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Abstract: We characterize and analyze the timing jitter of normal-
dispersion mode-locked Er-fiber lasers with intra-cavity filtering. The 
timing jitter of Er-fiber lasers with 9-nm bandpass filters operating at + 
0.0084 ps2 is measured to be 3.46 fs (rms) when integrated from 10 kHz to 
10 MHz offset frequency, which is similar to the jitter level of typical 
stretched-pulse or soliton Er-fiber lasers. The numerical simulation based 
on split-step Fourier transform method shows that the measured high-
frequency jitter is quantum noise-limited performance. We also develop an 
analytical model for filtered normal-dispersion fiber lasers by modifying the 
well-established noise model of stretched-pulse fiber lasers. The analytical 
modeling reveals that the jitter performance is improved mostly by reducing 
the chirp parameter by intra-cavity filtering. Both numerical simulation and 
analytical model fit fairly well with the measured timing jitter result. 

©2015 Optical Society of America 

OCIS codes: (320.7090) Ultrafast lasers; (270.2500) Fluctuations, relaxations, and noise; 
(140.4050) Mode-locked lasers. 
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1. Introduction 

Ultralow timing jitter femtosecond mode-locked lasers can be used for timing synchronization 
[1–4], optical sampling and analog-to-digital conversion [5], low-noise microwave generation 
[3,6,7], photonic radars [8], and optical interconnection [9], to name a few. In particular, 
mode-locked fiber lasers have attracted attention due to their advantages of simpler design 
and implementation, better robustness and lower cost, compared to solid-state bulk lasers. 
Previous research on lower jitter fiber lasers has been mainly focused on dispersion 
engineering. Operating stretched-pulse, nonlinear polarization evolution (NPE)-based fiber 
lasers at close-to-zero dispersion has enabled the scaling of high-frequency (e.g., >10 kHz 
offset frequency) timing jitter to the sub-femtosecond regime [10,11]. However, timing jitter 
of stretched-pulse fiber lasers is highly sensitive to the net cavity dispersion including higher-
order dispersion. In addition, even at the same dispersion condition, depending on the input 
polarization states and mode-locking condition, timing jitter spectra can vary more than 10 dB 
as shown in [10]. Due to these issues, reduction of timing jitter by dispersion engineering in 
stretched-pulse fiber lasers is nontrivial. 

Recently, timing jitter reduction by intra-cavity filtering in mode-locked lasers has been a 
topic of interest [12–15]. It has been well known that narrow bandpass filtering can reduce the 
timing jitter originated from the quantum-limited center frequency noise coupled via 
dispersion (also called the Gordon-Haus jitter) [16]. In a hybrid-mode-locked semiconductor 
laser, it was shown that the timing jitter could be reduced from 1.7 ps to 86 fs by employing a 
0.7-nm bandpass filter in the cavity [12]. It was also shown that the timing jitter in soliton 
mode-locked Er-fiber lasers could be reduced from 84.8 fs to 29.1 fs by intra-cavity filtering 
[13]. The timing jitter of all-fiber, normal-dispersion Yb-laser with 9-nm bandpass filter was 
measured to be 90 fs when integrated from 100 Hz to 10 kHz offset frequency [14]. More 
recently, systematic measurements of normal-dispersion Yb-fiber lasers at different intra-
cavity dispersion and filter conditions revealed that timing jitter becomes nearly independent 
of intra-cavity dispersion when inserting a narrow bandpass filter in normal-dispersion fiber 
lasers [15]. Further, it was shown that high-frequency (>10 kHz) timing jitter could reach the 
sub-femtosecond regime by narrow intra-cavity filtering. Combining these experimental 
findings with the high stability and reproducibility of dissipative soliton solution [17], intra-
cavity filtering in a normal-dispersion Er-fiber laser may lead to a more robust and higher 
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energy optical pulse train generator with femtosecond timing jitter at telecommunication 
wavelength. 

In this paper, we show the accurate timing jitter measurement result of normal-dispersion ( 
+ 0.0084 ps2) Er-fiber lasers with 9-nm intra-cavity filtering. The measured timing jitter is 
3.46 fs (rms) when integrated from 10 kHz to 10 MHz offset frequency, which is similar to 
the timing jitter in typical stretched-pulse Er-fiber lasers [18] or all-fiber soliton Er lasers [19]. 
Further, based on accurate measurement of timing jitter spectral density and associated laser 
parameters, we analyze the jitter spectrum using both numerical simulations and analytical 
modeling. The numerical simulation based on split-step Fourier transform method shows that 
the measured jitter above 10 kHz offset frequency is quantum noise-limited performance. We 
also develop an analytical model for filtered normal-dispersion fiber lasers by modifying the 
Namiki-Haus noise model for stretched-pulse fiber lasers [20]. The analysis result suggests 
that the jitter performance is improved mostly by reducing the chirp parameter by intra-cavity 
filtering. Both numerical simulation and analytical model fit fairly well with the measured 
results when setting the spontaneous emission factor (excess noise factor) at three. 

2. Design and implementation of normal-dispersion Er-fiber lasers with intra-cavity 
filtering 

Figure 1(a) shows the schematic of the implemented normal-dispersion Er-fiber laser with an 
intra-cavity bandpass filter. Mode-locking of the laser is achieved by NPE. The used gain 
fiber is 60 cm of high-concentration Er-doped fiber (ER-110-4/125, Liekki). Passive fiber 
section consists of a wavelength division multiplexer (OFS980-16, OFS) and a section of 
small-core fiber (HI1060, Corning). Polarization components (wave-plates and polarization 
beam splitter), a spectral filter, and an isolator are placed in the free-space section. The used 
spectral filter is a standard off-the-shelf product (NIR01-1550/3-25, Semrock) and has a 
flattop pass-band shape with ~9 nm full width half maximum (FWHM) bandwidth at 1550 nm 
center wavelength. To overcome the filtering loss, two pump laser diodes (1999CHP, 3SP 
Group) at 980 nm are used through the pump beam combiner. The laser is forward-pumped 
for lower noise, and the combined pump power is about 1 W. The length of the passive fiber 
section is optimized to achieve enough spectral broadening while preventing the pulse 
breaking. The length of the passive fiber after gain section is 45 cm, while 30 cm of passive 
fiber is used before the gain fiber. With the known dispersion values of Er ( + 12 fs2/mm) and 
passive (−6.6 fs2/mm for HI1060, + 4.5 fs2/mm for OFS980-16) fibers, the net cavity 
dispersion is about + 0.0084 ps2 at 1550 nm. The laser is implemented as a sigma cavity with 
a mirror mounted on a piezoelectric transducer (PZT) for easy repetition-rate locking. 

 

Fig. 1. (a) Schematic of the filtered normal-dispersion Er-fiber laser. (b) Measured output 
optical spectrum. EDF, erbium-doped fiber; LD, laser diode; OI, optical isolator; PBC, pump 
beam combiner; PBS, polarization beam splitter; PZT, piezoelectric transducer; SF, spectral 
filter; WDM, wavelength division multiplexer. 
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By adjusting the waveplates, stable and robust mode-locking can be obtained. The average 
output power is ~145 mW, and the repetition-rate is 129 MHz. The FWHM pulse width at the 
output coupler is ~620 fs, which is measured by an intensity auto-correlator. The measured 
optical spectrum from the output coupler is shown in Fig. 1(b). The FWHM bandwidth is 17 
nm, and the multi-peak profile of the spectrum is the result of self-phase modulation (SPM) 
[21]. From the shape of the optical spectrum, the accumulated nonlinear phase shift is 
estimated to be ~1.2π rad. The radio-frequency (RF) spectra of the pulse train are shown in 
Fig. 2. The measured signal-to-noise ratio (SNR) is >80 dB for 10-Hz resolution bandwidth 
[Fig. 2(a)]. The broadband RF spectrum over 1 GHz span shows stable fundamental mode-
locking without sign of multi-pulsing or wave-breaking [Fig. 2(b)]. 

 

Fig. 2. RF spectrum (a) with resolution bandwidth of 10 Hz, (b) with frequency span of 1 GHz. 

3. Measurement results of relative intensity noise and timing jitter 

To check the power stability of the laser, relative intensity noise (RIN) is measured with and 
without a 9-nm bandpass filter, and its result is shown in Fig. 3. The RIN suppression by 
spectral filtering is observed for normal-dispersion Er-fiber laser, as was also shown in Yb-
fiber lasers in [15]. Note that multiple peaks in the 10 Hz – 1 kHz are mainly caused by the 
acoustic noise, mechanical vibrations and 60-Hz AC power lines, and their strength strongly 
depends on the laboratory environment. The integrated RIN for the filtered case is 0.0047% 
(rms) when integrated from 10 Hz to 100 kHz, while the integrated RIN without the filter is 
0.033% with the same integration range. 

 

Fig. 3. Reduction of RIN by intra-cavity filtering. 
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The experimental setup for timing jitter measurement is shown in Fig. 4. To measure the 
timing jitter of the laser-under-test (Laser 1 in Fig. 4), we need an additional reference laser 
(Laser 2 in Fig. 4) with timing jitter equal to or lower than that of the laser-under-test. 
Therefore, we constructed two almost identical Er-fiber lasers as described in Section 2. The 
measurement is performed by a well-established, sub-100-attosecond-resolution balanced 
optical cross-correlation (BOC) method [2]. For the BOC measurement, the outputs from two 
lasers are combined with orthogonal polarization states. The BOC uses type-II phase-matched 
second harmonic generation (SHG) by PPKTP with 46.2 μm period. The used balanced 
detector is a home-made one with trans-impedance gain of 31 kΩ, bandwidth of 44 MHz, and 
responsivity of 0.53 A/W. The S-curve generated from the balanced detector is used for the 
phase-locked loop (PLL) between the two free-running fiber lasers. The PLL consists of 
proportional-integral (PI) servo (LB1005, Newfocus), pre-amplifier (SR560, Stanford 
Research Systems), and high-voltage amplifier (A-301HS, A.A. Lab Systems). Once the 
repetition-rate locking between the lasers is obtained, timing jitter above locking bandwidth 
can be measured directly at the BOC output. The timing jitter below the locking bandwidth 
can be further extracted by measuring the voltage noise at the PI servo output (input to the 
PZT amplifier). This voltage noise carries the frequency noise information, which can be 
converted to the equivalent timing jitter and repetition-rate phase noise. Once the timing jitter 
spectral density is measured, the measured jitter spectrum is divided by two, assuming that 
each fiber laser is independent and has equal contribution to the total jitter spectrum [18]. 
More detailed information on the measurement set-up and timing jitter conversion method can 
be found in [22]. 

 

Fig. 4. Experimental setup for timing jitter measurement with the BOC. BD, balanced detector; 
DM, dichoric mirror; PBS, polarization beam splitter; PI, proportional-integral controller. fB 
denotes the PLL locking bandwidth. 

To compare the timing jitter between lasers with and without intra-cavity filtering, the 
same experiment can be performed after removing 9-nm filters from both lasers. However, 
without narrow intra-cavity filtering, we had a difficulty in obtaining stable mode-locking at 
large normal (~ + 0.01 ps2) net-cavity dispersion. As a result, we could operate only one laser 
without intra-cavity filtering. To measure the timing jitter of this filter-less laser, instead of 
the BOC method, we apply a standard direct photodetection method [23]: 1.29-GHz (10th 
harmonic) microwave signal is generated from the mode-locked laser via high-speed 
photodetection and narrow bandpass filtering at 1.29 GHz. The phase noise of this microwave 
signal can be obtained by frequency-mixing it in quadrature with 1.29-GHz signal generated 
from a low-noise microwave synthesizer. Despite a limited measurement dynamic range, we 
could compare the jitter performance between lasers with and without intra-cavity filtering for 
<20 kHz offset frequency range. 

The measured timing jitter spectral density is shown in Fig. 5. For the laser with intra-
cavity filtering (curve (a) in Fig. 5), the jitter spectrum above 4 kHz offset frequency is 
obtained by directly analyzing the BOC output; the jitter spectrum below 4 kHz offset 
frequency is obtained by converting the frequency noise at the PZT amplifier input to the 
equivalent timing jitter. For >10 kHz offset frequency, the measured jitter spectrum slope 
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shows −20 dB/decade, which implies the random walk nature of the quantum-limited noise. 
After the transition range of −30 dB/decade slope in the 1 kHz – 10 kHz, the jitter spectrum in 
the 10 Hz – 1 kHz shows −20 dB/decade slope again. Many noise peaks in the 100 Hz – 1 
kHz are due to the acoustic noise coupling, which are mainly caused by the fan noise of 
instruments in the laboratory. Below 10 Hz offset frequency, the timing jitter slope rapidly 
increases to > −50 dB/decade, which is also observed for stretched-pulse fiber lasers [22]. The 
integrated timing jitter is 3.46 fs (rms) when integrated from 10 kHz to 10 MHz offset 
frequency. This jitter number is fairly low, corresponding to a similar level with that of 
stretched-pulse Er-fiber laser operating at positive dispersion (net-cavity dispersion = + 0.004 
ps2) [18] or all-fiber soliton Er-laser mode-locked by a carbon nanotube saturable absorber 
(net-cavity dispersion = −0.055 ps2) [19]. Note that the 9-nm bandwidth is used in the 
experiment because this filter was the only off-the-shelf product that we could easily purchase 
at the time of experiment. It will be possible to further reduce the jitter by using different filter 
bandwidths as shown in [15]. When comparing the jitter spectrum between lasers with and 
without intra-cavity filtering (curve (b) in Fig. 5), the filtered laser has ~20 dB lower jitter 
spectrum at 10 kHz offset frequency, which shows the effectiveness of narrow intra-cavity 
filtering for suppressing timing jitter. Note that the measurement resolution of direct 
photodetection method is limited by the thermal noise floor above 20 kHz offset frequency 
(dashed line (c) in Fig. 5). 

 

Fig. 5. Measured timing jitter power spectral density and integrated timing jitter of normal-
dispersion Er-fiber laser (a) with and (b) without intra-cavity filtering. Note that timing jitter of 
filtered laser is measured by the BOC whereas timing jitter of filter-less laser is measured by 
direct photodetection and microwave mixer, which caused the measurement resolution floor 
above 20 kHz offset frequency (dashed line (c)). 

4. Numerical simulation and analytical modeling of the measured timing jitter spectrum 

4.1. Numerical simulation of timing jitter 

For the numerical analysis of timing jitter in normal-dispersion fiber laser with intra-cavity 
filtering, we construct a numerical fiber cavity model. The used dispersion values at 1550 nm 
are + 0.012 ps2/m for Er fiber, + 0.0045 ps2/m for OFS980-16 fiber, and −0.0066 ps2/m for 
HI1060 fiber. Note that only the second-order dispersion of the fiber is used for the model 
while higher-order dispersion is not included. The output coupling ratio of ~85% is used for 
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model, which is a measured value by inserting the glass plate in the actual laser. The NPE is 
modeled as an ideal fast saturable absorber in the simulation. In addition, the small signal gain 
and the gain saturation energy are adjusted in the simulation to match the output pulse energy 
measured in the experiment. The pulse dynamics in the laser cavity is reconstructed by the 
well-established split-step Fourier transform (SSFT) method [21]. The laser operation is 
modeled as a successive propagation of many round-trips in a fiber cavity. To calculate the 
pulse width in the cavity, the time space of 3 ps span with 4096 segments are used with a 
rectangular window. Since the pulse width is less than 1 ps, the rectangular window raises no 
numerical artifact. The time interval between each segment is about 0.7 fs, which allows 
femtosecond-resolution pulse width analysis. To analyze the optical spectrum, the time span 
of window is changed from 3 ps to 160 ps while keeping the number of segments identical. 
The initial pulse is a Gaussian pulse and its pulse energy is matched to the measured pulse 
energy. The simulation converges to the steady-state after ~450 cycles with 10−16–level 
relative instability. 

 

Fig. 6. (a) Optical spectra from the numerical and experimental results. (b) Pulse shape and 
chirp from numerical analysis. (c) Pulse width and spectrum evolution in the cavity. 

The main results of the pulse dynamics simulation are summarized in Fig. 6. Figure 6(a) 
shows the optical spectra of the numerical simulation and actual measurement results. The 
numerical result is fairly consistent with the measurement result. Slight differences are due to 
the assumption of completely symmetric gain spectrum with 45-nm bandwidth Gaussian 
spectrum profile in the model. From the simulation, the nonlinear phase shift is calculated as 
1.1π, of which ~60% is accumulated in the gain medium. Due to the shorter fiber length and 
smaller total dispersion, the nonlinear phase shift amount is smaller compared to that of 
typical normal-dispersion lasers mostly intended for power scaling. Note that shorter fiber 
length is desirable for improving the timing jitter due to shorter pulse width in the gain 
medium [24]. Figure 6(b) shows the numerically computed pulse shape at the output coupler, 
which shows ~660 fs FWHM pulse width. Figure 6(c) shows the pulse dynamics in the fiber 
cavity. As expected, both the pulse width and the optical bandwidth increase during fiber 
propagation, and are reduced by spectral filtering. 
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After making sure that the numerical simulation of pulse dynamics can effectively 
reproduce the measured laser parameters (such as pulsewidth, output power, spectral shape 
and bandwidth), we attempted the numerical computation of timing jitter spectral density 
from this model. To calculate the quantum-limited timing jitter of a mode-locked laser, we 
introduce the ASE noise in the gain fiber. The introduced ASE quantum noise is white noise 

described as *
2 2

1 1 ( 1)
( , ) ( ', ) ( ') ( ')

2 / 1g

G
n z n z z z

l

θ δ δ
π ω

−Ω Ω = − Ω − Ω
Ω Δ +

  , where n  is 

noise, *n  is complex conjugate of noise, G is net power gain, l is length of gain medium, θ is 
spontaneous emission factor (excess noise factor), z is position of the noise source, Ω is 
deviation from the carrier frequency, Δωg is bandwidth of the amplifier, and δ is delta 
function [25]. The introduced quantum noise spectrum is converted to the white Gaussian 
noise electric field and added to the pulse electric field: addition of noisy electric field 
changes the pulse shape, energy, and temporal position in a random way. The optical pulse 
train is numerically dithered with the aforementioned quantum noise in the gain medium. 
After the timing deviation over 200,000 cycles is calculated, it is Fourier-transformed to the 
power spectral density. For reliable result, total cycles are divided into 8 segments, and each 
segment contains 25,000 pulses. Given that the repetition-rate is 129 MHz, each segment 
contains the jitter information above ~5 kHz offset frequency. The power spectrum of 
calculated timing jitter is plotted in Fig. 7(a) as orange dots. The timing jitter obtained from 
the numerical simulation fits well with the experimental data, when assuming the spontaneous 
emission factor of θ = 3, which is a reasonable number for Er-fiber lasers [19]. 

 

Fig. 7. (a) Numerical timing jitter estimation. (b) Calculated timing jitter by the modified 
Namiki-Haus noise model. (i) ASE-originated direct timing jitter; (ii) center frequency noise-
originated timing jitter coupled by dispersion; (iii) center frequency noise-originated timing 
jitter coupled by pulse chirp. Blue curve shows the measured result for comparison. 

4.2. Analytical modeling based on a modified Namiki-Haus noise model 

We also develop analytical modeling to further study the underlying physics in the measured 
timing jitter performance. For this purpose, the noise model of stretched-pulse fiber lasers 
developed by S. Namiki and H. Haus [20] is modified in this work. As this model effectively 
evaluates the timing jitter in fiber lasers in the presence of intra-cavity pulse breathing, we 
attempted to adopt it for filtered normal-dispersion fiber lasers with a few modifications, 
while keeping the perturbation analysis for the chirped Gaussian pulse. In our modeling, we 
modified the bandwidth and chirp parameter terms. 

In the case of bandwidth term, the original Namiki-Haus theory assumes that only the gain 
element stabilizes the spectrum fluctuation. However, due to the use of optical filter in our 
lasers, the filter bandwidth term should be also included. Effectively, as the filter bandwidth is 
much narrower than the gain bandwidth in our system, we could replace the gain bandwidth 
term with the filter bandwidth term, as was also suggested in [26]. Regarding the chirp 
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parameter β, it is calculated as 
2

1
tan{ [arg( ) arg( )]}

2 g

g
j jDβ α= − − +

Ω
, where g is net 

amplitude gain, D is net cavity dispersion, α is a proportionality factor (self-amplitude 
modulation coefficient), and gΩ  is gain bandwidth. This equation is based on the symmetry 

point signature in the cavity of stretched-pulse lasers [20]. However, the symmetry point is 
broken by the optical filtering in dissipative mode-locked lasers, and this equation cannot be 
used for modeling our laser. Fortunately, the chirp parameter can be also directly determined 

from its definition, 2
0 1τ τ β= + , where τ and τ0 are the actual pulse duration and the 

transform-limited pulse duration, respectively. In this way, we obtain the chirp parameter for 
our model as 4.6, which is obtained by the numerical simulation shown in Fig. 6(c). 

With these two modifications, we calculate the timing jitter of normal-dispersion Er-fiber 
lasers with intra-cavity filtering. The spontaneous emission factor θ is set to 3, which is same 
as the numerical simulation in Section 4.1. The used value of α (self-amplitude modulation 
coefficient) is 0.2, considering the general range of 0.1-0.3 as shown in [20]. Net amplitude 
gain of 1.36 is used, which is same as the used value in the numerical simulation. The pulse 
width and pulse energy are set to 620 fs (FWHM) and 1.1 nJ, respectively, where both are the 
measured results. Using these parameters, the timing jitter is calculated by Eq. (55) in [20]. 

The calculated direct ASE-originated timing jitter is shown as curve (i) in Fig. 7(b). 
Curves (ii) and (iii) represent the center frequency noise-originated timing jitter coupled by 
intra-cavity dispersion and pulse chirp, respectively. Note that the chirp-coupled, frequency 
noise-originated jitter (curve (iii)) has a similar magnitude with the direct ASE jitter (curve 
(i)), and these two contributions mostly determine the overall jitter performance. The 
contribution from the dispersion (curve (ii)) is negligible due to narrow bandpass filtering. 

5. Summary 

In this work, we show the accurate timing jitter measurement result of normal-dispersion ( + 
0.0084 ps2) Er-fiber lasers with 9-nm intra-cavity filtering. The measured timing jitter is 3.46 
fs (rms) when integrated from 10 kHz to 10 MHz offset frequency. Further, based on 
measurement of timing jitter spectral density and associated laser parameters, we analyze the 
jitter spectrum using both numerical simulation and analytical modeling. The numerical 
simulation shows that adding white Gaussian noise in the SSFT-based pulse dynamics 
simulation can effectively reproduce the measured jitter spectrum. We also develop an 
analytical model for filtered normal-dispersion fiber lasers by modifying the Namiki-Haus 
noise model for chirped Gaussian pulses. With modifications in bandwidth and chirp 
parameter, the timing jitter is analytically calculated and shows a consistent result with 
numerical and experimental results. Thus, we anticipate that our numerical simulation and 
analytical modeling methods can be used to further optimize the timing jitter and other noise 
of filtered normal-dispersion fiber lasers in the near future. 
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