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The information available to agents using decentralized task allocation algorithms plays an important role in how
assignments can be constructed. The requirement that information be globally consistent across all agents can be
leveraged to allow cooperation on coupled objectives. In environments where global information consistency
assumptions are difficult to enforce, the alternative is to rely only on a local best estimate of the global information
state, which is referred to here as local information consistency. Algorithms that assume only this local information
consistency will have reduced optimization capabilities compared to their global information assumption
counterparts. Specifically, if objective functions are non-submodular, local information algorithms may produce
arbitrarily bad allocations or, in the case of many algorithms, may not even converge. The key contribution of this
paper is an algorithm termed bid warped consensus-based bundle algorithm that converges for all deterministic
objective functions and has nontrivial performance guarantees for submodular and some non-submodular objective
functions. Included in this paper is an analytical analysis of both convergence and performance of the algorithm, as
well as a numerical comparison to several other competing local and global information approaches.

I. Introduction

HE goal of standard multiagent task allocation algorithms [1-3] is to coordinate a team of cooperative agents in order to achieve an overall

mission objective. These mission objectives can often be broken up into tasks that require specific actions by capable agents, all while
satisfying constraints (e.g., fuel, power, vehicle capabilities, etc.). Centralized task allocation algorithms are typically preferred when an
application requires high degrees of collaboration. However, in contested environments where communications may be unavailable, unreliable, or
have high latency or high cost, relying on centralized solutions may be impractical. In these communication-limited environments, it is necessary
to consider distributed or decentralized algorithms [4]. Unfortunately, these architectures introduce additional complications, including
difficulties with establishing both algorithmic convergence and performance. The major reason for these complications is that, in decentralized
environments, agents may operate on only partial information; thus, independent agent optimizations may not align perfectly with each other.
Thus, advanced communication protocols are typically required for decentralized algorithms to optimize over desired objectives. These
communication protocols can be considered to use either of two main information assumptions: global information consistency and local
information consistency.

1) Global information consistency assumptions (GICAs) require that all agents agree upon certain relevant pieces of information during the task
allocation algorithm’s execution. This agreement forms a set of “correct” information that agents can independently recognize as teamwide truth.
Given that these global information consistency assumptions require a teamwide consistency of information, the communication process occurs
on a global timescale. Algorithms that use these assumptions can be found in [3,5-23].

2) Local information consistency assumptions (LICAs) do not require global consistency of any information. These algorithms can still use
global information but are characterized by only requiring local information consistency (i.e., they do not require any global mechanisms). This
approach can provide a much shorter timescale for using new information (as compared to requiring global information consistency) because
agents are not required to ensure that this information has propagated to the entire team before using it. The natural downside of this approach is
that agents cannot guarantee that any piece of information is globally consistent; thus, algorithms using only local assumptions must be robust to
planning with inconsistent information [24-28].

There are many factors that determine whether requiring global or only local information consistency will provide better algorithmic
performance for a particular mission. The most important decision variables will be the communication environment, the mission complexity, and
the time constraints for creating assignments. A trivial environment where global consistency assumptions would be preferable is an environment
where the agents are fully connected with no bandwidth constraints and no mission assignments are time critical. In this environment, there would
be no need to introduce an algorithm that handles the added complexity of only relying on local information consistency assumptions. Conversely,
a trivial example in which local information consistency assumptions are necessary is when the network can become temporarily disconnected.
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Fig.1 Comparison of the number of iterations required for convergence in 500 Monte Carlo trials of a 200-task mission with a varying number of agents
(see Sec. VLB for detailed scenarios).

Intermittent network disconnections during global information consistency algorithms will often break the assumptions tied to performance and
convergence. Possible repairs would include waiting until the network reconnects (which may never happen) or detecting the new network,
continuing on, and hoping that future network dynamics will not break the resulting allocation (which is not a guarantee). Conversely, this domain
is handled naturally with local information consistency assumption algorithms.

In other domains where global consistency assumptions are reachable, local consistency algorithms can actually drastically reduce convergence
times. Figure 1 shows that the number of iterations to convergence of sequential auction algorithms (such as the one described in [22]) will require
roughly the number of tasks times the network diameter number of iterations. Even algorithms that globally consider sets of tasks simultaneously [e.g.,
a GICA version of the consensus-based bundle algorithm (CBBA) [26] that rebroadcasts messages so that each agent has the entire team’s bundles
during the communication phase] can require significantly more communication iterations than local information consistency assumption algorithms
(CBBA; [26]). This is because assignment conflicts are often between agents that are near each other in the communication network, and conflicts can
be managed faster using only local conflict-resolution protocols. The full details of this mission scenario, shown in Fig. 1, are provided in Sec. VL.B.

These insights imply that some environments are well suited for algorithms that use only local information consistency assumptions. This paper
investigates the limitations that LICA algorithms impose on assignment convergence and performance. In general, issues arise because algorithms
that make decisions based only on LICAs cannot trust that their information is globally accurate. This means there is no mechanism to globally
enforce assignments, and any local assignment may eventually be replaced. This lack of assignment guarantee can lead to instability in the
convergence process. Specifically, if the agent objective functions do not obey a property called submodularity, algorithms that only require LICA
may not converge [24-27]. A formal definition for submodular objective functions will be presented in later in this section; but, informally, a
submodular objective function requires that the value of servicing a task does not increase due to the assignment of any other tasks. Unfortunately,
many objective functions of interest, including those that incorporate fuel penalties, information gathering metrics, cooperative tasking metrics,
and stochastic environments may take a non-submodular form.

A solution to this issue is constructed in this paper for some forms of non-submodular functions (see the Appendix for further details about these
functional forms). The algorithmic approach, termed bid warped CBBA (BW-CBBA), is to modify the information shared between agents so that
it looks as if each agent is using a submodular objective function, even though agent preferences will be determined using non-submodular
objectives. This approach provides convergence guarantees for all deterministic objective functions and quantifies when nontrivial performance
bounds exist. The main contributions of this paper are 1) presentation of a LICA algorithm that handles more general objectives than available in
the literature, and 2) identification of convergence and performance characteristics of this LICA algorithm. In the process, standardized
terminology and concepts are introduced for describing LICA algorithms and novel proof techniques are introduced. The preliminary idea for
BW-CBBA was first presented in the authors’ earlier work [29], but this paper includes a deeper theoretical analysis of the method and a more
significant set of numerical comparisons with other approaches.

II. Problem Statement

This section presents the general problem statement and formalizes some of the language and variables used throughout this paper. Given a set of
N, agents and N, tasks, the goal of the task allocation algorithm is to find a conflict-free matching of tasks to agents that maximizes a global reward.
An assignment is said to be conflict free if each task is assigned to no more than one agent. The global objective function for the mission is given by a
sum over local objective functions for each agent, whereas each local reward is determined as a function of the tasks assigned to that agent and the
times at which those tasks will be serviced. This task assignment problem can be written as the following mixed-integer (possibly nonlinear) program:

N(A Nl
maxZZF,«j(x,r)x,«j (1
A =
subject to
Gx,7)<d
xe {0’ I}N(,XN,’ T€E {R+}N“><Nt

where x € {0, 1}V<*N: is a set of N, X N, binary decision variables x; j» which are used to indicate whether or not task j is assigned to agent i;
T € {R*WXN: ig the set of real-positive decision variables z; ; indicating when agent i will service its assigned task j (where the value of 7;; is
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j
withd = d,, ..., d% , defines a set of N, possibly nonlinear constraints of the form g, (x, t) < d that captures transition dynamics, resource

limitations, tasking assignment constraints, cooperative constraints, etc. This problem formulation can accommodate several different design
objectives and constraints commonly used in multiagent decision making problems (e.g., search and surveillance missions where F;;
represents the value of acquired information and the constraints g, capture fuel limitations and/or no-fly zones, or rescue operations where F';;
is time critical and favoring earlier 7;; execution times, etc.). An important observation is that, in Eq. (1), the scoring and constraint functions
explicitly depend on decision variables x and 7, which makes this programming problem very difficult to solve [nondeterministic polynomial-
time (NP) hard] [30].

The shape of the mission objective function is fundamentally related to the difficulty of creating good task assignments. Specifically, objective
functions must be submodular [31] for LICA algorithms to converge and have nontrivial performance bounds [24—27]. Define a set function U(S)
to be the value of servicing a set of tasks S. Also, then define the marginal score function U(S|.A4) to be the contribution of adding a set of tasks S to
an already existing task allocation A as U(S|.A) = U(S U A) — U(A). From this, submodularity can be defined as follows:

irrelevant if task j is not assigned to agent i); F;; is the score function for agent i servicing task j given the overall assignment; and G = g4, ..., g{,‘b,

U(S|A") > U(S|A)
V A’ subjectto A’ C A )

A task environment A can be thought of as a globally consistent set of individual allocations s, where each element s € S defines an assignment
of a single task to a single agent. Equation (2) requires that the value of a particular assignment S cannot increase because of the presence of other
assignments. Although many score functions typically used in task allocation satisfy this submodularity condition (for example, mutual
information with conditional independence assumptions [32]), many do not. As will be shown in the next section, submodular score functions are
essential for most LICA algorithms to guarantee convergence. Previous work identified modifications to the score functions that employed
heuristics to ensure that submodularity was satisfied [26], but these heuristics may lead to poor performance and are not usually intuitive to design.
This paper presents an online process to modify a LICA algorithm called the consensus-based bundle algorithm that enables the use of non-
submodular score functions while still guaranteeing convergence. The principles of the approach are quite general and could be applied to many
LICA algorithms.

Recall that the problem statement defined as Eq. (1) uses a score function in addition to some constraints. There are two main ways that these
constraints can be encoded into the function analysis of algorithms presented in this paper. Either the constraints can enforce the domain over
which the function can be evaluated or infeasible assignments can be defined to have a value of —oo. The analysis of these algorithms is much
easier if we can model the objective functions to only be defined over a feasible domain. The approach taken in this paper is to prove that the
proposed algorithm will return a feasible solution; then, an analysis can be performed over the feasible domain of the set functions.

III. Non-Submodular Examples

Itis simple to demonstrate that a LICA algorithm may fail to converge with a non-submodular score function, even with as few as two tasks and
two agents. Consider the following algorithm: each agent sequentially produces bids on a set of available tasks; then, it shares the bids that
maximize its local score with the other agents in the team. If an agent bids the highest value for a certain task, it “wins” that task at that round and is
allowed to keep it. This process repeats until no agent has incentive to deviate from their chosen allocation. In the following examples, the nominal
score achieved for servicing a task will be defined as T'. The actual value achieved for servicing the task may be a function of other things the agent
has already committed to doing. An agent’s bid will be a pair, composed of a task identification (ID) and a task score. The bid represents the
information an agent plans to communicate with its neighbors. The notation for an agent’s bid in examples 1 and 2 (Figs. 2 and 3, respectively) is
(task ID, task score). For the purposes of this algorithm, a bundle is a sequential order of bids, where the later bids are dependent on all earlier bids
(in the notation, older bids are on the left).

A. Example 1: Baseline Submodular Score Function

This example (Fig. 2) provides a baseline algorithmic progression with a submodular score function to illustrate how convergence is achieved.
In this first example, deviation from a nominal value 7" will be represented as J, and its value willbe 0 <0 < 7. In iteration 1, each agent
chooses between four feasible bundles. The greedy maximum bundle for each agent includes bids on both tasks 1 and 2, but the bid value for the
second task placed by both agents is 26 less than the bid for the first task. The bid values in this example could have been produced by a submodular
score function because the score has not increased because of the assignment of the first task (in fact, it has decreased). Between iteration 1
and iteration 2, both agents share their bids with each other and a consistent assignment is reached in i teration 2 that actually maximizes
the global score. When this algorithm is run with submodular score functions, it will return identical allocations to a similar global information
consistency version of the algorithm where individual bids are sequentially locked in as a team.

B. Example 2: Non-Submodular Score Function

Example 2 (Fig. 3) highlights how convergence is lost when non-submodular score functions are introduced with the algorithm defined at the
beginning of Sec. III. In this example, 6 may take any value: 0 < 6 < co. Atiteration 1, both agents choose between four feasible bundles, and
they choose the bundle with the highest total score (agent 1 chooses its bundle 4 and agent 2 chooses its bundle 4). In this example, the maximum
value bundle for each agent has a second task that has increased its value because of the assignment of the first task. This explicitly violates the
submodularity condition in Eq. (2).

Between iteration 1 and iteration 2, the agents share their bids with each other. Agent 1 is outbid on task 1; thus, the bid on task 2 is
invalidated because it depends on task 1 being assigned. Similarly, agent 2 is also outbid on task 2; thus, its bid on task 1 is invalidated. As a result
of the conflicts in iteration 1, neither agent predicts that it can win either task at 1 teration 2. This includes the fact that neither agent can
place a single bid that would outbid their expectation of what the other agent can bid. Thus, for this iteration, neither agent places a bid. Between
iteration 2 and iteration 3, each agent will then share their empty bundles. This reverts back to the initial conditions of the algorithm,
iteration 3 repeats iteration 1, and the cycle will continue forever.

From example 2, it becomes clear that a LICA algorithm does not work well with non-submodular score functions. It may seem easy as a global
observer to see that agent 1 choosing bundle 2 and agent 2 choosing bundle 3 would produce the global optimal objective. However, this requires
having the global information of every possible bundle for each agent.

A candidate LICA solution for fixing the convergence issues is to detect cycles of the type shown in example 2 locally, and then use this
knowledge to stop suggesting cycling plans. Unfortunately, in general, there is no fast way to detect if a team has entered into one of these cycles
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Bundle Creation

Agent 1 candidate bundles

1. {}
2. {(1L,1T)}
3. {(2,T —90)}
4. {(1,7),(2,T —26)}
Agent 2 candidate bundles
1. {}
2. {(1,T —90)}
3. {(21)}
4. {(2,7),(1,T —28)}
Algorithmic Progression
Iterationi
Agentl: {(1,T7),(2,T —26)}
Agent2: {(2,T),(1,T — 25)}
Iteration?
Agentl: {(1,7)}

Agent2: {(2,7)}

Fig. 2 Example 1: allocations with a submodular score function.

because they could, in general, include a combinatorial number of task assignments being traded between the agents during the consensus process.
Even worse is the fact that breaking the algorithm out of one cycle does not guarantee that the agents will not enter another cycle at a later stage in
the convergence process.

In practice, many non-submodular score functions can lead to this cycling behavior, and the following example highlights that objective
functions that lead to these cycling conditions are not exotic and, in fact, occur for many desirable score functions.

C. Example 3: Waypoint Tasks

Consider the potential task scenario illustrated in Fig. 4 involving one agent (circle labeled a) and two tasks (circles labeled 1 and 2). For the
purpose of this example, assume that d,, > d,; > d;,, where the notation d,,, is the distance required to move from location u to location v. An
intuitive score function F;(x, t) for this environment is defined as follows:

Fij(xv'[) =R - fidg; 3

where F;;(x, 7) is the score for assigning task j to agent i given current assignment x and arrival timings 7, R is the reward obtained for servicing a
task, f is the fuel penalty per unit distance for agent 7, and d, 4, is the increase in distance travelled by inserting task j into the current assignment x
(which by assumption cannot already include an assignment on task j by agent 7). If the LICA algorithm introduced at the beginning of Sec. III
were run in this environment, it would first assign task 1 because R — f;d,; > R — f;d,». When the algorithm assigns task 2 using the score
function presented in Eq. (3), the score obtained is R — f;d;,. This results in the bid on the second task being greater than the first task
(R — f;d» > R — f;d,;), which is exactly the situation shown in example 2 for a non-submodular score function. Depending on bids made by
other agents in the fleet, a LICA algorithm may fail to converge with this simple geometry and score function.

One possible strategy to address this problem is to “submodularize” the score function using a heuristic [33]. For example, score function (3)
can be approximated as follows:

Fi/j(xvt) =R_fidaj 4

where the only difference is that the distance metric is defined as the distance d,; measured from the agent’s initial location to task j. This is
required to ensure that the incremental fuel penalty is never smaller than when the agent has no previous unassigned tasks. With this score function,
the first bid will again be on task 1 because R — f;d,; > R — f;d,», and the second bid will be on task 2; but, this time, the bid will have the score
R — f:d . This objective function is now submodular because the score on task 2 does not increase as a result of the previous assignment of task 1.
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Bundle Creation

Agent 1 candidate bundles

1. {}
2. {(1,7)}
3. {(2,T -0}

4. {(1,7),(2,T+9)}

Agent 2 candidate bundles

1. {}
2. {(1,T-96)}
3. {(2,7)}

4. {(2,7),(1,T+9)}
Algorithmic Progression
Iteration 1
Agent 1: {(1,7),(2,T+ )}
Agent 2: {(2,7),(1,T +9)}
Iteration 2
Agent 1: {}
Agent 2: {}
Iteration 3
Agent 1: {(1,7),(2,T+0)}

Agent 2: {(2,7),(1,T +9)}

Fig. 3 [Example 2: allocations with a non-submodular score function.

Fig. 4 A potential task environment described in example 3.

However, this score function cannot capture the fact that, because task 1 is being serviced, task 2 should seem much more favorable (as it would
have been much closer to the agent after servicing task 1). The purpose of the approach presented in this paper is to enable algorithms with only
local information guarantees to use score functions that capture these non-submodular effects without having to sacrifice convergence guarantees.
Example missions using both F and F’ are explored numerically in Sec. VI, and these demonstrate the potential downside of using a priori
submodularized functions.

D. Example 4: Stochastic Tasks

Stochastic objective functions can be used in environments where some necessary planning parameters are not known or even knowable a
priori. Examples of these uncertain parameters include wind speed, tolerances on agent performance, duration of search tasks, or other difficult to
model a priori environmental effects. When planners use stochastic score functions, combining the score distributions of individual tasks over
multiple assignments in a sequence may not have a closed-form solution. In this case, sampling may be required to approximate these
distributions. Figure 5 illustrates an example where non-submodular effects can arise due to this necessary sampling. In the figure, the circle with
an a represents the agent, and the circles with 1 and 2 are task locations. The notation 7, is the travel time measured from location u to location v.
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p(ta1) ,D(t12) p(taz)

ta1 t12 ta2

Fig. 5 Potential task environment described in example 4.

Assume that the score function has the following simple form:
Fij(x,1) =R —1;; (5)
where 7;; represents the time at which the task is serviced, and R is some fixed reward. This score function then linearly decays with time. This is a
submodular score function if the traveling times obey the triangle inequality.
With appropriate distributions over the travel times, it is possible to see that, for a particular sample (Fig. 5), ¢, can be greater than the sum of £ ;|
and ¢,,:
Prob(t,, > t, +1t5) >0 (6)
Therefore, even though the expected mission scores are submodular,
E(R —tp) 2 ER - (¢, + t12)) (N
the sample mean for any finite set of particles of size n sampled from the distributions of #,,, £,;, and #;, may not be submodular:
S (k) yn (R () + )
<

n n

Prob

>0 ®

In this notation, £["] is the mth sample from the random variable ¢. Therefore, it is possible for the objective function sample mean for servicing
task 2 to be greater by first servicing task 1, which breaks submodularity. This illustrates another example where non-submodularity can arise and
must be accounted for to use LICA algorithms in practice.

E. Convergence for Non-Submodular Score Functions

The convergence failures highlighted previously in example 2 are a direct result of multiple tasks being assigned with only local information
available about the winners. It was postulated as lemma 4 in [26] that a trick for augmenting the score function to satisfy submodularity would be to
ensure that the bids were monotonic in subsequent iterations:

¢;;(t) = min{c;;, &;;(t — 1)} ©

where c;; is the initial score at iteration ¢, and ¢;;(¢) is the augmented score at iteration ¢. Unfortunately, this approach tends to create a significant
performance degradation in some environments. If this approach is applied to the environment presented in example 2, after iteration 2, the
algorithm will not be able to bid above zero on either task 1 or 2; thus, no tasks will be assigned for a positive score. This is not a desired result;
the approach provided in this paper prevents algorithmic cycling by preemptively changing the bid values rather than relying on the performance-
degrading process of identifying cycles after they happen.

F. Using Local Information Consistency Assumption Algorithms

The content of this section outlined how using LICA algorithms can lead to convergence and performance degradation when score functions are
non-submodular. Despite this, as was outlined in Sec. I, there exist environments that require or could use LICA task allocation algorithms to
improve mission performance. The rest of this paper defines and analyzes algorithmic extensions to an existing LICA algorithm (CBBA) that can
increase the class of score functions usable in practice. These modifications allow for the use of LICA task allocation algorithms in many desirable
mission domains where performance and convergence guarantees were previously unavailable.

IV. Solution Approach

This section focuses on a new description of the consensus-based bundle algorithm [26] as well as algorithmic modifications specifically related
to handling non-submodular score functions. The following description of the CBBA is a slight modification of the one that was originally
proposed in [26], introducing some new terms that will be used for proving relevant aspects of the new algorithm proposed in this paper.
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Algorithm 1  CBBA: bundle building phase

(for agent i)

1: Procedure Build Bundle (A;)
2: forall s;;s.t.3j where s;;; € A;, do
3: A=A \ s

4. end for

5. seth;«<@

6:  while |b; < L,|, do

T J“{J’\Sij & A}

8: forall j € 7 do

9: cij<Fij(by),
10: hij‘_ns,r,eAIH(Cij > cirj)
11: end for
12: J*<argmaxc;; - hy;

jeJ

13: s, J*, cij*)
14: ifc,-j' 'hij* > 0, then
15: bi<b; ® s~
16: .Ai(—Ai @ Sij*
17: else
18: break
19: end if

20: end while
21: return (b;, A;)
22: end procedure

A. Baseline CBBA

The CBBA is a local information consistency assumption auction algorithm. The algorithmic structure of the CBBA is an iterative two-phase
algorithm. These two phases are a bundle building phase where each vehicle greedily generates an ordered list of assignments and a task consensus
phase where conflicting assignments are identified and resolved through local communication between neighboring agents. These two phases are
repeated until the algorithm has reached convergence. To further explain the relevant details of the algorithm, some notation will first be
formalized.

1) A bid is represented as a triple, s;; = (i, j, ¢;;), where i represents the bidding agent’s index, j represents the task’s index, and c;; represents
the value of assignment for this task agent pair.

2) A bundle is an ordered data structure internal to each agent i, b; = (s;j,, ..., 5;;, ), that consists of a list of bids where s, is the kth bid added
to the bundle. A bundle is said to have length 7 if there are n bids in the list. When new bids are added to the bundle, they are appended to the end;
thus, the order in the bundle reflects the relative age of each bid, and thus the dependency structure of the bids.

3) The bid space is an unordered set of bids, defined as A = {s; ; . ....s;,;, }» where N is defined to be the current size of the bid space. This bid
space contains a globally consistent set of the current winning bids in the team.

4) A local bid space A; is defined as a set that contains agent i’s current local understanding of the global bid space. In a fully connected network,
A; = A after each task consensus phase (which also would correspond to having global information consistency assumptions over the task
space); but, in general, the geometry of agents in the network may lead to information propagation latencies, and thus nonidentical local bid
spaces. A consistent global bid space will be always be a subset of the local bid spaces A C A;.

5) The network diameter D is defined as the number of communication hops between the furthest agent pair in the communication network.
More formally, define a number for each agent i consisting of the minimum communication distance to every other agent i". The maximum value
over all agents is defined as the network diameter.

The CBBA begins with each agent i being provided (or somehow discovering) a set of available tasks. In general, the set of available tasks does
not need to be identical for all agents. The two-phase algorithm then begins in the bundle building.

1. Bundle Building Phase

For each agent i, the bundle building phase is run independently.

1) All current tasks that agent i has won are removed from agent i’s bundle b; and local bid space .A; (lines 3 and 5 of Algorithm 1). This step is
required for the performance guarantees of the algorithm?! but, in most cases, the agent will re-add each of the tasks it has just dropped.

2) A local internal score function F;;(b;) is defined for each agent i and task j. It is a function of the agent’s current bundle b; and implicitly a
function of the assignment constraints G(x,7) < d posed in the problem formulation [Eq. (1)]. If a proposed assignment will not satisfy the
constraints required by Eq. (1), F;;(b;) will return a value of —co. For complete notation consistency with Eq. (1) in Sec. II, assume that there is a
one-to-one mapping between (b;) and (x, 7). The complexity of actually picking the execution times 7;; is not a focus of this paper, but other
solutions used for the CBBA can be implemented [34]. For each task j available in the environment (line 7), each agent i uses its local internal score
function F;;(b;) to create a score c;; (line 9).

3) These scores c;; are compared with the winning bid information for the corresponding task j located in the agent’s local bid space A,
(line 10). The largest score that would outbid the current winner in the local bid space is chosen as agent i’s next bid (line 12). A bid s~ is created
(line 13) and, as long as the value of the bid is positive ¢;;+ - h;= > 0 (line 14), it is placed at the end of the bundle (line 15) and is added as the
winning bid on task j in the local bid space A; (line 16).

4) Steps 2 and 3 (lines 7-16) are repeated until no tasks have a larger score than the corresponding bids already in .A; or the maximum bundle
length L, (line 6) is reached: at which point, the bundle building phase terminates. In this formulation, the values c;; that are used to rank the tasks
are the same as the values used to construct the bids s;;. The algorithm constructed later in this paper separates these two values in order to provide
convergence for all objective functions as well as nontrivial performance guarantees for some classes of non-submodular objective functions.

IAgent i may want to change its bids in light of new information obtained through communication instead of being “stuck” with the bids made in the previous
iteration.
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2. Task Consensus Phase

After the bundle building phase completes, each agent i synchronously shares its current local bid space .A; with each of its adjacent neighbors.
This local bid space, in combination with timestamp information, is then passed through a decision table (see [26], table 1, for details) that provides
all of the conflict resolution logic to merge local bid spaces. In general, the consensus logic prefers larger and more recent bids. If the consensus
phase has occurred more than twice the network diameter times without any bids changing, the algorithm has converged and terminates; if not,
each agent reenters the bundle building phase and the algorithm continues.

3. Score Function

Fundamental to all of the convergence and performance guarantees for the CBBA is that it must use diminishing marginal gains (DMGs) to
satisfy the score function. The requirement of DMGs for the CBBA score function is a special case of requiring submodularity, as was introduced
in Sec. ], because it was defined for a specific marginal contribution to the existing bundle b; as opposed to for all sets as was defined in Eq. (2). It
was recognized in the seminal description of the CBBA [26] but is updated here with the notation of bids and bundles. The DMG is defined as

Fij(b)) 2 Fij(b; ®ena sij) V' #] (10)

where b; @eyq 5,5 refers to adding abid s;;- on task ;' to an already existing bundle b,. Roughly, this condition means that no bids s;;» can be made
on any other task j’ that would increase c;;, which is agent i’s score for task j. When score functions F;;(b;) are defined as the marginal
contribution of adding a bid on task j to an existing bundle b; (which is what is done in this paper), the submodularity constraint can replace
requiring DMGs.

B. Bid Warping

The approach presented in this section changes two fundamental aspects of placing bids. First, the ranking of task scores is allowed to use an
objective function that does not satisfy submodularity and the external bid values (those shared with other agents) are not identical to the internal
scores used for deciding which are the highest-value tasks. To highlight the algorithmic changes, some additional notation is needed.

Bid warping uses the internal score c;; and the current bundle b; to construct a warped score ¢;;:

C;; =mins c;;, min ¢;; (11)
ij { U e bil} 1./k}

where ¢;;, is the unwarped score of the kth element in the current bundle, and |, | is the length of the current bundle. The warped score can also be

recursively defined as the minimum of the unwarped score ¢;; and the value of the most recently warped bid added to the bundle ¢;;,

&y = minfey. &y, | (12)

Definition 1: Define a strict bid ordering. In this paper, the tie breaker will be defined to be the lowest agent ID. Therefore, for bids
Sij = (ivj’ Cij)’

Sivji 7 Siajy = Cirjy > Cirjp 13)
\Y2 Ciljl = Cizjz and il < iz (14)
Ve, =c¢,, and iy =i, and s;; earlierinbundlethan s; ; (15)

These three conditions can completely define a strict ordering over bids. The first “or” clause [Eq. (13)] defines that, if the score ¢; ;, of s; ; is
larger than the score c;,;, of s;,;,, then s; ;, > s;,;,. The second or clause [Eq. (14)] defines that, if the scores are the same ¢; ;, = ¢, ;,, then the bid
with the lowest agent ID is larger. The third or clause [Eq. (15)] is reached when the scores are the same and the agent IDs are the same. This is the

case when the two bids are in a single agent’s bundle, so it is defined that the earliest element in the bundle is larger.

C. Bid Warped CBBA

This section presents the main algorithmic modifications required for the CBBA to use non-submodular score functions, the result of which is
called bid warped CBBA.

1. Bid Warped CBBA

This algorithm (Algorithm 2: BW-CBBA) is run independently on each agent i and is initialized each time the team decides to replan
(or construct an initial allocation).

1) A BW-CBBA assignment iteration is initialized with agent i’s old bundle b¢ and its local understanding of the global bid space A;. To
initialize the algorithm, the convergence counter for agent i, denoted by ;, is set to zero (line 2 in Algorithm 2); its broadcast queue Q;, which is a
list of pairs (s, #) consisting of a bid s and a timestamp ¢, is set to empty (line 3); and its local timestamp matrix Z;(i’, j), which records the
timestamp of the most recent information about a bid made on task j by agent i’, is initialized to all zeros (line 4).

2) Although this algorithm has not converged (defined as when the size of the broadcast queue |Q;| = 0 for 2D iterations at line 5), the
algorithm iterates between running a bundle building phase (BwW-BB at line 11) and a task consensus phase (BW-TC at line 12).
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Algorithm2 BW-CBBA: bid warped CBBA

: procedure BW-CBBA (b?, A;)
T k<0
0;<1{}
Z,<zeros(N,,N,)
while k; <2 - D, do
if |Q;| = 0, then
ki<k; +1
else
ki<—0
end if
11: b;, A;< BW-BB (A,)
12: A;, Q;. Z;«< BW-TC (b?,b;, A;, Q;, Z))
13: b¢<b;
14:  end while
15: return (A;)
16: end procedure

,_
SORXINRRN 2

Algorithm 3 BW-BB: bid warped
bundle building

1: procedure BW-BB (A;)

2: forall 5;;s.t.3;" where 5;; € A;, do
3 .A,*f.A[ \ EU’

4: end for

50 bi<@

6: while |b;| < L,,do

7
8

«7<—{j|§ij & A}
R forall j € 7, do
9: c;j<F;;(b;)
10: ¢y min{cy;, &5, } [Eq. (12)]
11: hij*H},j.eA,H(Eij > Cirj)
12: end for
13: Jj*<argmax(c;; - hy;)
jeJ
14: i< (i, j*, Cij*)
15: if ¢;j» - h;j» > 0, then
16: bi<b; ® 5+
17: .A,'(—.Al' D E,‘jﬁ
18: else
19: break
20: end if

21: end while
22: return (b;, A;)
23: end procedure

2. Bid Warped Bundle Building

Again, for each agent i, the bundle building phase is run independently (Algorithm 3: BW-BB).

1) All current tasks in agent i’s bundle b; and tasks won by agent / in its local bid space .A; (lines 3 and 5 in Algorithm 3) are removed.

2) Define a set of available tasks 7 to be those that are not already in agent i’s local bid space .4; (line 7).

3)Foreachtask j € J, each agent i uses its local internal score function ¢;;<—F;;(b;), which is a function of its current bundle, to create a score
c;j (line 9). Again, F;;(b;) is implicitly a function of the assignment constraints G(x, 7) < d posed in the problem formulation [Eq. (1)] and, if a
proposed assignment will not satisfy the constraints required by Eq. (1), F;;(b;) will return a value of —co. The only other requirement on the score
function F;; in this formulation is that, for each agent i, the returned scores must be repeatable. In this context, being repeatable means that,
conditional on an identical bundle and set of constraints, the function returns an identical score.

4) The score values c;; are then warped using Eq. (12) (line 10).

5) Each of the warped bid values c;; is compared with the winning bid values for the corresponding task j located in the local bid space A; to
create an indicator function defining if agent i can outbid the current winner of task j with its warped bid (line 11). The task j* with the largest
original score c;;, for which the warped bid ¢;; would outbid the current winner in the local bid space, is chosen as agent i’s next bid (line 13).
Awarped bid s, is created (line 14) and, as long as the value of the warped bid is positive ¢;;= - h; > 0 (line 15), it is placed at the end of the
bundle (line 16), and it replaces the current bid on task j in the local bid space .A; (line 17).

6) If no bids are able to be outbid in .4; or the maximum bundle length L, is reached, the bundle building phase terminates; if not, steps 25 are
repeated. The key insight in this algorithm is that the value c¢;; is used to rank the bids but the warped bid 5;; is whatis actually shared with the other
agents and is what is used to determine if a bid is able to overbid what is already in the bid space A;.

3. Bid Warped Task Consensus

The purpose of this function (Algorithm 4: BW-TC) is to allow agents to exchange task assignment information with neighboring agents.
The procedure is run independently for each agent, but neighboring agents synchronize their broadcast (line 3) and receive messages
(line 4) steps.
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Algorithm4 BW-TC: bid warped task consensus

1: procedure BW-TC (b9, b;, A;, Q;, Z;)

2:  Q;, Z;< BW-TC-UQBC (Q;, Z;,b?, b))

3: Broadcast (Q;)

4: M« ReceiveMessages ()

5. A;, Q;, Zi< BW-TC-PRM (M;, A;, 0. Z))
6: return (A4;, 0;, Z;)
7: end procedure

Algorithm 5 BW-TC-UQBC: bid warped task
consensus update queue with bundle changes

1: procedure BW-TC-UQBC (Q;, Z;, b?, b;)
2: for all {5;’/.|§;7j € b7, 5y ¢ b;}, do

3 0i<Q; U (Dropbid(5). fuow)
4 Zi(i5 j)(_tnow

5: end for

6: forall {5;|5;, €b;,5;; ¢ b7}, do
7 Qi<_Qi U (Eij~ Thow + 6)

8 Z,(l j)(_tnow +0

9: end for

10: return (Q;, Z;)

11: end procedure

1) This algorithm first updates the broadcast queue Q; and the timestamp information for agent i Z;(i, j) through the BWw-TC-UQBC function
(line 2) by accounting for the changes between agent i’s old bundle »¢ and its new bundle ;. The details of this procedure are defined as in
Algorithm 5.

2) The newly updated queue Q; is then broadcast to agent i’s network neighbors (line 3) using function broadcast (Q;). Grouping sets of
messages together (as opposed to sending information out incrementally) is necessary because message groupings define a consistent information
state from the sending agent (i.e., some bids only make sense with the existence of earlier drop bids, etc.).

3) The information received by each agent i, via the broadcasts from its neighbors, is collected as M; (line 4) using the function M«
RecieveMessages (). Itis worth noting that the message set received by each agent may be different if the network is not strongly connected.

4) The function BW-TC-PRM (line 5) is then called with the purpose of updating local information (A4;, Q;, Z;) in response to the received
messages M. The details of this procedure are presented as in Algorithm 6.

4. Bid Warped Task Consensus Update Queue with Bundle Changes

The purpose of this function (Algorithm 5: BW-TC-UQBC) is to update the broadcast queue Q; and local timestamp matrix Z; with the local
changes made to agent i’s bundle b; in the bundle building phase (Algorithm 3).

1) This algorithm first searches over all bids 57; that were in the old bundle b7 but not in the new bundle b; (line 2). A drop bid is then created for
all of these bids (Dropbid(5¢;)) and added to the broadcast queue Q; (line 3). A drop bid is defined as a bid that signifies the removal of a previously
placed bid. The function Dropbid(s) returns a drop bid corresponding to bid s. Correspondingly, the timestamp element for this task is also
updated in Z; (line 4).

2) Similarly, the algorithm then searches over all new bids §;; that are in the new bundle b; but not in the old bundle ¢ (line 6). Each of these new
bids 5;; (with a timestamp) is added to the broadcast queue Q; (line 7) and the local timestamp matrix Z; (line 8) with the current time #,,,,, plus a
small extra value called 8. It is important that the timestamps introduced here are larger by this small margin 6 to ensure that other agents can infer
that these new bids are later than potentially created dropped bids from earlier in the function at line 3.

5. Bid Warped Task Consensus Process Received Messages

The purpose of this algorithm (Algorithm 6: BW—-TC-PRM) is to update the local planning knowledge of agent i in response to messages
received M. The local knowledge updated includes agent i’s local bid space A;, its broadcast queue Q;, and its local timestamp matrix Z;.

1) This function first searches through each message (s; ; .f,) in M; to find those that are drop bids (lines 2-3). If the drop bid is new
Zi(ims jm) < t,, (line 4), update the timestamp matrix (line 5), add the drop bid to the rebroadcast queue Q; (line 6), and if there is abid 5; ; in
agent i’s local bid space A; (line 7) created by agent i,, on task j,,, then remove it from the bid space A; (line 8).

2) This function then iterates through each message (s; ; .t,) in M; thatis not a drop bid (lines 13 and 14). Again, if it is a new bid (line 15),
update the timestamp matrix for agent i,, and task j,,. If there is not a bid in agent i’s local bid space .A; on task j,,, then add the bid message to the
bid space (line 18) and add the bid and its corresponding timestamp to the broadcast queue Q; (line 19). Otherwise, there is a bid on task j,, in the
local bid space, so assign the bid in the local bid space to the name 5/, i (line 21). If the bid message §; ; is greater than the bid that is currently in
the bid space 5/, " (line 22), then remove the old bid from the bid space (line 23), add the new bid message to the bid space (line 24), and add the
new bid message to the broadcast queue (line 25). If the bid message does not outbid the local bid, then add the local bid to the broadcast queue with
its corresponding timestamp that is stored as Z;(i’, j,,) (line 27).

D. Comparison to CBBA Consensus Phase

The task consensus phase presented here is differs from the one that was presented in [26]. The previously published consensus phase requires a
rebroadcast of every task at every iteration. Therefore, as long as messages can be assumed to be delivered completely (and the network can be
assumed to remain connected), the approach presented in this paper will use less messaging overall. However, this approach is less robust to
dropped messages or networks that change topology on the timescale of the plan convergence time. In these domains, some information may never
reach parts of the network. If the messaging channels are not reliable and messages are not guaranteed to arrive, then the approach presented in [26]
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Algorithm 6 BW-TC-PRM: bid warped task
consensus process received messages

: procedure BW-TC-PRM M,, A;, Z;, O;
forall (s; ; .t,) € M, do
if 5, inim is a drop bid, then
if Z,(i,,, jn) <t,,then
Zi(im?.jm)(_lm
0i<=0; U (5;,j.>tm)
if5;, ; €A, then
A< A \'s;
end if
end if
end if
end for

1
2
3
4
5
6
7
8
9
10
11
12:
13: forall (5; ; .1,) € M;, do
14
15
16
17
18
19
20

mJm

if5; ; isnotadrop bid, then
if Z,(i,,, jn) <t,,then
Ziﬁm* .jm)(_tm
ifv i, 51.’% ¢ A;, then
Ai<Aus;
Qi<Q; U5 ; +tm)
: else
21: 5h i’ jmi ) €A
22 ifs; ; >3/, ,then
23: Aj<A;\ Ei’,fm
24 AA U5
25: Qi<Q; U5 ;  tm)
26: else
27: Qi(_QiU (5,'/’/"”szi(i/?jm))
28: end if '
29: end if
30: end if
31: end if
32: end for

33: return (A4;, 0;, Z;)
34: end procedure

should be used. The following performance and convergence guarantees assume the consensus protocol defined in this paper, but the same results
with different notation and approach could be obtained by using an alternative consensus protocol like the one defined in table 1 of [26].

V. Convergence and Performance Characteristics of BW-CBBA

This section proves the two main theoretical results of the paper:

1) BW-CBBA converges to a teamwide consistent solution in, at most, 2N, D iterations.

2) BW-CBBA achieves nontrivial performance bounds for some classes of objective functions. The only objective function assumption needed
for convergence of BW-CBBA is that, given identical initial conditions (local bid space .4; and bundle b;), the subsequent bid values produced are
repeatable. Again, this condition allows for score functions that are stochastic, but evaluating relevant metrics that decide bid ordering over the
stochastic distributions must be repeatable.

The proofs presented in this section do not follow the styles presented in [26] for two main reasons:

1) BW-CBBA does not return the same solution as a centralized sequential greedy solver in all cases (as the CBBA proof had assumed).

2) Using a proof by construction approach for the convergence analysis provides insight into the algorithmic progression and is better suited as
an analytical tool when evaluating potential future modifications to BW-CBBA.

A last note about this section is that the performance proof returns the same bound as presented in [26] when the internal score function F is
submodular and monotonic.

A. Convergence Guarantee
Lemma 1: The values of the warped bids 5;; (line 14 of Algorithm 3) added to bundles b; have a monotonically decreasing ordering:

> Vikell, ... |b|-1}

Sije > Sijis
where §;; is the kth bid added to agent i’s bundle.
Proof: According to the definition of the bid warping [Eq. (12)], the warped bid values are defined as

Cij,, = minfcy;, . i, }

forcing ¢;;, > ¢;;, .- Two conditions can then arise: 1) ¢;;, > ¢;;,. . and therefore 5;;, > 5;;, , from Eq. (13) of Definition 1; and 2) ¢;;, = ¢;;,_,
but, because (k < k + 1), §;, is located earlier in the bundle than 5;;,, . From Eq. (15) of Definition 1, 5;; > 5, -

Note that, to reduce the notation clutter, all subsequent overbars will be removed, but all bids discussed in this Convergence Guarantee section
(Sec. V.A) will be considered to be warped bids.
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Definition 2: Define an overbid s/,  to be a bid that agent i receives via communication from other agents that change its local bid space A;
(Algorithm 6). An overbid can also be a drop bid, which was previously defined as a bid message specifying the removal of a previous bid. Drop
bids are defined to have the same relative size of the bid they correspond to dropping (via Algorithm 6, line 8), where the size of the bid is defined in
Definition 1.

Definition 3: Define o, ; (S’) to be the largest bid in a set of overbids S’ that is received by agent i

0., (8) = ma>§ Sip

i'j

Theorem 1: After an agent i receives a set of overbids S”, all bids larger than the largest overbid o; ; (S’) will remain unchanged, i.e., all bids
sij (S bi Subject to

5> 01, (") (16)

will remain in agent i’s bundle b; at the next bundle building iteration.
Proof: The form of this proof w111 be to first show that bids smaller than o; ; (S') cannot affect the assignment of larger bids, and thus show that
bids larger than o; ; (S’) will not be dropped. First assume that Hs o € b, subject to s o <0, j,(8")and 3s;; € b; subjectto s;; i.j,(8"); then,

S; (S/)>s

ij > Cigj,
From bundle monotonicity (Lemma 1), the assignment of s;; cannot depend on the assignment of s 5o (because s;; is larger, and thus earlier in
the bundle, preventing the value of s;;, depending on the asslgnment of s; e) thus, without loss of generahty, s;; will not depend on any bids in its
own bundle b; smaller than o; e (S).
Thus, all that must be shown is that all bids s;; > ¢; ; (S') will not be affected by any of the bids in S’. The bundle construction procedure uses
an indicator function

hij< 1_[ I(c;j > cirj)

S,/jEA,

(Algorithm 3, line 11). The elements of the indicator function can only be different on tasks j’ for which s/, ., € S'. Therefore, during bundle
building, the selection of the next-best bid sl.*j* (Algorithm 3, line 14) will return identical results for all b1ds sll* >0; ;i (8).

A note about Theorem 1 is that it depends on bid warping to ensure Lemma 1. If bundles are not monotonic, then 3i, 5;; € b, Sse € b, subject
to s;; > sﬁe where the assignment of s;; depends on the previous assignment of s?;e (i.e., the value of the bid on task j increases because of the
assignment of task j©). This is exactly the condition that can lead to algorithmic cycling, and it is what bid warping prevents.

Definition 4: Define a new bid to be a bid that was not included in the bundle of the previous bundle building iteration.

Theorem 2: The largest new bid s, (Algorithm 3, line14) that can be added to agent i’s bundle b; after receiving a set of overbid messages S’
will be smaller than the largest element of S’, i.e.,

”j”(S)>s " 17)

Proof: From Theorem 1, all bids s;; in agent i’s bundle b;, subjectto s;; > o, ; (S’), will be preserved. For this proof, construct a new bundle b7
starting with all old elements s7; € b sub]ect tosy; >0, ; (S "). The strategy for ‘the rest of this proof will be to show that the next bid s* S7ix added to
b is smaller than 0, ;,(S’). Lemma 1 then guarantees that all other new bids added during the rest of the bundle building operation be smaller than
s;}*, and thus less than o; ; (S).

Define sﬁe to be the largest bid in the old bundle b; thatis less than o; ; (S”).Ifnobidsin b; are smaller than s, ; (S'), treat sl.%je as an empty bid
of score zero (all bids with positive scores are bigger than it). The rest of this proof will formalize how each overbid sl.//j, € S’ can affect the next
largest bid in b;".

The only way that the next largest bid s;}* can increase its value compared to its counterpart in the old bundle sﬁe (ie., s;}* > sge) due to
receiving an overbid s/, o is if an element from the indicator &;; (Algorithm 3 line 11) changes from a zero to a one. This can only occur if s/, v is
specifically a drop bid, and thus removes a bid on task j in agent i ‘s local bid space A; (Algorithm 6, line 8). This is because only a drop bid can
decrease the winning scores in .A;. All other overbids will only increase the winning score in the local bid space. If Algorithm 3, line 11, had
previously been returning zero (before the drop bid arrived), it meant that the previous winning value on task j’ (before the drop bid) was
c z/, > Fjj (bT) (otherwise, hi; would have returned a one) Therefore, either s o > sl v and the next-best bid will remain unchanged

(s*, =

= e) and thus o; ;. (S’) > s o = st g ors, o> s o and the next largest bid, w111 become

*x + e
Cij* = maX(Fij/(bl- )’Cije)

Therefore, from Definition 1, 5; ; > s// o> s’;*

The result shows that no individual overbrd s/ +j can lead to the agent i increasing its next largest bid s w0 belargerthano; ; (S’). Because 57 S7ix
is simply the largest possible next-best bid, any collectlon of overbids §" will not allow s 1o be larger than o; ; (S’) either.

Theorem 3: Every agent of the team using the BW-CBBA agrees on a globally conslstent bid space A in, at most, two N,D algorithmic
iterations.

Proof: The form of this proof will be to use a virtual agent that can observe the algorithmic progression (without affecting the agents). This
observer is able to construct a globally consistent bid space .4 by listening to the communication between the agents. The existence of .A can be
used to guarantee algorithmic convergence. It will be shown that, once a bid is placed in .4, it will never be dropped by the agent that placed the bid
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or outbid by another agent. Therefore, when all bids made by agents in the team are located in .4, the algorithm has converged. The proof will use
induction to build up the global bid space A.

Initialize A = {}. The base case of the induction proof requires that the first bid added to the global bid space (|.A| = 1) will never be dropped by
the bidding agent and will never be outbid by any other agent. This is shown by first considering that, for each full plan constructed by the BW-
CBBA, the algorithm starts with a bundle building phase (Algorithm 2) where each agent i is initialized with a possibly inconsistent local bid space
A,;. If this is the first plan for a new mission, .A; will be empty, but if this plan is a midmission replan, .A; will be the last known estimate of the team
assignment (which may be outdated). As defined in Algorithm 3, each agent i removes its own bids from its own local bid space A; (lines 2-4) and
clears its own bundle b; = {} (line 5). After the first iteration of bundle building completes (Algorithm 2, line 11) for all agents i, there are two
outcomes relevant to algorithmic convergence:

1) There exists a bid s/, ., in the local bid space .A; of some agent i that is larger than all other bids in the network (including all bids in the actual
bundle b, of agent i"). More precisely, 3i, si’,j, € A, subjecttoV i,V s;; € b;, slf,j, > s;;. This arises when one agent is assuming the existence of a
large old bid that is no longer valid. When bid information is propagated in the algorithm’s consensus phase, agent i will receive a drop bid
removing the assignment of s/, ;+ (constructed via Algorithm 5 by agent i’) in no more than D algorithmic iterations.

2) After the large outdated bids are removed from bid spaces, there will exist an actual bid s/, ;, in the bundle b;, of some agent i’ subjectto V i,
Vs;; € bj,s.tsi; # sl./,j,, sl./,j, > s;;. From Theorem 2, no other agents will be able to generate aiarger bid sl?ij* > si//j/ in the future because sl./,j, is
the largest bid in the fleet, and thus is the largest bid that can be an element of an overbid set S’. From Theorem 1, s 1/ ' will remain in the bundle of
agent i’ forever; because no other agent can outbid s/, i it will never receive an overbid larger than s/, i After D consensus phases, all agents will
receive s/, ,; thus, overall, in, at most, 2D algorithmic iterations, s;, ;» can be added to Aand |A| = 1.

Atthe end of this base case, assume that all outdated bids from a previous planning iteration are removed from the entire fleet, which would have
taken, at most, D iterations to remove.

Therefore, it must be shown that, if we assume a global bid space A of size |.4| = n and that all bids currently in .4 will never be dropped or
outbid, then in, at most, 2D algorithmic iterations, there either exists another bid to add to .4 or the algorithm has converged. More formally, either
V ifs;; € b; subject to s;; € A (the algorithm has converged) or s €Ebyrsiy ¢ AsubjecttoV i,V s;; € b;,s;; & A, iy F Sij Si > Sij

In this step, the following three scenarios can arise:

1) There are no bids in the network that are not already in A or. more formally, V ifis;; € b; subject to s;; & A. In this case, the algorithm has
converged.

2) Abid s;; has been created and has been inserted into the global bid space .4 but agent i has yet to receive a message containing s;;, and thus
has abid on task j in its bundle b, that is smaller than s;;. More formally, the scenario arises if 3s;; € A subject to s/, ;€ b; subjecttoi # i’. By
the inductive assumption, s;; will never be outbid. Therefore, in (at most) D — 1 iterations, i will receive a message about s;; and drop its bid s/, i
When s/, ; is dropped, agent i” may be forced to drop other tasks as well that were dependent on the assignment of s/, i Define the largest bid of
these additional dropped bids as sl.e,je. If the drop bid sl.e/j9 is larger than all other bids not yet in A (if Vi, V 5;; € b;,5;; € A, sl.e,je # S0
sl.e/,.9 > 5;;), then the algorithm requires an additional D iterations to allow for this drop bid to propagate to all agents. This is required because sl.e,j9
will be in the overbid set S’ that is being communicated to all agents and, according to Theorem 2, bids can be added up to the size of sl.e/je . Thus, a
new largest bid will be possible until all agents have received a drop bid message of sie/je. This results in 2D — 1 algorithmic iterations and a
transition into the criteria for scenario 3 as follows.

3) There exists a bid s/, i in some agent i"’s bundle b,/ that is larger than all other bids s;; in every other agent’s bid spaces that is not currently
located in A (Elsi’,j, € b, subject to s/, ¢ Aand Vi,V s; € A, Vs #5).5; ¢ As/ > s;). Because no tasks in A can be outbid
(inductive assumption) and no agents are currently outbid on tasks in A (which is handled by the aforementioned scenario 2), when the largest bid
in the team not yetin A (s, j/) is shared, no other agents will be able to outbid it (due to Theorem 1). Additionally, because i’ will never receive an
outbid message greater than s/, ;» (because no other agents can bid higher (Theorem 2), s e -+ will stay in the bundle of agent i forever (Theorem 1).
Therefore, A<~ A U s/, /| A| = n + 1 in one iteration.

Therefore, incrementing A can be achieved in, at most, 2D algorithmic iterations. This then proves that a globally consistent bid space can be
constructed during algorithmic execution in, at most, 2N, D algorithmic iterations (two D — 1 iterations from scenario 2 and one iteration from
scenario 3 for each task). This also means that every individual agent will agree on the full bid space in, at most, 2N, D; thus, BW-CBBA has
converged.

B. Performance Guarantee

This section will define when nontrivial performance guarantees for BW-CBBA are available and how close to optimal these guarantees are.
The form of the following performance analysis is inspired by theorem 11 in [35]. This section will use set function notation when referring to
objective functions. Therefore, the notation F(.A) will specify the score function F evaluated on the bid space .A. Furthermore, define the notation
ABW 10 be the bid space returned using objective function F with the BW-CBBA. Similarly, define A to be the optimal bid space with respect to
objective function F. Additionally, define A, to be a bid space constructed from the largest k warped bids of AEY where s;,j, 18 defined to be the
kth element added to ABW (which was constructed by agent i; on task j) using the global bid space construction procedure from Theorem 3.

The form for the following proof will be to compare the optimal allocation A} evaluated on the desired non-submodular objective function
F(A}) to the optimal allocation A}k over a sequential set of modified objective functions F';. Before describing the main result, a few definitions
and a lemma will be needed.

Definition 5: Define the sequence of score functions F over a subset 7 of the full task set 7 where J ;<7 \ Uf:l Jk as

Fo(A) = F(A)
Fir(A) = Fi (AU sj) = Firoi(siy), YEke[T

where [| 7] is defined as {1, ..., |J|}. This can be equivalently defined using partial bid spaces and the original objective function F as
Fi(A) = F(AU Ay - F(Ay). VEke[J]

Both forms of F; will be used for proving convergence guarantees.
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Definition 6: Define a submodular lower bound function H to the desired mission objective function F as

H(@) = F(©)
H(Aus)—-H(A) = E}ér,lél(F(A/ us)—F(A") Vs, A

Definition 7: Define a parameter € that defines a measure on the non-submodularity of the mission objective function F as

1_’_6_maxF(AUs)—F(A)
A H(AUs)—H(A)

Given that ratios are used in the definition of e, it is important that F is monotonic. Other alternative measures of non-submodularity are
available and would be needed for nonmonotonic functions. If the desired mission objective function F is actually submodular, then € = 0
and F = H.

Combining Definitions 7 and 6 provides a submodular upper and lower bound on F for all bid spaces .4 as

(1+eHA)>FA) >HA), VA (18)

min

Definition 8: Define the minimum possible bid ¢ on task j; as

cin = mfilnF(A U sp) — F(A)

where, for monotonic functions, ¢ > 0.
Lemma 2: The scores ¢; ;, of warped bids 3;
defined in Definition 6:

i,j. Will be greater than or equal to the bid’s incremental value evaluated on objective function H as

> H(Ao Usgj) — H(A)

lm =

Proof: Two cases of either of the following cases are possible:

1) When warped, s; ;, does not change its value; thus, its warped value is the incremental score with respect to objective function F

_ Def.6
Cipj, = F(Ajy Usyj) = F(A) > H(A Usy ) — H(A)

2) The value ¢, j, of the warped bid 5, ;, has decreased due to bid warping. This requires that at least one bid constructed by agent iy is already in
Ay, These bids already in A;_; will be called A®, where A® C A;_;. Definebids; ; . € A® to be the winning bid at iteration k. The values of
the unwarped bids located in .A® were defined as

F‘(-’Alk9 Y Slkjke) _F(Ake—]) (19)

lkl,(e
At iteration k©, the bid on task jie by agent i, was the winning bid; therefore, at that time, it was greater than agent i;’s bid on task jy:

F(Ake 1 Us; ) F(Ake—l)w v k@ (20)

Cijio 2 irjk

From the definition of bid warping in Eq. (11) and the assumption of this proof clause that the value of s, ;, has decreased due to bid warping, the
warped bid on task j, is defined in terms of a minimum over all of the bids located in agent i;’s current bundle (which has the same elements
as A°):

Eikjk = s[k,r:;lEAe ixjye (21)
and therefore, from the definition of H (Definition 6), a minimum over a larger set will always be smaller; thus,
Civjo 2 H(Aky U sij) — H(Ay) (22)

Theorem 4: If there exists an H as defined in Definition 6 and ¢ as defined in Definition 7, and the mission objective function F' is monotonic,
then a provable performance bound between the BW-CBBA allocation .ABY and the optimal allocation A} exists as

F(AF) < 2+ e)F(ARY) (23)

Proof: To simplify the notation of the following proof, a few notational substitutions will be made:

1) Note that s <—vF,"/ ', where vF ! is the bid made on task j; in the optimal assignment using objective function F;_;
2) Note that sk<—s,k L to represeft the kth bid from the BW-CBBA bid space ABW,

3) AL (_A*H \ s} represents the optimal bid space with regard to F;_; w1th0ut the bid s} that was made on task j;.

Begin the proof by noting that the value of the optimal bid space constructed with regard to objective function F; will always be greater than or

equal to the evaluation of any other bid space on this objective function Fy, so that



Downloaded by KOREA ADVANCED INST OF SCIENCE on September 10, 2017 | http://arc.aiaa.org | DOI: 10.2514/1.1010461

JOHNSON ET AL. 117

Fi(Af) 2 Fi(A%) (24)
Then, using the definition of F;, from Definition 5, the right-hand side can be expanded as
Fi(AZ) = Fio 1 (A U sp) = Fioi(sy)

which can then be expanded as three terms:

Fi(A%) = Fr (A, )— (25a)
(Fk—l(AE,,) - Fk—l(Aé))— (25b)
(Fk—l(sk) - (Fk—l (AL U sp) — kal(A*é))) (25¢)

The three terms correspond to the value of the optimal allocation over F';,_; [Eq. (25a)], the incremental value for the bid on task j; in the optimal
allocation using objective function F;_; [Eq. (25b)], and the change in the value of the bid made in the bid warped allocation s, due to the addition
of the optimal bid space with regard to F;,_; without the optimal bid on task j, (which was previously defined as .A%) [Eq. (25¢)].

The next step is to further rewrite the term defined as Eq. (25b). First observe that 5;, ; was the kth element added to the global bid space during
the BW-CBBA so, conditional on an already locked-in bundle of A;_,,

Cirjp < Cigji S € (26)

where ¢; i is the warped value that agent i* (the optimal winner in allocation A} ) could have bid given a bid space of A;_y, ¢;,, is the actual
warped Value bid in the BW-CBBA, and c;, is the unwarped value of that bid. The relation & Cix “ < ¢;,j, holds because, if it did not, bid 5; i i, would
have been chosen instead as the kth element in the bid warped allocation. Additionally, ¢; ;, < ¢, because bid warping can only decrease the value
of a bid. From Lemma 2,

Cirjo 2 H(Ajy U sipj ) — H(Aiy) 27

the potential warped candidate bid §;x i created by agent i} will be greater than its incremental contribution defined over H. Because H is
submodular, adding the rest of the optlmal assignments from A* _, to the evaluation of the incremental value of s; *j, can only decrease its value:

Eizjk > H(Ak—l V] A;k—l) - H(Ak—l U A;k . \S i* ) (28)

iy Jk

Incorporating this with the definitions of H (Definition 6) and e (Definition 7) from Eq. (18) and the equivalence of the two forms of F; from
Definition 5 implies that

(1 + G, > (Fioi(Af, ) = Fio (A2)) 29)
Finally, combining Eq. (29) with Eq. (26) provides a bound on the term defined as Eq. (25b):
(1 +e)c; = (Fk 1(AF_ ) — Fk—l(Aé)) (30)

The next objective is to bound the term defined as Eq. (25¢). From the definition provided as Definition 8, Eq. (25¢) can be upper bounded as
¢y — ¢ If this result and Eq. (30) are substituted into Eqs. (25b) and (25¢) and sequentially iterated for all k using the relation in Eq. (24), an
optimal performance bound can be achieved as

|J|
F(AF) <D (2 + e)eg — e 3D
k=1

If functions are only known to be at least monotonic (cm‘“ = 0, V k), this can be simplified to the desired result:

F(AR) < 2 + e)F(ABY) (32)

C. Handling Nondeterministic Score Functions

As was mentioned previously in Sec. IV.C, it is necessary to have repeatable evaluations of score functions. This constraint allows the use of
stochastic score functions as long as the approximate evaluation of stochastic metrics is repeatable. For example, if the evaluation technique uses
the same set of particles for sampling the uncertainty, or the same algorithm seed at every evaluation of the score function, then the function will
return a repeatable value. Truly stochastic function evaluations (where their value is not repeatable), however, do not have absolute convergence
guarantees with this approach. Certain stochastic distributions may converge almost surely, but these special cases are not further explored in
this paper.
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VI. Results Using BW-CBBA

This section provides performance and convergence comparisons between several global information consistency assumption algorithms and
local information consistency assumption algorithms. The results will show that LICA algorithms can significantly reduce algorithmic
convergence time over competing GICA algorithms. Additionally, the bid warping approach described in Sec. IV.B can significantly improve the
performance of LICA algorithms. In fact, in all of the domains tested for this paper, the BW-CBBA actually returns the same allocation as
comparable GICA algorithms.

A. Non-Submodular Fuel Penalty: Two-Agent Case
The first example considers a simple mission where two agents achieve reward by visiting a set of locations in the environment. The score

function associated with this mission is defined as follows:

Nll Nf

J = Z(Z inj) = fidi(b;) (33)
=1 \j=1

i

where a reward of R is obtained for each task visited, and cost is defined as the fuel cost f; multiplied by the distance travelled d;(b;) by agent for its
assigned group of tasks b;. Figure 6 visually compares the planned paths for a two-agent 30-task mission using the original baseline CBBA with a
submodular approximate score function (Fig. 6a) and the BW-CBBA augmented to use the true non-submodular score function (Fig. 6b). The
numerical values used for this experiment were a reward of R = 100 and a fuel penalty of f; = 10. As was introduced in example 3 of Sec. III, one
heuristic approach to ensure submodularity within the original CBBA framework involves approximating the cost in Eq. (33) by a distance measure
based only on the initial agent position and the task locations. This heuristic score function cannot explicitly capture how task desirability can increase
due to the assignment of other tasks. This results in the algorithm’s selection criteria being driven by the tasks proximity to the agent’s initial position
instead of where it will fit into the agent’s current path (Fig. 6a). Conversely, Fig. 6b demonstrates how the BW-CBBA uses the non-submodular
objective function to create intuitively much better assignments by capturing the inherent non-submodularity in the desired objective function.

B. Non-Submodular Fuel Penalty: Monte Carlo Results

This experiment provides Monte Carlo results comparing the performance in various mission scenarios for five different algorithms.
The scenarios used in this section were designed to show two things:

1) Even in environments where reaching global consistency is possible, GICA algorithms can require many iterations to reach a convergent
solution.

2) By using the BW-CBBA, the score performance gap of using a LICA algorithm is negligible in practice.

The environment for these Monte Carlo tests places tasks and agents at random locations in a two-dimensional rectangle of dimensions of
roughly 34 by 12. (These numbers correspond to the shape of the laboratory physical flight volume.) The agents are modeled in a continuous
domain where the speed of the agents was fixed at a maximum of 0.6, the time agents were required to pause to “complete” the tasks was set to one
time unit, and all tasks expired after 100 time units. The objective function for the environment was identical to Eq. (33) with a reward of R = 100
and a fuel penalty of f; = 10. The agents have identical fuel penalties and speeds, but this is not required by any algorithms used in this
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Fig.6 Comparison of planned paths for a two-agent 30-task mission: a) original CBBA with a submodular heuristic score function, and b) BW-CBBA.
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Fig. 8 Results for 200-task Monte Carlo run.

experiment. The agents’ objective functions, however, are heterogeneous because they depend on both the agents’ starting locations and the full
bundles assigned to each agent. Every data point in Figs. 7 and § is an average over 500 Monte Carlo trials. The computational environment for
these experiments used a separate computer for each agent communicating over a virtual communication network, which was defined as a
minimum spanning tree over a distance metric corresponding to the agents’ randomized starting positions. This provided a level of realism to the
simulated performance of the algorithms because the only information shared between the agents was the actual task bids, and thus true
communication synchronization was required between the distributed agents. The five planners used in these tests were as follows:

1) The first planner is Sequential Auction, which is a GICA algorithm (as defined in [22]) that essentially involves the team incrementally
building up a global bid space one task at a time. This requires every member of the team communicating with all other agents for every single task
assignment.

2) The second planner is Implicit Coordination. The implicit coordination implementation in this paper uses a poor information environment
because each agent independently optimizes its own objective function, ignoring the contributions of other agents. The result gives the teamwide
performance when no explicit cooperation is used.

3) The BW-CBBA (as defined in Sec. IV.B) is the LICA contribution of this paper.

4) CBBA unwarped refers to the baseline solution described in [26], which uses an a priori approximate submodular function.

5) The BW-CBBA with GICA, which is a variant of the BW-CBBA implemented for this paper, ensures that every agent’s local bid space is
equivalent to the global bid space before every bundle building phase. This algorithm is essentially a bundle version of a sequential auction, and
thus approximates the fastest expected convergence time of a GICA auction algorithm.

Planners not run in this test include those that predict assignments for teammates and incorporate this information into their prospective
assignments. These algorithms require sharing a different domain of information (including information about other agents’ actual objective
functions) and are not considered in this paper. Traditionally, these approaches would be considered GICA algorithms because they require
information about the entire fleet to guarantee convergence [5,7,36], but recent work has looked at LICA algorithms that use information about
other agents’ score functions [37].

The experiments shown in Figs. 7a and 7b are two-agent Monte Carlo runs with 500 trials averaged for each data point while varying the number of
tasks. Figure 7a shows that the BW-CBBA performs identically in score to both of the GICA algorithms. The implicit coordination technique
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performs reasonably well because the tasks expired at 100 time units, which made it impossible for both agents to service all of the tasks. Thus, there
was relatively little overlap in desired assignments between the agents in this no-coordination planner. The unwarped CBBA actually performed quite
poorly, especially for high numbers of tasks, because its objective function could not capture the supermodular coupling between servicing tasks that
were near each other. Figure 7b highlights the convergence times for each of these algorithms. The first remarkable aspect about this figure is the large
number of iterations required for convergence using the sequential auction algorithm. Even though there are only two agents, and thus the network
diameter is one, it takes a full iteration for the assignment of every single task. The BW-CBBA and BW-CBBA GICA use significantly fewer
iterations for all sized task environments and actually require the same number of iterations to reach convergence. This is because the two-agent
network is fully connected so that the agents using the BW-CBBA can have consistent local bid spaces after every iteration. Thus, the algorithmic
execution of the BW-CBBA and BW-CBBA GICA is identical. These approaches take less than one more iteration on average than the unwarped
CBBA. The extra convergence time is due to a slightly more complicated optimization between the two agents, which is taking into account the non-
submodular objective function. Because there is no explicit coordination with implicit coordination, it always “converges” in one iteration. The
takeaway from Figs. 7a and 7b is that, even with two agents, the BW-CBBA outperforms the unwarped CBBA significantly in score performance for
a small penalty in an increased number of iterations for convergence. Additionally, its performance is identical to the tested GICA planners.

The experiments shown in Figs. 8a and 8b are Monte Carlo runs with 200 task environments and 500 trials averaged to create each data point while
varying the number of agents. Figure 8a shows identical performance between the BW-CBBA and the GICA algorithms. Additionally, it shows a
significant performance gap between the unwarped CBBA and the implicit coordination approach, especially for smaller team sizes. When the team
size reaches eight agents and above, the BW-CBBA and the GICA algorithms are able to service all of the tasks efficiently under the 100 time unit task
deadlines (the only improvement comes from agents potentially starting nearer to desired tasks). The original unwarped CBBA, even with 20 agents,
still has a mission performance gap because the objective function is unable to capture the inherent coupling of travel distance in the objective
functions. Theoretically, this performance gap may exist until each agent is only servicing a single task, in which case the unwarped CBBA and
BW-CBBA will return the same allocation. The performance of implicit coordination actually degrades after 12 agents because the costs of
overlapping assignments start outweighing the benefits of having more agents to service difficult-to-reach tasks. Figure 8b highlights the number of
iterations each planner requires to reach convergence. Again, the sequential auction GICA algorithm takes significantly more iterations to converge
than any of the other planners. In fact, for the most difficult assignment problems of 20 agents and 200 tasks, this algorithm was requiring nearly 2000
iterations on average. This is due to the fact that 200 tasks are assigned incrementally across an average network diameter of 10. The BW-CBBA
GICA performs significantly better than the sequential auction because the coupling in the problem allows agents to agree on many task assignment
winners at the same time. Assigning multiple tasks simultaneously allows this auction to reduce the convergence time by more than an order of
magnitude. The BW-CBBA, which is a LICA algorithm, further reduces the number of iterations to convergence below the BW-CBBA GICA. In fact,
for the largest problem sizes shown, the BW-CBBA converges 50 iterations sooner. Intuitively, this is because agents will rarely have allocation
conflicts with teammates that are highly separated across the communication network. Therefore, conflict resolution is more efficiently conducted
using local communication. The CBBA unwarped converges marginally faster than even the BW-CBBA but, again, this is at the expense of
significant degradation in score performance. The takeaway from Figs. 7 and 8 is that the BW-CBBA significantly improves the performance of
traditional LICA algorithms (unwarped CBBA) while converging in significantly fewer iterations than GICA algorithms. There is a hidden
computation cost not shown in Figs. 7 and 8 that involves the onboard agent computation of the desired assignments. For some domains, this extra
computation may be quite relevant to the convergence times of the algorithms and is worth investigation, but this paper is focused on understanding
the information assumptions and communication costs. Despite this, for the tests shown in Figs. 7 and 8, agent computation times were negligible
compared to the required infrastructure to synchronize communication between the decentralized agents.

C. Remark

It should be noted that the approach in this paper has focused specifically on what are called task consensus algorithms that utilize consensus
protocols that share assignment information between agents. An introduction to how these algorithms compare to a algorithms that share state
information between themselves (called implicit coordination algorithms) is introduced in [38]. Specifically, task consensus algorithms are good
in loosely coupled domains and can have strong guarantees on performance and convergence. However, since they share assignments, they can
have long convergence times when tasks have highly-coupled assignment constraints between each other (the details of this are extensively
discussed in [38]). In these domains, implicit coordination algorithms can do a good job with these highly coupled assignments, but again at the
downside that they often are unable to make any guarantees on performance. Other work presented in chapters 4 and 5 of [39] leverages the
understanding of LICA algorithms introduced in this paper and implicit information about other agents to efficiently produce provably good
assignments in environments that require coupled assignments.

VII. Conclusions

Submodularity is a powerful property that can be exploited for provable performance and convergence guarantees in distributed task allocation
algorithms. However, some mission scenarios cannot easily be approximated as submodular a priori. This paper introduces an algorithmic extension
for LICA algorithms that enables them to converge using non-submodular score functions. These enhancements use non-submodular ranking of
tasks within each agent’s internal decision making while externally enforcing that shared bids appear as if they are created using submodular score
functions. Convergence and performance bounds are proven for this new algorithm called the BW-CBBA. The numerical results of this effort show
significant improvements over hand-tuned heuristic approaches that approximate the true non-submodular score functions.

Appendix: Analysis of Algorithmic Performance

Definitions 6 and 7 provide theoretical insight into the tightness of the performance bounds provided in Theorem 4. This Appendix provides
some practical insight into how the BW-CBBA works in practice.
An optimal upper bound for the score function defined as Eq. (33) in Sec. VI can be defined as

N,
Zmax(maX(R,-j = fid;;), max(R;; —f,-djrj),O) (A1)
= i ij

where d; is the distance from agent i to task j. This bound essentially finds the maximum possible reward achievable by each task, without the
constraints of connected trajectories by agents. This upper bound will almost always be loose, but nevertheless will give some insight into the
performance of the algorithms in Sec. VL.B.
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Fig. A1 Comparison of mission score in 500 Monte Carlo trials of a 200-task mission with a varying number of agents.

1) The first category is approximately submodular. With these objective functions, there will be very little difference between F and H;
therefore, there will be relatively consistent bounds with respect to optimal. Bid warping will have little effect on the final solution. The only
purpose it will serve is to slightly augment the scores when needed to guarantee convergence. An example of this type of score function is in
Eq. (33) when f; is small. In this case, the true objective function is very nearly modular and the final solution will be near optimal.

2) Non-submodular with good local optima is the category that the simulations in Sec. VI demonstrate. The objective function used is not close to
submodular because the fuel penalty can span a wide range of values from near zero (when an existing trajectory passes through a previously
unassigned task) to multiple times the value of the task (for tasks far away from the iterative assignment’s current trajectory). This means that it will be
quite difficult to construct a good a priori submodular approximation. The results presented in Figs. 7 and 8 were specifically designed to highlight
how the BW-CBBA could perform well in substantially non-submodular environments; as a result, there does not exist a nontrivial € and H for the
objective function defined as Eq. (33). Figure Al presents a slight modification to the problem statement presented in Sec. VL.B. To create a
reasonable optimal upper bound, the problem was simplified by removing the task timeout constraints. As can be seen from the optimal upper bound
in Fig. A1, all of the GICA approaches and the BW-CBBA perform well (as the uppermost line is an upper bound on optimal and not necessarily
tight). The BW-CBBA has good performance in environments where any centralized greedy algorithms can produce good solutions. These
environments occur when greedy allocations do not catastrophically degrade the teamwide performance. This occurs in domains like those presented
in Sec. VLB, where tasks are placed randomly in a two-dimensional grid; therefore, it would be difficult to be in a situation where the agent geometry
prevents servicing large portions of the environment. It would take a very specific malicious environment for a greedy allocation to perform poorly.

3) The third category is non-submodular with poor local optima. If there are tasks that can be greedily chosen by agents that prevent those agents
from servicing other requirements, then the BW-CBBA can perform arbitrarily poorly. In these domains, there can be sufficient objective function
coupling such that no sequential greedy algorithm can return a good solution, regardless of the information assumptions. An example of this type
of environment is when no agents are close enough to any task to create an initial positive score. Therefore, starting with an empty bid space, the
marginal score for adding any task will be negative and the final allocation will be empty. An optimal allocation in this scenario could foreseeably
take a negative incremental score on some initial tasks in order to achieve a larger positive reward for other important tasks. Physically, this could
be realized if all of the agents start in one corner of the environment and all of the tasks are on the other side of the space. This is a problem with
sequential task assignment, and not just the BW-CBBA, and is in general a very difficult problem to solve, even with centralized methods. Indeed,
all sequential assignment algorithms will be a poor choice for these environments, and more advanced approaches that evaluate bundles of
assignments simultaneously will be needed. In general, these problems are very computationally hard (specifically, NP hard) but, in special cases,
other approximate solvers may be able to explore these complex spaces efficiently.
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