, respectively, and derive the422

minimal FVS. Then we set the values of FVS according to the corresponding values in the selected fixed423

point. Although some cyclic attractors also have the the desirable phenotype, we did not use them for the424

purpose of focusing on fixed points.425

Referring to Supplementary Dataset S1, we found that Attractor 2 of r9 mutation and Attractor 21 of426

r10 mutation are the same. Hence by selecting this fixed point, we can achieve global stabilization of the427

BN with desirable phenotype irrespective of the existence of both r9 and r10 mutations. Table 6 shows the428

minimal FVSs that take the MAPK signaling network towards the desired fixed point. The result of Table 6429
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Table 6. Minimal FVSs for control of the MAPK signaling network with r9 and r10 mutations (refer to
Supplementary Dataset S1 for associated desired fixed points)

External inputs Internal variables
DNA EGFR FGFR3 TGFBR ERK p53 p38 PKC GRB2 GAB1damage stimulus stimulus stimulus

1 0 0 1 0 1 1 1 1 1

is similar to that of Table 5 in that both solve the global stabilization problem by activating two external430

inputs (DNA damage and TGFBR stimulus) and by setting some state variables to be constant controls.431

In term of accessibility of the modeling information, FVS control is superior since it does not need the432

exact Boolean logic of the BN. On the other hand, the solution of the proposed scheme is more efficient in433

this numerical experiment since the number of control inputs is less than that of FVS control. In fact, our434

solution set p38=1 and GRB2=1 is included in the minimal FVSs as seen in Table 6.435

(ii) Control kernel method: In Kim et al. (2013), the control kernel is defined as the minimal set of436

nodes that need to be regulated to drive the network to converge to a desired attractor for all initial states.437

A genetic algorithm (GA) is employed to find the minimal set among randomly selected candidate node438

sets. Following the method addressed in Kim et al. (2013), we found the control kernel that drives the439

MAPK signaling network to a fixed point with the desirable phenotype (Apoptosis = Growth Arrest = 1440

and Proliferation = 0). Since global stabilization must be valid for either r9 or r10 mutation, we searched441

for the control kernel for each mutation case separately and extracted common control kernels, if any.442

The control kernel method usually chooses a desired fixed point, based on which an appropriate control443

kernel is explored. But we did not specify any desired fixed point in this case study. Instead, we adapted444

the control kernel algorithm and discovered feasible control kernels and their corresponding fixed points445

yielding the desirable phenotype simultaneously in the search space of the control kernel method.446

It is found that no control kernel having size one exists that achieves global stabilization of the BN. With447

the size of the control kernel set to be two, we found nine control kernels that solve the control problem, as448

shown in Table 7 and Supplementary Dataset S2. Interestingly, our solution set p38=1 and GRB2=1 is not449

included in the derived control kernels. This is due to the property of our adapted searching algorithm that450

it explores the control kernel and a desired attractor in one single step. The result of Table 7 indicates that451

the control kernel has superior performance than the proposed scheme since it does not need any external452

input to be activated. In term of computational load, however, our algorithm is much better since while the453

control kernel method takes more than 72 hours to obtain the result, our algorithm yields the control inputs454

and the associated external inputs in a few minutes.455

(iii) Stable motif method: A stable motif is referred to as a set of nodes and their corresponding states456

such that the nodes form a minimal strongly connected component and their states form a partial fixed point457

of the BN (Zañudo and Albert, 2015). Stable motifs can be regarded as control targets since once they reach458

certain boolean values, they are preserved against other updating schemes due to their dynamical property of459

being partial fixed points. In Zañudo and Albert (2015), the set of stable motifs is first computed, followed460

by reducing the number of control targets in the stable motif using the stable motif control algorithm. The461

stable motif method is remarkable since it is the first network control approach that combines the structural462

and functional information of Boolean networks to determine control inputs for stabilization.463

We have applied the stable motif method to controlling the MAPK signaling network that is influenced464

by r9 and r10 mutations. The stable motif control algorithm was implemented based on the method of465
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Table 7. Control kernel with size two for control of the MAPK signaling network with r9 and r10 mutations
(refer to Supplementary Dataset S2 for associated desired fixed points). ‘-’ indicates that the corresponding
variable or external input is not needed.

External inputs Internal variables
DNA EGFR FGFR3 TGFBR ATM FRS2 GRB2 TGFBR p53 MDM2damage stimulus stimulus stimulus

1 - - - - 1 1 - - - -
2 - - - - 1 - 1 - - -
3 - - - - 1 - - 1 - -
4 - - - - - 1 - - - 1
5 - - - - - 1 - - 1 -
6 - - - - - - 1 - - 1
7 - - - - - - 1 - 1 -
8 - - - - - - - 1 - 1
9 - - - - - - - 1 1 -

Zañudo et al. (2017), and StableMotifs java library devised in Zañudo and Albert (2015) was used to realize466

the simulation code. It is found that the set of stable motifs for each mutation profile contains more than467

ten state variables. However, through the stable motif control algorithm, we derived a number of stable468

motif control sets consisting of only four external inputs (Supplementary Dataset S3). Among them, four469

combinations shown in Table 8 globally stabilize the BN to a fixed point having the desirable phenotype470

(Apoptosis = Growth Arrest = 1 and Proliferation = 0) for both r9 and r10 mutations.471

The result of the stable motif method is efficient in that the solution set includes no internal variables.472

Hence it would be more advantageous when manipulating control targets in biological experiments. On the473

other hand, it is necessary to identify all attractors of the MAPK signaling network before determining the474

stable motif control set that will be utilized as actual controls since some quasi-attractors induced in the475

network reduction procedure are not real attractors of the BN (see Supplementary Dataset S3).476

Table 8. Stable motif control sets for control of the MAPK signaling network with r9 and r10 mutations
(refer to Supplementary Dataset S3 for associated desired fixed points)

External inputs
DNA damage EGFR stimulus FGFR3 stimulus TGFBR stimulus

1 1 0 0 1
2 1 0 1 1
3 1 1 0 1
4 1 1 1 1

The primary difference between the proposed scheme and the existing methods is that the proposed477

scheme is a purely analytical approach for solving the global stabilization problem based on structural478

and algebraic information of the BN. The proposed scheme is particularly useful for large-scale biological479

networks as it does not involve any numerical search algorithm with demanding complexity. Table 9480

summarizes our comparative study with a brief review of the procedure of each control scheme.481

5 CONCLUSION

The problem of global stabilization of BNs has been addressed in this paper to control the heterogeneous482

cellular behavior for homogeneous responses. We have proposed an algorithm determining a set of constant483
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Table 9. Comparison between the proposed scheme and feedback vertex set, control kernel, and stable
motif methods that are applied to controlling the MAPK signaling network

Proposed Scheme Feedback Vertex
Set

Control Kernel Stable Motif

Find control tar-
gets for global sta-
bilization

Yes Yes Yes Yes

Applicable to
large-scale BNs
(n ě 100)

Yes Yes Yes: No

Need to know Boo-
lean logic of the
network

Yes No Yes Yes

Procedure 1. Global stabiliza-
tion by the adjace-
ncy matrix
2. Determine exter-
nal inputs to steer
the BN towards a
desired attractor

1. Find FVSs
using network
topology
2. Fix values of
FVS states corre-
sponding to the
desired attractor

Check whether
the BN can be
steered towards
the desired attra-
ctor by brute-force
method (sample
initial states for
large networks)

1. Compute stable
motifs
2. Derive optimal
stable motif nodes
that take the BN
to the desired attra-
ctor

:Note that the control kernel method is computationally intractable, if not impossible, for large-scale BNs since it takes huge
time to find control kernels for BNs with large n.

control inputs that can drive the controlled BN to an unspecified global fixed point. A subsequent control to484

transform the fixed point to a desired attractor is further presented using perturbation of external inputs.485

The proposed sequential control method is practical in that the procedure of selecting control inputs is486

simple and has polynomial computational complexity with respect to the dimension of state variables,487

while having exponential complexity with respect to in-degree of BNs. In addition, the proposed method488

can be used for any combination of external inputs and mutations. The results of numerical experiments on489

the metastasis regulation influence network and MAPK signaling network demonstrate the applicability of490

the proposed control scheme. Furthermore, our experimental studies show that the proposed sequential491

control can drive the BN to reach a desired final attractor and the proposed global stabilization can be492

utilized as a preparatory step.493
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SUPPLEMENTAL DATA

Supplementary information on the two biological Boolean network models, the details of the proposed500

control targets, and the implementation information and results of comparative studies are provided:501

Supplementary Table S1: Boolean logical rules describing the activity of nodes in the Metastasis influence502

network.503

Supplementary Table S2: Boolean logical rules describing the activity of nodes in the MAPK signaling504

network.505

Supplementary Table S3: Unique single attractors with p38 = 1 and GRB2 = 1 for all the possible input506

combinations in the MAPK signaling network.507

Supplementary Table S4: Complete description of the attractors in Table 4 that are obtained by508

perturbation of external inputs after global stabilization by p38 = 1 and GRB2 = 1.509

Supplementary Dataset S1: Results of FVS control for the MAPK signaling network.510

‚ “r9 RealAttractors” sheet: All the attractors of the BN with r9 mutation that are obtained by randomly511

generating 100,000 initial states.512

‚ “r10 RealAttractors” sheet: All the attractors of the BN with r10 mutation that are obtained by randomly513

generating 100,000 initial states.514

‚ “Minimal FVSs” sheet: Derived minimal FVSs with respect to Attractor 2 in r9 RealAttractors and515

Attractor 21 in r10 RealAttractors sheets.516

‚ “Results” sheet: Selected minimal FVSs and the desired fixed points for r9 and r10 mutations.517

Supplementary Dataset S2: Results of the control kernel method for the MAPK signaling network.518

‚ “r9 CKs” sheet: All the control kernels with size two that stabilize the BN with r9 mutation to a set of519

desired fixed points.520

‚ “r10 CKs” sheet: All the control kernels with size two that stabilize the BN with r10 mutation to a set521

of desired fixed points.522

‚ “Results” sheet: Intersection of the control kernels with size two for r9 and r10 mutations.523

Supplementary Dataset S3: Results of the stable motif method for the MAPK signaling network.524

‚ “r9 RealAttractors” sheet: All the attractors of the BN with r9 mutation that are obtained by randomly525

generating 100,000 initial states.526

‚ “r10 RealAttractors” sheet: All the attractors of the BN with r10 mutation that are obtained by randomly527

generating 100,000 initial states.528

‚ “r9 StableMotifControlSets” sheet: Stable motif control sets of the BN with r9 mutation that are529

obtained by the stable motif control algorithm.530

‚ “r10 StableMotifControlSets” sheet: Stable motif control sets of the BN with r10 mutation that are531

obtained by the stable motif control algorithm.532

‚ “r9 and r10 QuasiAttractors” sheet: Quasi-attractors of the BN with r9 and r10 mutations that are533

obtained by the stable motif control algorithm.534

‚ “r9 StableMotifControl results” sheet: Desired fixed points of the BN with r9 mutation that are535

obtained by applying common stable motif control sets.536
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‚ “r10 StableMotifControl results” sheet: Desired fixed points of the BN with r10 mutation that are537

obtained by applying common stable motif control sets.538

Supplementary Dataset S4: A Python script that conducts global stabilization by Algorithm 1 for the Meta-539

stasis influence network (Section 4.1). It can be also downloaded from https://github.com/choonlog/Global-540

stabilization/tree/master/GS Adjacency Matrix.541

Supplementary Dataset S5: A Python script that conducts global stabilization by Algori-542

thm 1 for the MAPK signaling network (Section 4.2). It can be also downloaded from543

https://github.com/choonlog/Global-stabilization/tree/master/GS Adjacency Matrix.544

BooleanNet: A Python package called BooleanNet executed on Python 3.5 is used in searching for545

attractors in all the numerical experiments. By setting simulation parameters of the initial state of each546

node, logical functions of the BN, limit of trajectory steps, and the update scheme, we can find associated547

attractors. Notice that we have modified the source code of BooleanNet for enhancing computing efficiency.548

Download distribution is provided in https://github.com/choonlog/Global-stabilization.549
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Zañudo, J. G. T., Yang, G., and Albert, R. (2017). Structure-based control of complex networks with640

nonlinear dynamics. Proceedings of the National Academy of Sciences, 114, 7234–7239.641

Zheng, Q., Shen, L., Shang, X., and Liu, W. (2016). Detecting small attractors of large Boolean networks642

by function-reduction-based strategy. IET Systems Biology, 10, 49–56.643

Zheng, D., Yang, G., Li, X., and He, L. (2013). An efficient algorithm for computing attractors of644

synchronous and asynchronous Boolean networks. PloSOne, 8, e60593.645

This is a provisional file, not the final typeset article 28


	Introduction
	Preliminaries
	Methods
	Global stabilization
	Sequential control

	Application to biological systems
	Metastasis influence network
	MAPK signaling network
	Comparative study

	Conclusion

