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Irregular Sampling on Shift Invariant Spaces

Kil Hyun KWON†a), Member and Jaekyu LEE†b), Nonmember

SUMMARY Let V(φ) be a shift invariant subspace of L2(R) with a
Riesz or frame generator φ(t). We take φ(t) suitably so that the regular sam-
pling expansion : f (t) =

∑
n∈Z f (n)S (t−n) holds on V(φ). We then find con-

ditions on the generator φ(t) and various bounds of the perturbation {δn}n∈Z
under which an irregular sampling expansion: f (t) =

∑
n∈Z f (n + δn)S n(t)

holds on V(φ). Some illustrating examples are also provided.
key words: shift invariant space, irregular sampling, frame, Riesz basis

1. Introduction

The classical Shannon sampling theorem ([12], [17]) says
that any signal f (t) in PWπ, the Paley-Wiener space of fi-
nite energy signals, band-limited in [−π, π] can be recovered
uniquely from its uniform sample values as

f (t) =
∑
n∈Z

f (n)
sin π(t − n)
π(t − n)

.

As a natural extension of the Shannon sampling theo-
rem, many authors have studied the sampling procedure
on various signal spaces including shift invariant spaces.
See e.g. [1], [3], [14], [18], [20], [23] and references therein.
Here, we let V(φ) be a shift invariant closed subspace of
L2(R), where φ(t) is a Riesz or frame generator. We put
some further restrictions on the generator φ(t) so that the
regular sampling expansion

f (t) =
∑
n∈Z

f (n)S (t − n), f ∈ V(φ)

holds. We then consider the irregular sampling expansion

f (t) =
∑
n∈Z

f (n + δn)S n(t), f ∈ V(φ)

by perturbing the regular sampling instants {n}n∈Z into {n +
δn}n∈Z and find conditions on the generator φ(t) and some
bounds on the perturbation {δn}n∈Z so that the above irregu-
lar sampling expansion holds on V(φ). The results obtained
here unify and extend some of the previous results on the
same topic in [4]–[6], [15], [18], [19], [22]. We also provide
some illustrating examples.
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2. Preliminaries

A sequence {φn}n∈Z of vectors in a Hilbert space H is

• a Bessel sequence in H(with a bound B) if there is a
constant B > 0 such that∑

n∈Z
|〈 f , φn〉|2 ≤ B ‖ f ‖2 , f ∈ H;

• a frame of H(with bounds (A, B)) if there are constants
B ≥ A > 0 such that

A|| f ||2 ≤
∑
n∈Z
|〈 f , φn〉|2 ≤ B ‖ f ‖2 , f ∈ H;

• a Riesz basis of H(with bounds (A, B)) if it is complete
in H and there are constants B ≥ A > 0 such that for
any c = {c(n)}n∈Z ∈ l2,

A ‖c‖22 ≤
∥∥∥∥∥∥∥
∑
n∈Z

c(n)φn

∥∥∥∥∥∥∥
2

≤ B ‖c‖22 ,

where ‖c‖22 :=
∑
n∈Z
|c(n)|2.

Let {φn}n∈Z be a frame of H with bounds (A, B) and

S ( f ) =
∑
n∈Z
〈 f , φn〉φn, f ∈ H

the frame operator of {φn}n∈Z. Then {S −1(φn)}n∈Z is also a
frame of H with bounds

(
1
B ,

1
A

)
, called the canonical dual

frame of {φn}n∈Z and

f =
∑
n∈Z
〈 f , φn〉S −1φn =

∑
n∈Z
〈 f , S −1φn〉φn, f ∈ H.

Fourier transform is defined by

F [ f ](ξ) = f̂ (ξ) :=
∫ ∞

−∞
f (t) e−itξ dt, f (t) ∈ L1(R) ∩ L2(R)

so that 1√
2π
F [·] extends to be a unitary operator on L2(R).

For any φ(t) ∈ L2(R), let

Cφ(t) :=
∑
n∈Z
|φ(t + n)|2 and Gφ(ξ) :=

∑
n∈Z

∣∣∣̂φ(ξ + 2nπ)
∣∣∣2 .

Then Cφ(t) = Cφ(t + 1) ∈ L1[0, 1] and Gφ(ξ) = Gφ(ξ + 2π) ∈
L1[0, 2π]. We also let
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Zφ(t, ξ) :=
∑
n∈Z

φ(t + n)e−inξ

be the Zak transform of φ(t) ∈ L2(R) ([13]). Then Zφ(t, ξ) ∈
L2([0, 1] × [0, 2π]) and by the Poisson summation formula
(cf. Lemma 6.2 in [2])

Zφ(t, ξ) =
∑
n∈Z

φ̂(ξ + 2nπ)eit(ξ+2nπ) a.e. in R2. (1)

Let V(φ) := span{φ(t−n)}n∈Z be the shift invariant space
generated by φ(t) ∈ L2(R), that is, the closed subspace of
L2(R) spanned by {φ(t − n)}n∈Z. Let

A :=
∥∥∥Gφ(ξ)

∥∥∥
0

and B :=
∥∥∥Gφ(ξ)

∥∥∥∞
be the essential infimum and the essential supremum of
Gφ(ξ) on the spectrum σ(V) := suppGφ ∩ [0, 2π] of V(φ)
respectively. Here suppGφ is the support of a locally inte-
grable function Gφ(ξ) as a distribution onR (cf. [11]), that is,
R\suppGφ is the largest open subset of R on which Gφ(·) = 0
a.e. Then it is well known ([8]) that {φ(t − n)}n∈Z is

• a Bessel sequence in V(φ) with the optimal bound B if
and only if B < ∞;
• a frame of V(φ) with the optimal bounds (A, B) if and

only if 0 < A ≤ B < ∞;
• a Riesz basis of V(φ) with the optimal bounds (A, B) if

and only if 0 < A ≤ B < ∞ and σ(V) = [0, 2π].

For a Riesz or frame generator φ(t), let φ̃(t) ∈ L2(R) be
such that

̂̃φ(ξ) =
φ̂(ξ)

Gφ(ξ)
χsuppGφ

(ξ), (2)

where χE(·) is the characteristic function of a subset E of R.
Then {φ̃(t − n)}n∈Z is the dual Riesz basis or the canonical
dual frame of {φ(t − n)}n∈Z, of which the optimal bounds are(

1
B ,

1
A

)
.

Let

T (c) = (c ∗ φ)(t) :=
∑
n∈Z

c(n)φ(t − n), c ∈ l2

be the pre-frame operator of the frame {φ(t − n)}n∈Z of V(φ)
with bounds (A, B). Then T is a bounded linear operator
from l2 onto V(φ) so that

V(φ) = {(c ∗ φ)(t) : c ∈ l2} = {(c ∗ φ)(t) : c ∈ N(T )⊥},
where N(T ) is the kernel of T and N(T )⊥ is the orthogonal
complement of N(T ) in l2. We then have ([8])

A ‖c‖22 ≤ ‖(c ∗ φ)(t)‖2L2(R) ≤ B ‖c‖22 , c ∈ N(T )⊥. (3)

For c = {c(n)}n∈Z and d = {d(n)}n∈Z in l2, let

ĉ(ξ) :=
∑
n∈Z

c(n)e−inξ and c ∗ d := {(c ∗ d)(n)}n∈Z,

where (c ∗ d)(n) :=
∑
k∈Z

c(k)d(n − k). Then

‖c‖22 =
1

2π

∥∥∥̂c(ξ)
∥∥∥2

L2[0,2π]
and (4)

‖c ∗ d‖22 =
1

2π

∥∥∥∥̂c(ξ)̂d(ξ)
∥∥∥∥2

L2[0,2π]
.

3. The Case of Riesz Generator

In Sect. 3, let φ(t) ∈ L2(R) be a Riesz generator satisfying

• φ(t) is everywhere well defined on R;
• Cφ(t) < ∞, t ∈ R.

Then V(φ) becomes a reproducing kernel Hilbert space
(RKHS in short) (see Proposition 2.3 in [14]) with the re-
producing kernel

q(t, s) :=
∑
k∈Z

φ̃(t − k)φ(s − k), (5)

where φ̃(t) is given by (2). Since ‖q(·, s)‖2L2(R) ≤ 1
ACφ(s), any

sequence in V(φ), which converges in L2(R), also converges
uniformly on any subset E of Rwith supE Cφ(t) < ∞. In par-
ticular, for any c ∈ l2, f (t) = (c ∗ φ)(t) converges absolutely
on R and uniformly on E when supE Cφ(t) < ∞.

We further assume that

0 < α :=
∥∥∥φ̂∗(ξ)

∥∥∥
0
≤ β :=

∥∥∥φ̂∗(ξ)
∥∥∥∞ < ∞, (6)

where φ̂∗(ξ) :=
∑

n∈Z φ(n)e−inξ and
∥∥∥φ̂∗(ξ)

∥∥∥
0

and
∥∥∥φ̂∗(ξ)

∥∥∥∞ are

the essential infimum and the essential supremum of
∣∣∣̂φ∗(ξ)

∣∣∣
on σ(V)(= [0, 2π]) respectively. Then the regular sampling
expansion holds on V(φ) since we have:

Proposition 3.1. On V(φ), the following are all equivalent.

(a) There is a Riesz basis {S (t − n)}n∈Z of V(φ) such that

f (t) =
∑
n∈Z

f (n)S (t − n). (7)

(b) {q(t, n)}n∈Z is a Riesz basis of V(φ).
(c) 0 <

∥∥∥φ̂∗(ξ)
∥∥∥

0
≤ ∥∥∥φ̂∗(ξ)

∥∥∥∞ < ∞.

Moreover in this case, {q(t, n)}n∈Z is the dual Riesz basis of
{S (t − n)}n∈Z and

Ŝ (ξ) =
φ̂(ξ)

φ̂∗(ξ)
a.e. on R.

Proof. See Theorem 3.3 in [14]. �

Note that in Proposition 3.1, the Riesz bases {S (t −
n)}n∈Z and {q(t, n)}n∈Z have bounds

(
A
β2 ,

B
α2

)
and

(
α2

B ,
β2

A

)
re-

spectively.

Lemma 3.2. Let {φn}n∈Z and {ψn}n∈Z be two sequences in a
Hilbert space H.

(a) ([8]) {φn}n∈Z is a Bessel sequence in H with a bound M
if and only if
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∥∥∥∥∥∥∥
∑
n∈Z

c(n)φn

∥∥∥∥∥∥∥
2

≤ M ‖c‖22 , c ∈ l2F ,

where l2F := {c = {c(n)}n∈Z ∈ l2 : c(n) =
0 for all but finitely many n′s}.

(b) ([21]) Let {φn}n∈Z be a Riesz basis of H and {Cn(·)}n∈Z
the coefficient functionals of {φn}n∈Z. If∑

n∈Z
‖Cn(·)‖ ‖ψn − φn‖ < 1,

then {ψn}n∈Z is also a Riesz basis of H.
(c) (Theorem 5 in [10](resp. Theorem 1 in [7])) Let {φn}n∈Z

be a Riesz basis(resp. frame) of H with bounds (A, B).
If {ψn − φn}n∈Z is a Bessel sequence in H with a bound
M < A, then {ψn}n∈Z is also a Riesz basis(resp. frame)
of H.

In the following, we let δ = {δn}n∈Z be a real sequence.
We first find conditions on the generator φ(t) and l2-bounds
on the perturbation δ = {δn}n∈Z for an irregular sampling
expansion to hold on V(φ).

Theorem 3.3. Assume further that φ(t) ∈ C(R) and there
exists φ′(t) on R\Z. If u = {un}n∈Z ∈ l2, where un :=
sup0<|t−n|<‖δ‖∞ |φ′(t)|, then for any δ = {δn}n∈Z with |δn| <
1, n ∈ Z and ‖δ‖2 <

√
A
B

α
‖u‖2 , there is a Riesz basis {S n(t)}n∈Z

of V(φ) for which the irregular sampling expansion holds:

f (t) =
∑
n∈Z

f (n + δn)S n(t), f ∈ V(φ). (8)

Proof. For any c ∈ l2F , we have by (5)

Δ :=

∥∥∥∥∥∥∥
∑
n∈Z

c(n)(q(t, n + δn) − q(t, n))

∥∥∥∥∥∥∥
2

(9)

=

∥∥∥∥∥∥
∑
k∈Z

⎧⎪⎪⎨⎪⎪⎩
∑
n∈Z

c(n)
(
φ(n + δn − k) − φ(n − k)

)⎫⎪⎪⎬⎪⎪⎭ ·
φ̃(t − k)

∥∥∥∥∥∥
2

≤ 1
A

∑
k∈Z

∣∣∣∣∣∣∣
∑
n∈Z

c(n)
(
φ(n + δn − k) − φ(n − k)

)∣∣∣∣∣∣∣
2

≤ ‖c‖
2
2

A

∑
k∈Z

∑
n∈Z
|φ(n + δn − k) − φ(n − k)|2

=
‖c‖22

A

∑
n∈Z

∑
l∈Z
|φ(l + δn) − φ(l)|2

≤ ‖c‖
2
2

A
‖δ‖22 ‖u‖22

since |φ(l + δn) − φ(l)| ≤ |δn| ul by the mean value theorem.
Hence by Lemma 3.2(a), {q(t, n+ δn)−q(t, n)}n∈Z is a Bessel
sequence in V(φ) with a bound 1

A ‖δ‖22 ‖u‖22. Since {q(t, n)}n∈Z
is a Riesz basis of V(φ) with bounds

(
α2

B ,
β2

A

)
, {q(t, n+δn)}n∈Z

is also a Riesz basis of V(φ) if ‖δ‖22 < A
B

α2

‖u‖22
by Lemma

3.2(c). Then we have the irregular sampling expansion (8),
where {S n(t)}n∈Z is the dual Riesz basis of {q(t, n + δn)}n∈Z
since f (n + δn) = 〈 f (t), q(t, n + δn)〉, n ∈ Z. �

In the following, ACloc(R) denotes the space of locally
absolutely continuous functions on R.

Theorem 3.4. Assume further that φ(t) ∈ ACloc(R) and
Cφ′(t) ∈ L∞(R). Then for any δ = {δn}n∈Z with ‖δ‖2 <√

A
B

α√‖Cφ′ (t)‖L∞ (R)

, there is a Riesz basis {S n(t)}n∈Z of V(φ) for

which the irregular sampling expansion (8) holds on V(φ).

Proof. Since φ(t) ∈ ACloc(R), there exists φ′(t) a.e. so that

φ(l + δn) − φ(l) =
∫ δn

0
φ′(t + l)dt, l ∈ Z

by the fundamental theorem of calculus. Then∑
l∈Z
|φ(l + δn) − φ(l)|2 ≤ |δn|2

∥∥∥Cφ′(t)
∥∥∥

L∞(R)

so that as in (9)

Δ =

∥∥∥∥∥∥∥
∑
n∈Z

c(n) (q(t, n + δn) − q(t, n))

∥∥∥∥∥∥∥
2

≤ ‖c‖
2
2

A
‖δ‖22

∥∥∥Cφ′(t)
∥∥∥

L∞(R)
.

Hence, by Lemma 3.2(a) {q(t, n+ δn)−q(t, n)}n∈Z is a Bessel
sequence in V(φ) with a bound 1

A ‖δ‖22
∥∥∥Cφ′(t)

∥∥∥
L∞(R)

. There-
fore, the conclusion again follows from Lemma 3.2(c). �

If ‖δ‖∞ ≥ 1
2 in Theorem 3.3, then φ(t) ∈ ACloc(R) so

that Theorem 3.3 is a consequence of Theorem 3.4 since∥∥∥Cφ′(t)
∥∥∥1/2

L∞(R)
≤ ‖u‖2.

Note that when φ′(t) ∈ L2(R), Cφ′(t) = 1
2π

∥∥∥Zφ′ (t, ·)
∥∥∥2

L2[0,2π] and by (1)∣∣∣Zφ′ (t, ξ)
∣∣∣ ≤ Hφ′ (ξ) :=

∑
n∈Z

∣∣∣φ̂′(ξ + 2nπ)
∣∣∣ a.e. in R2.

(10)

Hence Cφ′(t) ∈ L∞(R) and
∣∣∣Cφ′ (t)

∣∣∣ ≤ 1
2π

∥∥∥Hφ′ (ξ)
∥∥∥2

L2[0,2π]
a.e.

if Hφ′ (ξ) ∈ L2[0, 2π].
As it was done in [6] (where φ(t) is a continuous

Riesz generator with φ(t) = O ((1 + |t|)−r) , r > 1 so that
sup
R

Cφ(t) < ∞), we may apply Lemma 3.2(b) to the pairs
{̂q(ξ, n)}n∈Z and {̂q(ξ, n + δn)}n∈Z. Then for φ(t) and δ =
{δn}n∈Z as in Theorem 3.3, we obtain : if ‖δ‖1 :=

∑
n∈Z |δn| <√

A
B

α
‖u‖1 , then there is a Riesz basis {S n(t)}n∈Z of V(φ) for

which (8) holds. But, this is a consequence of Theorem 3.3
since ‖δ‖1 ≥ ‖δ‖2 for any sequence δ = {δn}n∈Z.

We now find conditions on the generator φ(t) and l∞-
bounds on the perturbation δ = {δn}n∈Z for the irregular sam-
pling expansion (8) to hold on V(φ).
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Theorem 3.5. For any δ = {δn}n∈Z, let

Φ(t) :=
∑
j∈Z
|φ( j + t) − φ( j)| and

M := sup
n∈Z

∑
k∈Z
|φ(k + δk+n) − φ(k)| .

If M < ∞ and sup|t|≤‖δ‖∞ Φ(t) < A
B
α2

M , where ‖δ‖∞ :=
supn∈Z |δn|, then there is a Riesz basis {S n(t)}n∈Z of V(φ) for
which the irregular sampling expansion (8) holds on V(φ).

Proof. For any c ∈ l2F ,

Δ =

∥∥∥∥∥∥∥
∑
n∈Z

c(n) (q(t, n + δn) − q(t, n))

∥∥∥∥∥∥∥
2

≤ 1
A

∑
k∈Z

∣∣∣∣∣∣∣
∑
n∈Z

c(n)
(
φ(n + δn − k) − φ(n − k)

)∣∣∣∣∣∣∣
2

(cf. (9))

=
1
A

∑
n,l∈Z

c(n)c(l)bn,l

≤ 1
A

∑
n,l∈Z
|c(n)|2

∣∣∣bn,l

∣∣∣ ≤ 1
A
‖c‖22 sup

n∈Z

∑
l∈Z

∣∣∣bn,l

∣∣∣ ,
where bn,l = bl,n :=

∑
k∈Z

(
φ(n + δn − k) − φ(n − k)

)
· (φ(l +

δl − k) − φ(l − k)
)
.

Now∑
l∈Z

∣∣∣bn,l

∣∣∣
≤

∑
j∈Z
|φ( j + δn) − φ( j)|

∑
k∈Z

∣∣∣φ(k + δk+n− j) − φ(k)
∣∣∣

≤ M sup
|t|≤‖δ‖∞

Φ(t)

so that∥∥∥∥∥∥∥
∑
n∈Z

c(n) (q(t, n + δn) − q(t, n))

∥∥∥∥∥∥∥
2

(11)

≤ M
A
‖c‖22 sup

|t|≤‖δ‖∞
Φ(t), c ∈ l2F .

Hence {q(t, n + δn) − q(t, n)}n∈Z is a Bessel sequence in V(φ)
with a bound M

A sup|t|≤‖δ‖∞ Φ(t) so that the conclusion follows
from Lemma 3.2(c). �

It’s interesting to note that φ(t) needs not be continuous
on R in Theorem 3.5.

Corollary 3.6. Assume further that φ(t) ∈ C(R) and φ(t) =
O ((1 + |t|)−r) , r > 1. If ‖δ‖∞ is small enough, then there
is a Riesz basis {S n(t)}n∈Z of V(φ) for which the irregular
sampling expansion (8) holds on V(φ).

Proof. Assume φ(t) = O ((1 + |t|)−r) , r > 1 and ‖δ‖∞ ≤ 1.
Then with M and Φ(t) as in Theorem 3.5, M ≤ M̃ :=
sup‖σ‖∞≤1

∑
k∈Z |φ(k + σk) − φ(k)| < ∞ and Φ(t) ∈ C(R)

since Φ(t) =
∑

j∈Z |φ( j + t) − φ( j)| converges locally uni-
formly on R and φ(t) ∈ C(R). Hence (cf. (11)) {q(t, n +
δn) − q(t, n)}n∈Z is a Bessel sequence in V(φ) with a bound
M̃
A sup|t|≤‖δ‖∞ Φ(t), which converges to 0 as ‖δ‖∞ tends to
0 since Φ(t) ∈ C(R). Therefore if ‖δ‖∞ is so small that
sup|t|≤‖δ‖∞ Φ(t) < A

B
α2

M̃
, then {q(t, n + δn)}n∈Z is also a Riesz

basis of V(φ) by Lemma 3.2(c) and the conclusion follows.
�

Remark 3.7. If φ(t) = O ((1 + |t|)−r) , r > 1, is continuous
on R, then Cφ(t) = Cφ(t+1) ∈ C[0, 1] so sup

R
Cφ(t) < ∞ and

{φ(n)}n∈Z ∈ l1. Hence φ̂∗(ξ) = φ̂∗(ξ + 2π) ∈ C[0, 2π] so that
the condition (6) holds if and only if φ̂∗(ξ) � 0 on [0, 2π].

Corollary 3.6 was first proved in [5], where V(φ) = V0

and φ(t) is a continuous scaling function of an MRA {Vm}m∈Z
(see Theorem 5 in [5]). Authors in [5], [6] implicitly as-
sumed that φ(t) is real-valued and claimed (see Lemma 4 in
[5]) that {∑n∈Z φ(t − n)φ(k − n)}n∈Z is a Riesz basis of V(φ).
But it is not true unless {φ(t − n)}n∈Z is a real orthonormal
basis of V(φ). Although we mainly follow ideas in [5] to
estimate Δ, the proof of Corollary 3.6 here is much sim-
pler than the one for Theorem 5 in [5], where they used the
biorthogonal scaling functions.

Lemma 3.8. Let ψ(t) ∈ L2(R)∩ ACloc(R) be a frame gener-
ator and ψ′(t) ∈ L2(R). Then

(i) Cψ(t) ∈ ACloc(R) so sup
R

Cψ(t) < ∞;
(ii) V(ψ) ⊂ L2(R) ∩ ACloc(R);

(iii) for any f (t) = (c ∗ ψ)(t) ∈ V(ψ) with c ∈ l2, f ′(t) =
(c ∗ ψ′)(t) a.e.

Proof. See Lemma 3 in [18]. �

Theorem 3.9. Assume further that φ(t) ∈ ACloc(R), φ′(t) ∈
L2(R) and Zφ′ (t, ξ) ∈ L∞(R2). If ‖δ‖∞ < α

√
A

2B
1‖Zφ′ (t,ξ)‖L∞ (R2)

,

then there is a Riesz basis {S n(t)}n∈Z of V(φ) for which the
irregular sampling expansion (8) holds on V(φ).

Proof. Since V(φ) ⊂ ACloc(R) by Lemma 3.8, we have by
the fundamental theorem of calculus, for any f ∈ V(φ) and
any n ∈ Z

| f (n + δn) − f (n)| =
∣∣∣∣∣∣
∫ δn

0
f ′(t + n)dt

∣∣∣∣∣∣
≤ √‖δ‖∞

(∫ ‖δ‖∞

−‖δ‖∞

∣∣∣ f ′(t + n)
∣∣∣2 dt

) 1
2

so that∑
n∈Z
|〈 f (t), q(t, n + δn) − q(t, n)〉|2

≤ ‖δ‖∞
∫ ‖δ‖∞

−‖δ‖∞

∑
n∈Z

∣∣∣ f ′(t + n)
∣∣∣2 dt.

Now f (t) = (c ∗ φ)(t), c ∈ N(T )⊥ so that by Lemma 3.8

f ′(t + n) = (c ∗ φ′)(t + n) =
∑
k∈Z

c(k)φ′(t + n − k)



KWON and LEE: IRREGULAR SAMPLING ON SHIFT INVARIANT SPACES
1167

= (c ∗ dt)(n) a.e.,

where dt := {φ′(t + n)}n∈Z ∈ l2 for a.e. t since φ′(t) ∈ L2(R).
Then by (3) and (4)∑

n∈Z

∣∣∣ f ′(t + n)
∣∣∣2 = ‖c ∗ dt‖22

=
1

2π

∥∥∥∥̂c(ξ)d̂t(ξ)
∥∥∥∥2

L2[0,2π]

≤
∥∥∥∥d̂t(ξ)

∥∥∥∥2

L∞[0,2π]
‖c‖22

≤ 1
A

∥∥∥∥d̂t(ξ)
∥∥∥∥2

L∞[0,2π]
‖ f ‖2L2(R)

for a.e. t, where d̂t(ξ) = Zφ′(t, ξ). Hence∑
n∈Z
|〈 f (t), q(t, n + δn) − q(t, n)〉|2

≤ 2 ‖δ‖2∞
A

∥∥∥Zφ′ (t, ξ)
∥∥∥2

L∞(R2)
‖ f ‖2L2(R)

so that {q(t, n + δn) − q(t, n)}n∈Z is a Bessel sequence

in V(φ) with a bound 2‖δ‖2∞
A

∥∥∥Zφ′ (t, ξ)
∥∥∥2

L∞(R2)
. Hence if

2‖δ‖2∞
A

∥∥∥Zφ′ (t, ξ)
∥∥∥2

L∞(R)
< α2

B , then {q(t, n + δn)}n∈Z is a Riesz
basis of V(φ) by Lemma 3.2(c) and the conclusion follows.

�

The proof of Theorem 3.9 can be easily modified to
yield : if either all δn ≥ 0 or all δn ≤ 0, then (8) holds on

V(φ) when ‖δ‖∞ < α
√

A
B

1‖Zφ′ (t,ξ)‖L∞ (R2)

.

Note that when φ′(t) ∈ L2(R), we have by (1)

Zφ′(t, ξ) =
∑
n∈Z

φ̂′(ξ + 2nπ)eit(ξ+2nπ)

= i
∑
n∈Z

(ξ + 2nπ)̂φ(ξ + 2nπ)eit(ξ+2nπ) a.e. in R2

so that Zφ′ (t, ξ) ∈ L∞(R2) and
∣∣∣Zφ′(t, ξ)

∣∣∣ ≤ ∥∥∥Hφ′ (ξ)
∥∥∥

L∞(R)
a.e.

in R2 if φ̂(ξ) = O ((1 + |ξ|)−r) , r > 2. For example, the
latter condition holds for the B-spline φn(t) = (φ0 ∗ φn−1)(t)
of degree n ≥ 3, where φ0(t) = χ[0,1)(t) is the Haar scaling
function.

4. The Case of Frame Generator

In Sect. 4, let φ(t) ∈ L2(R) ∩ C(R) be a frame generator
satisfying sup

R
Cφ(t) < ∞. Then V(φ) becomes an RKHS

with the reproducing kernel q(t, s) given by (5) and any
f (t) = (c ∗ φ)(t) ∈ V(φ) with c ∈ l2 converges uniformly
on R to f (t) ∈ C(R). We also assume that the condition
(6) holds. Then by the frame version of Proposition 3.1(see
Theorem 3.4 in [14] or Theorem 1 in [23]), {q(t, n)}n∈Z is a
frame of V(φ) so that the regular sampling expansion (7)
holds on V(φ), where {S (t − n)}n∈Z is the canonical dual
frame of {q(t, n)}n∈Z.

Therefore all results (Theorems 3.3–3.9) in Sect. 3 re-
main true on V(φ), where φ(t) is a frame generator as above.

However, in the case of frame generator, we may improve
bounds on δ by using Lemma 4.1 below instead of Lemma
3.2(c).

Lemma 4.1. Let {φn}n∈Z be a frame of a Hilbert space H
with bounds (A, B) and {ψn}n∈Z ∈ H. If there is a constant λ
with 0 ≤ λ < 1 and∑

n∈Z
|〈 f , ψn − φn〉|2 ≤ λ

∑
n∈Z
|〈 f , φn〉|2 , f ∈ H, (12)

then {ψn}n∈Z is also a frame of H.

Proof. The inequality (12) implies by the triangular in-
equality

(1 − √λ)2
∑
n∈Z
|〈 f , φn〉|2 ≤

∑
n∈Z
|〈 f , ψn〉|2

≤ (1 +
√
λ)2

∑
n∈Z
|〈 f , φn〉|2 , f ∈ H.

Hence

(1 − √λ)2A ‖ f ‖2 ≤
∑
n∈Z
|〈 f , ψn〉|2

≤ (1 +
√
λ)2B ‖ f ‖2 , f ∈ H

so that {ψn}n∈Z is also a frame of H with bounds(
(1 − √λ)2A, (1 +

√
λ)2B

)
. �

Note that the frame part of Lemma 3.2(c) is a conse-
quence of Lemma 4.1 since when {ψn − φn}n∈Z is a Bessel
sequence in H with a bound M < A, (12) holds with λ =
M
A < 1. Lemma 4.1 was essentially proved in [22], where
authors handled the case H = V(φ), {φn}n∈Z = {q(t, n)}n∈Z
and {ψn}n∈Z = {q(t, n + δn)}n∈Z. The above proof of Lemma
4.1 is much simpler than the one for Theorem 3 in [22].

Theorem 4.2. If∑
n∈Z

∑
l∈Z
|φ(l + δn) − φ(l)|2 < α2, (13)

then there is a frame {S n(t)}n∈Z of V(φ) for which

f (t) =
∑
n∈Z

f (n + δn)S n(t), f ∈ V(φ). (14)

Proof. For any f (t) = (c ∗ φ)(t), c ∈ l2, we have by (4)∑
n∈Z
|〈 f (t), q(t, n)〉|2 =

∑
n∈Z
| f (n)|2 = ‖c ∗ d‖2 (15)

=
1

2π

∥∥∥̂c(ξ)̂φ∗(ξ)
∥∥∥2

L2[0,2π]

≥ α2 ‖c‖22 ,
where d = {φ(n)}n∈Z. On the other hand,∑

n∈Z
|〈 f (t), q(t, n + δn) − q(t, n)〉|2

=
∑
n∈Z
| f (n + δn) − f (n)|2
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=
∑
n∈Z

∣∣∣∣∣∣∣
∑
k∈Z

c(k) (φ(n + δn − k) − φ(n − k))

∣∣∣∣∣∣∣
2

≤ ‖c‖22
∑
n∈Z

∑
l∈Z
|φ(l + δn) − φ(l)|2

≤
⎧⎪⎪⎨⎪⎪⎩ 1
α2

∑
n∈Z

∑
l∈Z
|φ(l + δn) − φ(l)|2

⎫⎪⎪⎬⎪⎪⎭
·
∑
n∈Z
|〈 f (t), q(t, n)〉|2 ,

where we use (15) for the last inequality.
Assume that the condition (13) holds. Then {q(t, n +

δn)}n∈Z is also a frame of V(φ) by Lemma 4.1 since
{q(t, n)}n∈Z is a frame of V(φ). Hence we have (14), where
{S n(t)}n∈Z is the canonical dual frame of {q(t, n+δn)}n∈Z. �

We now give the frame versions of Theorems 3.3 and
3.4.

Corollary 4.3. (a) Assume further that there exists φ′(t) on
R\Z, u ∈ l2 with u as in Theorem 3.3, and |δn| < 1, n ∈ Z.
If ‖δ‖2 < α

‖u‖2 , then there is a frame {S n(t)}n∈Z of V(φ) for
which (14) holds.
(b) Assume further that φ(t) ∈ ACloc(R) and Cφ′(t) ∈ L∞(R).
If ‖δ‖2 < α√‖Cφ′ (t)‖L∞(R)

, then there is a frame {S n(t)}n∈Z of

V(φ) for which (14) holds.

Proof. As in the proofs of Theorems 3.3 and 3.4, we have∑
n∈Z

∑
l∈Z
|φ(l + δn) − φ(l)|2

≤
⎧⎪⎪⎨⎪⎪⎩‖δ‖

2
2 ‖u‖22 for the case (a)

‖δ‖22
∥∥∥Cφ′ (t)

∥∥∥
L∞(R)

for the case (b).

Hence both (a) and (b) follow from Theorem 4.2. �

Corollary 4.3(b) improves Theorem 4 in [18], where
φ(t) ∈ ACloc(R) and φ′(t) = O ((1 + |t|)−r) , r > 1

2 so that
Cφ′(t) ∈ L∞(R). Sun and Zhou [18] then obtained a weaker

l2-bound: ‖δ‖2 <
√

A
B

α√‖Cφ′ (t)‖L∞ (R)

by applying Lemma

3.2(b).
As a frame version of Theorem 3.9, we have:

Theorem 4.4. Assume further that φ(t) ∈ ACloc(R), φ′(t) ∈
L2(R) and Zφ′ (t, ξ) ∈ L∞(R2). If ‖δ‖∞ < α√

2‖Zφ′ (t,ξ)‖L∞(R)

, then

there is a frame {S n(t)}n∈Z of V(φ) for which (14) holds.

Proof. As in the proof of Theorem 3.9, we have for any
f (t) = (c ∗ φ)(t) with c ∈ l2,∑

n∈Z
|〈 f (t), q(t, n + δn) − q(t, n)〉|2

≤ ‖δ‖∞
∫ ‖δ‖∞

−‖δ‖∞

∑
n∈Z

∣∣∣ f ′(t + n)
∣∣∣2 dt

≤ 2 ‖δ‖2∞
∥∥∥Zφ′(t, ξ)

∥∥∥2

L∞(R)
‖c‖22 .

Then we have together with (15) for any f ∈ V(φ),∑
n∈Z
|〈 f (t), q(t, n + δn) − q(t, n)〉|2

≤ 2
α2
‖δ‖2∞

∥∥∥Zφ′ (t, ξ)
∥∥∥2

L∞(R)

∑
n∈Z
|〈 f (t), q(t, n)〉|2 ,

from which the conclusion follows since {q(t, n + δn)}n∈Z is
also a frame of V(φ) when ‖δ‖∞ < α√

2‖Zφ′ (t,ξ)‖L∞(R)

. �

When all δn’s have the same sign in Theorem 4.4, (14)
holds on V(φ) for any δ = {δn}n∈Z with ‖δ‖∞ < α‖Zφ′ (t,ξ)‖L∞ (R2)

.

Theorem 4.4 was first obtained by Sun and Zhou [18], where
φ(t) ∈ ACloc(R) is such that φ′(t) = O ((1 + |t|)−r) , r > 1
so that

∑
n∈Z |φ′(t + n)| ∈ L∞(R) and so Zφ′ (t, ξ) ∈ L∞(R2).

They obtained a weaker l∞-bound by applying Lemma
3.2(c)(see Theorem 5 in [18]).

When φ(t) is a differentiable frame generator satisfying
Cφ(t) ∈ L∞(R) and Gφ′(ξ) ∈ L∞(R) (so that {φ′(t−n)}n∈Z is a
Bessel sequence), one can obtain another l∞-bound on δ for
(14) holds. See Theorem 2.4 in [19] and Theorem 5 in [22]
for more details.

5. Examples

Now, we consider some illustrative examples.
Example 5.1. Let

φ1(t) = (φ0 ∗ φ0)(t) = tχ[0,1)(t) + (2 − t)χ[1,2)(t)

be the B-spline of degree 1. Then Gφ1 (ξ) = 1
3 +

2
3 cos2 ξ

2
([9]) so that φ1(t) is a continuous Riesz generator with
the optimal bounds (A, B) =

(
1
3 , 1

)
and sup

R
Cφ1 (t) < ∞

since φ1(t) has the compact support. On the other hand,
φ̂∗1(ξ) =

∑
n∈Z φ1(n)e−inξ = eiξ so that α = β = 1 (cf.

(6)). Note also that φ1(t) ∈ ACloc(R). It is easy to see that∥∥∥Cφ′1 (t)
∥∥∥

L∞(R)
=

∥∥∥Zφ′1 (t, ξ)
∥∥∥

L∞(R2)
= 2. Hence there is a Riesz

basis {S n(t)}n∈Z of V(φ1) for which the irregular sampling
expansion (8) holds on V(φ1) if ‖δ‖2 < 1√

6
by Theorem 3.4

or ‖δ‖∞ < 1
2
√

6
by Theorem 3.9. These l2- and l∞-bounds on

δ improve the l1-bound ‖δ‖1 < 1
3
√

3
in [6] (see Remark 3.3

in [6]) and the l∞-bound ‖δ‖∞ < 1
3
√

3
in [5] (see Example 3

in [5]) respectively.
Since any Riesz basis is also a frame (in fact, an exact

frame), we may apply results in Sect. 4 to φ1(t). Then there
is a frame {S n(t)}n∈Z of V(φ1) for which (14) holds if ‖δ‖2 <

1√
2

by Corollary 4.3(b) or ‖δ‖∞ < 1
2
√

2
by Theorem 4.4. The

latter l∞-bound improves the l∞-bound ‖δ‖∞ < 1
3 obtained

in [22](see Example 2 in [22]).
Example 5.2. Consider the Meyer scaling function ([16])
φ(t) with

φ̂(ξ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1, |ξ| < 2π
3

cos

[
π

2
v(

3
2π
|ξ| − 1)

]
,

2π
3
≤ |ξ| ≤ 4π

3

0, |ξ| > 4π
3
,
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where v(ξ) ∈ C∞(R) is such that 0 ≤ v(ξ) ≤ 1, v(ξ) = 1 for
ξ ≥ 1, v(ξ) = 0 for ξ ≤ 0, and v(ξ) + v(1 − ξ) = 1. Then
Gφ(ξ) ≡ 1 on R so that φ(t) is an orthonormal generator, i.e.,
{φ(t − n)}n∈Z is an orthonormal basis of V(φ). We also have
by the Poisson summation formula

φ̂∗(ξ) =
∑
n∈Z

φ̂(ξ + 2nπ)

=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
1, 0 ≤ ξ ≤ 2π

3

cos
π

2
θ + sin

π

2
θ,

2π
3
≤ ξ ≤ 4π

3
,

where θ = v( 3
2π ξ − 1) ∈ [0, 1] so that α =

∥∥∥φ̂∗(ξ)
∥∥∥

0
= 1 and

β =
∥∥∥φ̂∗(ξ)

∥∥∥∞ = √2. On the other hand,

Hφ′(ξ) =
∑
n∈Z

∣∣∣φ̂′(ξ + 2nπ)
∣∣∣

=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
ξ, 0 ≤ ξ ≤ 2π

3

ξ cos
π

2
θ + (2π − ξ) sin

π

2
θ,

2π
3
≤ ξ ≤ 4π

3
.

Hence, Hφ′ (ξ) ≤ 2
√

5
3 π on R so that by (10)

Cφ′(t) ≤ 1
2π

∥∥∥Hφ′ (ξ)
∥∥∥2

L2[0,2π]
≤ 20

9
π2

and

∣∣∣Zφ′ (t, ξ)
∣∣∣ ≤ ∥∥∥Hφ′(ξ)

∥∥∥
L∞(R)

≤ 2
√

5
3

π.

Hence, there is a Riesz basis {S n(t)}n∈Z of V(φ) for
which the irregular sampling expansion (8) holds on V(φ)
if ‖δ‖2 < 3

2
√

5π
by Theorem 3.4 or ‖δ‖∞ < 3

2
√

10π
by Theorem

3.9. Note that in [4], [5], authors obtained only an implicit

l∞-bound ‖δ‖∞ <
(∑

n∈Z sup[n,n+1] |φ′(t)|
)−1

(see Example 2
in [5]).

Example 5.3. Let φ(t) = (2a)sinc(2at) = sin(2aπt)
πt , 0 < a <

1
2 . Then φ̂(ξ) = χ[−2aπ,2aπ](ξ) and so

Gφ(ξ) =
∑
n∈Z

∣∣∣̂φ(ξ + 2nπ)
∣∣∣2 = φ̂(ξ) + φ̂(ξ − 2π)

= χ[0,2aπ]∪[2π−2aπ,2π](ξ) on [0, 2π].

Hence Gφ(ξ) ≡ 1 on σ(V) = [0, 2aπ] ∪ [2π − 2aπ, 2π] so
that φ(t) is a smooth(C∞-) frame generator with the optimal
bounds (A, B) = (1, 1). On the other hand,

φ̂∗(ξ) =
∑
n∈Z

φ(n)e−inξ =
∑
n∈Z

φ̂(ξ + 2nπ)

= φ̂(ξ) + φ̂(ξ − 2π) on [0, 2π]

so that α = β = 1. We also have by (10)

Cφ′(t) ≤ 1
2π

∥∥∥Hφ′(ξ)
∥∥∥2

L2[0,2π]

=
1

2π

∥∥∥|ξ| φ̂(ξ) + |ξ − 2π| φ̂(ξ − 2π)
∥∥∥2

L2[0,2π]

=
8a3π2

3

and
∣∣∣Zφ′ (t, ξ)

∣∣∣ ≤ ∥∥∥Hφ′(ξ)
∥∥∥

L∞(R)
≤ 2aπ. Hence, there is a

frame {S n(t)}n∈Z of V(φ) for which the irregular sampling

expansion (14) holds on V(φ) if ‖δ‖2 < 1
π

√
3

8a3 by Corollary

4.3(b) or ‖δ‖∞ < 1
2
√

2aπ
by Theorem 4.4.

The latter l∞-bound improves the l∞-bound: ‖δ‖∞
�2 ‖δ‖∞� < 1

(2aπ)2 , which can be obtained by applying The-
orem 5 in [22]. Here �x� is the smallest integer which is
larger than or equal to x. See Example 4 in [22], where
‖δ‖∞ < 1

(2aπ)2 must be replaced by ‖δ‖∞ �2 ‖δ‖∞� < 1
(2aπ)2 .

Example 5.4. Let

φ(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

√
3

(
t +

1
2

)
, −1

2
≤ t < 0

√
3 (1 − t) , 0 ≤ t <

1
2

0, otherwise.

Then for any c = {c(n)}n∈Z ∈ l2, ‖∑n∈Z c(n)φ(t − n)‖2 = ‖c‖2.
Hence φ(t) is an orthonormal generator. On the other hand,
φ̂∗(ξ) =

∑
n∈Z φ(n)e−inξ =

√
3 so that α = β =

√
3. For any

δ = {δn}n∈Z with ‖δ‖∞ < 1
2 , we have

M ≤ √3

(
1
2
+ ‖δ‖∞

)
<
√

3 and

sup
t≤‖δ‖∞

Φ(t) ≤ √3

(
1
2
+ ‖δ‖∞

)
<
√

3,

where M = supn∈Z
∑

k∈Z |φ(k + δk+n) − φ(k)| and Φ(t) =∑
j∈Z |φ( j + t) − φ( j)|. Hence, there is a Riesz basis
{S n(t)}n∈Z of V(φ) for which the irregular sampling expan-
sion (8) holds on V(φ) if ‖δ‖∞ < 1

2 by Theorem 3.5.
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