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Abstract

By using the theory of basic hypergeometric series, we present some formulas for
g-consecutive integers, and we find certain new identities for twisted g-Bernoulli
polynomials and g-consecutive integers (Simsek in Adv. Stud. Contemp. Math.
16(2):251-278, 2008).
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1 Introduction
The classical Bernoulli polynomials B, (x) and the Euler polynomials E,(x) are usually de-
fined by the generating functions

e ¢
= B,(x)—, |t|<27 and
o ZO W)l
2 & ¢
= E,(x)—, |t|<m,
el +1 ; n()n! i

respectively. In addition, the Bernoulli numbers are given by B, := B,(0) for n > 1. Re-
cently, the Bernoulli polynomials and Bernoulli numbers have gained considerable sig-
nificance in the fields of physics and mathematics [1-4]. For example, Kim [3] defined a
new g-analogy of the Bernoulli polynomials and Bernoulli numbers, and he deduced some
important relations between them. Moreover, g-analogues have been investigated in the
study of quantum groups and g-deformed superalgebras [1]. The connection here is sim-
ilar, in that much the string theory is set in the language of Riemann surfaces, resulting
in connections with elliptic curves, which in turn relate to g-series. A g-analogue is an
identity for a g-series that returns a known result in the ‘bosonic’ limit (in contrast to the
conventional ‘fermionic’ limit ¢ — —1) as ¢ — 1 (from inside the complex unit circle in
most situations). In addition to the widely used g-series, we have g-numbers, g-factorials,
and g-binomial coefficients. A g-number is obtained by observing lim,_,; % =n. Thus,
we define a g-number as [#n], = %. Accordingly, one can define the g-analogue of the
factorial, namely, g-factorial, as

[yt = [, (2], [ =11, 0,
_1-ql-¢* 1-4"_
AL L

1-(1+q)---(1+q+---+q”_2)(l+q+-~~+q”_1).
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Using this notation, we can define the g-binomial coefficients, also known as Gaussian

coefficients, by

nl [n],!
k q‘ [n — k,!K],!

Furthermore, the g-Bernoulli polynomials B, ,(x) and the g-Bernoulli numbers 8,, can

be defined in terms of the generating function F;(x, q) as follows [5]:

1 t-1 > > Bir(x)
Fi(x,q) = eﬁ1 .4 E prE el - E %q”, lql <1,]¢| < 1.
Og n=0 n=0 n:

Kim [6] established an interesting relation between Bernoulli numbers and g-integers,
that is,

n 1
fo Bradicly = = (Brna() ~ Prna).

In addition, Kim [7, Theorem 1], Kim and Lee [8, Lemma 2.1] derived the relations between
the Euler polynomials EY (%) of order r using the alternating sum of powers of consecutive
integers T (n). Here, Ty(n) = Y 7 ,(-1)"F and E?(x) is defined as

2 r [o¢] () tn
xt_§: ¥
(ef+1>e - OE" (x)n!'
P

Simsek constructed twisted Bernoulli polynomials together with twisted Bernoulli num-
bers and obtained analytic properties of twisted L-functions [9, 10]. Further, he defined
generating functions of the twisted g-Bernoulli numbers and polynomials [9]. In a com-
plex case, the generating function of twisted g-Bernoulli numbers f; , (£) and a g-analogue

of the Hurwitz zeta function f,(t, x, q) are given by
Jao)=) B, (@)5; and
1=0
Soltys,q) = Mf(0 = 3 Bl g,%) 5,
1=0

where g € C with |g| <1, and w is the rth root of 1. In a complex case, the generating func-
tion of twisted g-Bernoulli numbers f; ., (t) and a g-analogue of the Hurwitz zeta function

foo(t, x,q) are given by
Jpo(®) = ZBzw(q)E and
=0

—Llx . * tl
Joltox,q) = e ify(0) = 3 B (@,%)
1=0
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where g € C with |g| <1, and w is the rth root of 1. Simsek [9] then derived the identities

fol@) = (C)'1Y o™ g " [nl (S1)
n=0
( 1)l+1
loq1=1) = 10(@), (82)
(m@-—<nz§:w g "+l (S3)
n=1
(_1)l+1
;w,q(l -1 x) = Bzw(xr q)r (84)
where ,4(s) = Y o) %, Cog(s,%) =D 000 %, and x is a natural number. In

this paper, we first study relations among g-consecutive integers, g-Bernoulli numbers,
and g-Euler numbers.

In 1631, Faulhaber [11] evaluated the sums of powers of consecutive integers 1¥ + - - - + ¥
up to k = 17. Further, in 1993, Knuth [12] presented an insightful alternative account of
Faulhaber’s work. Several mathematicians further considered the problems of g-analogues
of such sums of powers [7-9, 13]. On the basis of Bernoulli’s concept, Kim derived a g-

analogue of the sums of powers of consecutive integers, by setting

-1
e Z k1L 4™, 11)
k=0

[e¢]

Ty = Y [kl £ (1.2)

k=0

and

n

1- q2k 1- qk e
Sl,n(q) = 1— a2 ( 1- q °*
k=1 q q

Z[ ]ll+q (l+1)(n )

T1+q

Z[k 1 1+ q q(l+1)(§—k—1)

with s € C and |s] < 1.

In Section 2, we recall some necessary identities for basic hypergeometric series [14].
Further, we obtain a generalization of Proposition 2.1, and accordingly, we obtain g-
consecutive integers for Z o[k1,q". These new results are similar to the ones presented
in some other studies [7-9] and [13].

In Section 3, we derive a formula for S, , and T 4(#) by using a property of basic hyper-

geometric series, such as

i (@G Dk Dx s _ (0 Dot Do 5~ Bla DDk s
(@ Di(bg 9k b4 Dot D)oo = (@ Dr(ctg O~
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The g-analogue Eulerian numbers are defined as [15]:

Eyq= hm [pN] Z[l]”‘( q)l and
1 -0
Eng@)=) ('Z) G Eglall .
=0

For these, we establish certain new identities by utilizing basic hypergeometric series,
which differ from Bernoulli numbers and polynomials constructed by Kim ez al. [16, 17]

as follows:
(<) Ep, (n) + E [”]q—[Z]fI[[Zﬁq if n is even,
n) +Ey, =
" o o0], ([Zn]q 21 [4nq) otherwise

[”l]q 4‘]q[2n

and
[212[2
uil n [oo],([n]; -2 215 [qn] + [2]”’[[36]]”;3”]‘1) if n is even,
-1 Ey,(n)+Ey, =
( ) q 2,q( ) 2,9 [ ] ([Zn]q [2] [4n]4 1240314l 6”]q) otherwise.

lnlq [4]q[2”] [6]4[3nlq

Here, we note that these are related to 7} (n).

In Section 4, we deduce recursive formulas from Lemma 4.1 for basic hypergeomet-
(@50)
(@),

ric series. More precisely, let S;(£) = > 72, tX. Then, we derive the recursive formu-

las

Si(t) = li(sm 45i(tq))

I+1

1 [+1
-z q)lZ( )So(tq )(=q).

Using these identities, we obtain a formula for ZZ;(I) [k]'g", and we present relations be-
tween g-Bernoulli numbers and g-consecutive integers, which are related to (S1)-(S4).
Lastly, the rank of partition is defined as the difference between its largest part and the
number of its parts. The number of partitions of # with the rank » would be denoted by
P,(n). We use the convention Py(0) =1, P,(n) =0 for r #0, n < 0 and r = 0, n < 0. Here,
for the sake of convenience, we define

Cl(t; q) = ]-)
1

Cit:q) = 14

(Ca9) (1 - 1q') - qCra(tg; ) (1 - ).

Then, these are related to P,(n) by the following identity (Remark 4.13):

oo T q
Z bi g = Z ZP (mu'q (1.3)

—l
Clulga)” — =
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with |g|? < |u| < 1. Finally, we shall relate through Theorem 4.7 and Remark 4.14, g-
Bernoulli polynomials with the third-order mock theta functions introduced by Ramanu-
jan.

Throughout this paper, we adopt the following notations:

qk £yt g5 R,

.

Sm,n(q Zk 1 1 q
T, (n) = YUh Ik 11 !

(@q),=(1- ﬂ)(l aq)1-aq?®)---(1-aq"™).
(@ q)oo = [T,20(1 - ag").

.

3

3

o (@90 =1
(g:9) ;
. [m] = (q:q)k(q;c;)qm,k ifo<k=<m,
klq 0 otherwise.

+ w: the rth root of unity.

f) = . (1 ) (-aq") in _ (aq;q)
F(a,b;t):=F(a,b;t: q) = 1+ZZOIW5"_Z;‘;O%M.

.

2 Identities of basic hypergeometric series and 37! [k],g
In this section, we investigate some identities of basic hypergeometric series. To this end,
we refer to [14]. Now, we consider the series defined by

(1-aq)l-aq*)---1-aq") ,
(1-bq)1-bg?)---(1-bg")

Fla,b;t: q)—1+z (2.1)

Fine presented many interesting properties in his book; the following identity represents
one such property:

F(a,b;t:q) =

1-b b-atq

— F(a,b;tq: q). 2.2
LR bitga) (2:2)
Throughout this paper, g denotes a fixed complex number of absolute value less than 1, so
that we may write g = exp(wit), where t is a complex number with a positive imaginary
part. We use g° to denote exp(cmit). The partial product (ag; q), converges for all values of
a, as may be easily seen from the absolute convergence of > ¢”. Hence, if b is not one of the

values g71,472,..., the coefficients E“Z.Z; are bounded, and the series (2.1) converges for

all £ inside the unit c1rcle, and represents an analytic function therein. Hence, the function
on the right-hand of (2.2) is regular in the domain || < |g|~}, except for a simple pole at
t = 1. Therefore, we obtain the continuation of F to a larger circle. Then, it is easy to apply
(2.2) again to the continuation of F to the circle |t| < |g|™2, and thus, we conclude that
for b #q", n > 1, the only possible singularities of F occur at the points ¢ = g™ (n > 0),
which are simple poles in general. As a function of b, F is regular, except possibly at the
simple poles b = g (g > 1), provided that b and ¢ do not have one of the singular values
mentioned above. First, we derive Theorem 2.2 by generalizing the following proposition.

Proposition 2.1 For the complex number q and t with |q| < 1, we have

(@G Do G Dy O Do 5~ BLDEDk o 3k
Z @D G D G ;(q;q)k(btq;q)zk( “wra
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Proof Equation (25.96) in [14]. O
Theorem 2.2 For complex numbers q, t with |q| <1 and an integer | > 0, we get

(L+1)k% +k
2

i(ﬂq;q)(zmm(bq;q) " (btq,q)ooz gt v,
(g;

@D @D (B Di(btg; q)

m=0
To prove this, we need some identities from [14].
Lemma 2.3 (1) For a nonnegative integer N,
N 2
v N=2[ } s
k=0

It is an analogue of the binomial series, to which one can reduce termwise with q = 1.

()

(aq; @n (atq; @)oo
F(a,1;t:q) = t" = .
1 Z (@ Dn (£4)0

3)

o (o) 2u
(aq; q) = q7?.
kZO: (5 9

Proof Equations (6.23), (6.2), and (12.44) in [14], respectively. O

Proof of Theorem 2.2 We start with the left-hand side in our assertion:

Z(aq,q) wm(bg; q) i ") GG D
—=  (aq; Dim G Dm —~ "G Dm

Replacing ¢ by ag™ in Lemma 2.3(1), we claim that

>\ (bg; @) m m " k k2+k
¢
; (@D m kX:O: [k (~aq™) '

-4

Yt Y ﬂ grigpim P D
q

k=0 et L (@ Dm

- i(_a)quzz*k i n+ k:| gk ghln ) (bg; @)nsk
k=0 n=0 L k q (Q; Dk
o0
Z (—a)'q 5k Z (q, n+k gk glnsh) (b @)n+k
k=0 (q (q; q)n+k

:i( a)k L sk (bg: Q) 5~ (bg"50)n g™,
k=0 @D 4 (GDn
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By substituting bg* and tg" for a and ¢, respectively, in Lemma 2.3(2), we derive

i (aq; 9) 151)m (BG D o _ i (bg; q)k (Cat )k (21+1)k2+k (btg Yk, g o
(a3 i (@ Q)m ~ (@9« (0% 9)

m=0

(@90

1o it follows that the last can be written as
(aq"3q)c0

Since (a;q), =

21+1)k +k

btg; @)oo~ (OG Qi(t; Pk

Nk
G D)oo = (4 Di(big; @ik (ratra

Thus, we deduce the identity as desired. 0

Next, we present alternative proofs of the following results of Kim [6] as an application
of Theorem 2.2.

Corollary 2.4 (1)

i 1 21: 1 (l—t” l—t”q”)
pars 1o 94 -g\1-¢ 1-1tq

(2)

n-1 1 2
qu—Z[k qq =q |: :| = 5([”’];— [[2}1(])
q

k=0

Note that it is exactly the same as (1.1).
3)

u - 1+4" 1
S-S Fusie- 1]

These are the q-analogues of ¥ ;_, k = (”; 1)~

Proof (1) Replacing both b and / by 0 in Theorem 2.2, we see that

o]

Z (aq; @)k o Z 1 t)qu22+k.
k=

7 (@ Joo =2

After substituting at for a in Lemma 2.3(3), if we apply it to the above, we get

(agq; @)k o (atq; 9)
Z @r G

Putting a = g in the above, we get

(q 39k o 1
Z (q»q)k 1-(1-tq)°
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However, by using the notation defined in Section 1, the left-hand side of the above can be

written as

oo o0

Y

Z [k + l]q

k=0 1-q k=0
Thus, from the calculations above and the fact that [0], = 1, we derive

oo

t
Skt =3 k1, -
- L -0 tg)

1 1 1 1 (& o
—q(m‘m)—ﬂ@(“”)

By considering the exponent of ¢, we conclude that

”Z‘l 1 Zl 1 (1 " l—t”q”)
pars 1- 945 T1- q 1-tq
(2) If we put £ = g in (1), we have the first equality
1 1=-g" 1 _ 2n
Z[ K] ( q q )
1-q 1-¢°
_q-q"H(1-q") _ 17
1-9)01-4*) 2],
On the other hand, a direct calculation gives

1 (1-q" 1-g"\ _ 2n],\ 1(, ., [21],
1—q(l—q Cl-g ) _[oo]q([n]q_ 2], ) 2 g = 21, J°
Therefore, we establish the claim.
(3) It follows from (2) that

- 1
[kl,q" " = [’” } . 2.3)

Moreover, if we replace # — 1 by # in (1) and multiply both sides by g**, we obtain

n 2n

(k.tk = 2
k=1 ! l-q

([n+1]; = [1n +1]y).

Observe that the identity above with ¢ = =2 turns out to be a Warnaar’s identity [13]:

" 1
[k],q*"% = [" N } . (2.4)
kXZI: ! 2 q
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Finally, on the basis of geometric series, we get
qu i 1— q2k tk ) qn 1 — gl ~ 1— (tqZ)nﬂ ‘
— 1-42 1-42\ 1-¢ 1-tq?
When t = ¢! in the above, we have
X": 1- q2k qn—k ) qn 1- q—n—l ~ 1- qn+1
— 1-¢? 1-¢?2\ 1-g7! 1-¢g

_(1-gNA-g"") |n+1
S A-qU-4» | 2

Note that this formula was also derived by several mathematicians such as Schlosser [17]
and Warnaar [13]. Since [0], = 0,

"1+ 1-451+ k)n( n+1
>y Z FErree ~ 25)
1t q 1-9)1+q) 2
= q
Thus, by combining (2.3), (2.4), and (2.5), we reach the conclusion. O

3 g-Consecutive and g-analogue of Eulerian numbers E; ; and E; 4
We have studied the infinite sum with linear coefficients for g-numbers in the previous
section. In this section, we consider the sum with quadratic coefficients, i.e., the following

equation.

Lemma 3.1
n-1 n-1
SO = s Y (1-2 + )8
k=0 k=0

1 1-t" 21— gt 1-t"g*
= - + .
1-g*\1-¢ 1-1tq 1-tq?

Theorem 3.2 As a finite sum for q, we get

CONCON
2, B,

1 5 [3nly 1 o [2n]g
3= g) -3 (- )

Proof Putting ¢ = q in Lemma 3.1, we derive

-1
HZ[k]Z i 1 1_qn 21_q2n+1_q3n

T =g\ 1- -2  1-¢
_ q q q q

~ ) (2n], [3n],
_ [oo]q([n]q—2 e )

> Tkl2g" = [o0]4([00], - [114) ([an -

Since [o0], - [1]; = — g = g Weget the first equality.

Page 9 of 21
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By routine calculations, we have

q 1_qn 21_q2n 1_q3n
(l—q)2<1—q o T l—qB)
7*(1-q""1-q") . .,
“a-ga-ga- g (7))

2
- M (q2 [n-1], + [n]q).

(2]4[3]q

Bn]q 5([n]% - W) is also equal to

3
Moreover, 3 ([n]

qz[n_l]q[n]q 2 2
W(q [n— l]q + [n]q)

by the definition of [n],. Therefore, the last equality follows.

2.0
Theorem 3.3 Let S;(¢) = Y oy (ZT’:))/‘ tk. For [ = 2, we obtain
D

(1-g"2)(1-q")(1- q””)
(1- qf)(l 7)1 -4?)

S2n( )

The other cases | > 2 will be studied in greater detail in the next section. This was previ-
ously proved by Schlosser [17] by using Bailey’s terminating very-well-poised balanced 19

transformation.

Proof By definition in Section 1, we see that

" 1—g* 1=K\ sum
i) = Y (T4 )™

k=1

" 1+qk l—qk 2 3n-3k
21 )1

P q q

_a¥ Z[k2 RN (kg

1+q =

From Lemma 3.1, we know that

tn+1q2n+2

1- tn+1 1-— tn+1qn+l 1-
(1- 61)2 ( ? '

z[

3
Then, the sum of formulas after setting t = ¢g~2 and ¢ = q’% shows that our corollary is

true.

Carlitz [18] constructed a g-analogue of Eulerian numbers. On the other hand, Kim con-

sidered the following functions [19]:

S (Y 1 VY &
H,(t) = [2],eT Z ( ) (—) == ZE’WF
j=0 k=0 ’

1+g*\1-¢q) J!

1-t 1-1tq 1-tq

Page 10 of 21
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and

- (—1)1'q7x( 1 )’t/ - £
l-q

Hy(x,t) = [2],e™4 Z T g = ZE"’q(x)E'

R
j=0 J

For m,n € N, he showed that [19, Proposition 2]

n-1
VARl = o (DB ) + ). (31)
k=0 1

A similar result is in [8, Lemma 2.1]. Thus, we get the results for / = 1 and 2 as follows.
Theorem 3.4 (1)

[n], - 21 [[2:]]: if n is even,

2y [205[4n) .
[oo],( O, ~ [, otherwise.

(-1 q"E14(n) + E1 4 =

(-1 q"Es4(n) + Eay

(202121l [21gBlgBulg\ .,
~ [ooly([m]y — 2 el ) ifniseven,
- 2 nly o 122040 240314060, .
[ ]q(—[n]q ~ 2@, o, T 16,60 ) otherwise.

Proof Replacing t by —t in Corollary 2.4(1), we see that

! 1 [(1-(=t)" 1-(-tq)"
Z k k _ _
k_o(_l) Ikt _l—q( 1+t 1+tq >

If we let ¢ = g, it becomes

n-1
1 (1-(-q)" 1-(-1)"¢"
DD Klgq* = ( - — - (3.2)
-q l+qg l+q
k=0
Therefore,
i ny  [2nlgl2ly e
S (DAt = { B s even,
q9 1.( 2nly [2]q[4n]q) therwi
pary Lo, ~ aLpa,)  Otherwise.

Comparing this with (3.1), we can prove (1).
As for (2), if we substitute —g with ¢ in Lemma 3.1, it turns out that

-l 1 (1-(-q" 1-(-¢?)" 1-(-g)"
kr112 .k _ —
g(_l) [k]qq - (1 _ q)2 < 1+ q 2 1+ q2 * 1+ 513 )

Page 11 of 21
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For an even integer , the above becomes

1 (l_qn _2(1_q2i’1)(1_q2) N (l—qf03”)(1—q3)>
1-g\1-4* 1-q(1-q% 1-q)(1-4°

_ [nlg  [2n]42]4 [3n]q[3]q>

= [Oo]q< [2]q 2 [4]q + [6]q .

Similarly, for an odd integer n, we get the result

[OO];( : [2n]q 9 [2]q[4n]q N [S]q[6}’l]q>

2]q[”l]q [4]q[2n]q [6]q[3n]q

as desired. O

Remark 3.5 In the proofabove, as in the case of (3.2), we can obtain an equation by plug-
ging —q into ¢:

n-1 n n
> kgt ! (1_q L-q ) (3.3)

1 . T 1_2
= l-g\1-q 1l-¢q

Further, we have 2 ZZ:(I) [2k]qq2k by adding (3.2) and (3.3). Indeed,

2n-1 2n-1

D (Df[Klg" + D Ikl g"
k=0 k=0
~ 1 1_q2n 1_q4n 1 1_q2n 1_q4n
_l—q( l+q 1+q2>+1—q( 1-q 1—q2)
~ 2 (l_qZVz 1_q4n>
l-g\1-¢> 1-q¢*)

Note that this can be written as 2[oo],(

[Zn]q _ [4n]q
(2]q (4]q
natively, it may be factorized and expressed as

) in terms of g-number notation. Alter-

2% - "2 (1-g*")  24*[2n-2],[2n],
1-q)1-q% [4], ’

from which we derive

n-1
2n], [4n] q*[2n - 2],[2n]
YA ( a_ q) _ Mg
kZ_;[ b =19\ 1, T, [4],

Remark 3.6 In [15, Theorem 1], Kim derived a summation formula for E,,, 4,

Con (LY S () oL
Em'q_[z]q<1—q) Z<k>( Vg

k=0

We also see one for Ey 4(x),

Eg) =213 Y (-1)"q"[n +x1%

m=1
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for any positive integer k from [20, Proposition 1]. The proof of Theorem 3.4 is obtained
without the help of the summations above.

4 Difference equation and g-consecutive integer

(@),
(@),
cases [ and its similar sum with g-binomial coefficients. In addition, we show the rela-

As mentioned in Theorem 3.3, in this section, we study > -, tk for more general

tions between these and twisted g-Bernoulli numbers. To this end, we need the following
lemma.

Lemma 4.1 Given a sequence Ay (k > 0) for which g(t) = Yz, Axt* converges,

= (ag; @)k k_ (agq;q (bla; q)x a~ k k
Agt tq").
g bga "~ bgq) kXO: G 181

Proof See Section 20, [14]. O
Using this lemma, we generalize the identities considered in the previous two sections.

Proposition 4.2 For a positive integer [, we have the identities

2(n-1)

n-1 n-1 (I+1)(n-1)
g (l-q l-¢q l-¢g
JALp _1 e (=D — L
E (k1,9 (1—q)l( 1-¢ q - +o-+(-1)'q 1—g

(k+1)(n—1) x
1- q)lz 1- gkt ()"

Iflis1 (respectively, 2), this would be the result of Corollary 2.4(1) (respectively, Lemma 3.1).

Proof Let S(¢) be a series defined by > ;2 tk for a nonnegative integer /. By setting

()’

a=q,b=1, A = @ qq), , and g(¢) = S;(¢t) in Lemma 4.1, we derive the following recursive

formula:

o0 2.
Sm(t)zz(q,q) @5k _ (@D Z (/g5 9)x 7s(t)

~ @Dk (g9 (@ Do 1= @ |
_ ! Si(t 1_%128t 1SL‘ Si(t 4.1
_E<l()+1-‘1q z(q))—l—(z() qSi(tq)). (4.1)

Multiplying both sides by ¢, we get

£51(6) = é (So(t) - aSolta),

152(0) = (510 ~051(60) = = 5 (50(0) - 20S000) + S ea”)).

Further, by induction,

1
1) = = Z( )So tq")(—)".
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Considering So(£) =t > 1o k= l—ft, we are able to rewrite the above as

> t 1 q
Z[k]qtk = f(: - —>,

o l1-¢g 1-tq
o0

t 1 2 2
Z[k]Ztk:_ L. S B ,
— a 1-¢g2\1-t 1-tq 1-tqg>

00 x t 1 lq (—q)’ ot ! / (—q)k
Z[k]t (1- q)’(l P l_tq+~~.+1_tql)—(l_q)lk2=0: k m (4.2)

If we take a finite sum from the above, we get

n-1 n-2 n-2
!k _ k k k Ik
Z[k]qt 1 )Z<Zt —qut qk+ c+ (= q) Zt )
k=0 k=0 k=0
t 1—¢1 1= 11 11— I(n-1)
= _lg T, (=1
1-g)f\ 1-t¢ 1-tq 1-t4
!
1— (tqk)” 1 ‘
. (k> ot 43)
Therefore, if we let t = g, we are done, which amounts to recovering Corollary 2.4,
Lemma 3.1, and Theorem 3.2. O

Remark 4.3 In Section 1, we mentioned Kim’s relation about g-Bernoulli polynomials

and g-consecutive integers, from which we obtain some identities for |, 0" B4 dlx],, namely

n 1
/0 Bradixly = T (Bingn) ~ Brng) = Tigo)
(k+1)(n-1)

n-1 ! N1 q
k - k+1
(klyq" = q) Y (1) (k) g 4

k= k=0

= [00]! Z() )l —1] g

Next, we would like to consider the sum Tj; from (4.2) when /=1,

= 1
_ k-1 _
Tie= 2 Wt = g

By the same argument as that in the proof of Proposition 4.2, we have more general iden-
tities for T7,:

oo

) 201 _ l+tg
T”_;[k] S0 4

Page 14 of 21
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nd 1

T3 = Z[k];fk_l 1.4 {g(t) - qg(tq)}
k=0
1 < l+1tq ~ q(1 + tq?) >
C1-g\Q-0)(1-1g)1-tg>) (1-1tq)1-1tq*)1-tq?)

1+ 2tq + 2tq* + £2¢°
1= - tq)(1 - tg*)(1 - tq°)

S 1+ tq®)(1 + 3tq + 4tq* + 3tq® + t>q*
T4,t=2[k]4tk_1: (1+2q°)( + 3tq + 4tq” + 3tq” + q)'
k=0 ! Q-1 -tg)1-tq®)A - tq?)(1 - tq*)

All the denominators on the right-hand side are factorized as [ + 1 terms. However, the
numerators are somewhat complex. Therefore, we recursively define a sequence C;(t; q)

with / > 1 as follows:
Colt;q) =1,
1
Ci(t;q) = =2 {(1-tq")Cra(t9) — g - )Ca(tg; )}
Then, we get the following theorem.

Theorem 4.4 (1) The infinite sum Ty, is expressed as a quotient of Ci(t; q) by [ +1 products,

precisely speaking,
o0
4G9
Ty, =Y [kLe5t = .
. kXO: Y

(2) Since Ci(q;9) = Cia(q; @[l + 11, — gCi-1(q% q), we have

i[k]lqk_l _ Ci(g:q)

=0 1 - (61; q)l+1 ’

Replacing ¢ by % in Theorem 4.4(1), we can deduce one of Simsek’s relations [9, Propo-
sition 3.1].
Theorem 4.5 The generating function (complex cases) of twisted q-Bernoulli numbers is

given by
_ﬁ{,a) (t) = Z Bz,w(q) E )
k=0

where o is the rth root of unity and

0 ifl =0,
_©9 ] —
Zw(4)= 1-wq lfl L
1 I(1-1)

lw 1 - ,
o Crle g g) ifl=2.
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Proof If we recall (S1) from Section 1, we get

Bé,w(q) = 0;
S q
By, (q) =~ a)ikq’k = ,
' kX(; g
[ee] 2 00
B ,(q)=2 Z w_kq_zk[k]q = w_qz Z[k]qw—k+1q—2k+z
k=0 k=0

—k+1 —2k+2 —k —2/<
g Z o kXO: ( q)k

qul

2 1
:w—qu(q,l;a) 72 q)

Since we know from [14, (6.2)] that

(atq : q)o
F(a,L;t:q) = ————
(t:q)o
by setting ¢ and ¢ to be a and w™!q %, respectively, we obtain

2wq

Brl®) = ot —wg®)

When [ is greater than 2, we get

_ I —k 711< -1 _ (—l)ll
1.(q) = (<1) Zw k)Lt = od T)yiql

(-1
_ (D1 Caleqghe) o q

wq' (0lqq) - (0g; q)1

1 (a)’lq’[; q). O
By (S2) and Theorem 4.5, we get a corollary.

Corollary 4.6 Ifl is an integer greater than 1, we have

(-1
Cogl=1) = (- 1)“1%@1 (g q).

Theorem 4.7 For any integer x,

—og .
I-wq ifl=1,
_2-wg-g*rog™t?) .
wq*(1-q)(1-wg)(1-wg?) ifl=2,

B, (x,q) = I(l-1)

beo¥™ lwq 2
" " (- Cilo™ g7 q)

!
oo Cico () Wugrro™a ¥ (=q")) if1>2,
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Proof 1t follows from (3.6) in [9] that

B}, (x,q) = (- ’*VZM ke + xl

00 x
_ wqux ( _1)l+ll Z w—kq—kl [k]é—l _ (_1)l+ll Z w—kq—kl [k]é—l)

k=1 k=1

with x € N. By direct calculation, we get the identities

[o9]
W
Bl () = Y ot q = -
=1

_a)q’
s +2
B: (x,q)=—2Z ’kq’Zkl q** 2(1 - wq — q* + wq***)
“ = 1-q  ofl-g91-wg)l-owg)

and when [ > 2, we derive from Proposition 4.2 and Theorem 4.5 that

1
Blw X, q) = qx< Bla) (_l)llz u)/(qlk [k]é_l>
k=1

Substituting / — 1, x + 1, and @ *q* for [, n, and t in (4.3), respectively, we establish the last
identities. O

As its immediate corollary, we have the following.

Corollary 4.8
L i ifl=1,
__ log-q'+oqg™" o
wq2(1-q)(1-wq)(1-wg?) ifl=2,
Cwql—1x) = 100
g () S e g )

- W k;O( k ) [x] o)ql_k w_xq_lx(_qx)k) l,fl > 2.
Moreover, we can deduce the following corollary, which is analogous to Theorem 4.4.

Corollary 4.9

Z[kllﬂ] k1_ 1 (Cz(t;q)+ Cz(tq;q))
q1+q S leg\ (@ (G

Proposition 4.10 For a nonnegative integer n,

(1) Z |:k;n:| t](: ‘ 1 ’
q

k=0 (t! q)n+l

and when n = 2, we get the following by considering the summation from 0 to n — 1 in the

! |:k+2j| K _ |:n+2j|
k=0 q 3 q

above:

Page 17 of 21
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Furthermore, we obtain

k+2 1+q> +2¢° +q* + ¢°

—~| 2 (-9 -1 -g)1-gh)1-¢°)

Proof By Lemma 2.3(2), we get

i |:k + n:| Wk i @)k . 1
" .
q

k=0 k=0 (q’ q)k (t; q)n+1

As for the second, we set n = 2. Then, it follows from Lemma 4.1 that

| k+2 )oo a@q)
Z[;:| P (qq,;)oozq 9k 3klek
q

k=0

Considering that the exponent of ¢ is less than # only in the above, we have

< [k+2 . q q)oo (q ’q)k 3k 1 21
S48 - e e

— (a; q)k P

1

R REL=
- q)l q2)<z —q ! ;tq

=0
Q-gH0- q_l) 6 1 21
TTa- 7)1 -4 Zt

Then, putting t = g we get

1 (1 -q" ql+q(-¢") g1~ cf’”))
1-90-4% 1-¢? 1-4°

_1-g)-g")1-g"?) _ [n + 2} .
q

1-g9(1-g»)1-4%) 3

In order to show (3), let g(¢) = Y72, ((qq g)k k=

n q . Then, we derive

pry = G (G Dk

i {k ; 2} ’ s i (@5 @i (@ D
q

(@ 9)0 (q ’Q)k e
(q,q)oc Z Cy

___ LA-a)-a7) )
‘(1—q>(1—q2)(“’+ et -pu_q 18t)

~ 1 1 (1 +q) T
C1-90-¢) ((t;q)s T was (tqz;q)g)
~ 1+tq+2tq* + tg® + > q*

- 1-9- 1)1 -tg?) (A - tg*) (1 - tq)

Thus, by substituting g for ¢, we conclude (3). O
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Proposition 4.11 For a nonnegative integer |,

(1) Z[ ] k 1 Cl t q)z |:l+/(i| tk
k=0 q

) YK = Gl Y [l;k] q-.

= q

k=0 k=0

Proof We see from (6.22) in [14] that Z,ﬁo(ik)qtk = W Thus, the proposition follows

from Theorem 4.4(2). 0
Henceforth, we concentrate on S;,(¢) introduced in Section 1.

Theorem 4.12 For a complex number s with |s| < 1 and positive integers m and n,

(l+1)

n-1 n-1
Sin(q) = Grgi-g) Z < ) —q)" (Zq(m%—l)k —qZ(q(””l”Tl)k)).
k=0 k=0

Here, we consider (8) as 1.

Proof For fixed n, we consider Y ;[ Yk + l]lq 1+1‘f,q ,and we denote it by g;(¢) so that go(¢) =

1+q(Z k- qa> i s t*¢%). By adopting the arguments used in Lemma 4.1, we obtain the
following recursion

n-1 k+1 k+1
1-g 1 1+4 X
ga(t) = ; [k +1], : t
1 k+1
Z ket —1
pary fI)k
(4% @)oo o (G Dk
_ 0 X ke (g

(@D~ = @k

1
= E (gl(t) - qgl(tQ))~

Since the above is true for all adjacent integers, we obtain

&) = i o Z( )( 9 (tq").

Multiplying both sides by qw and replacing ¢ by q‘l+Tl , we complete the proof. d

Remark 4.13 In Section 1, we mentioned that the generating function for the rank of
partition can be written as T;, and C(¢; q):

oo

Z
lZCl uq l l+1 ZZP n)u

—00 n=1
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By letting u = —1 on the right-hand side, we get

Z ZP(n)( 1y = Z(Z P,(n) - ZP(n))

-0 n=1 =1 ‘r:even r:odd
00 q”2
=1 (_q;q n

Further, it gives rise to a third-order mock theta function f(g) =1+ Y oo, a(n)g" =1 +

Yoo ( (fzq)z , where the explicit formula of «(#) was conjectured by both Andrews [21] and
Dragonette [22], and later proved by Bringmann and Ono [23]. Let N,(n) (resp., N,(n)) be
the infinite sum Y, ..., Pr(n) (resp., Y. .qqa Pr(1)). Then, we can find the coefficients of
the infinite sum ), Tgn(q( )) "+1 because the formula for the partition function p(n) is
already known and «(n) = N,(n) — N,(n).

Remark 4.14 In Ramanujan’s lost notebook, there are 4 third-order mock theta functions
[24, p.345]:

00 qk2
) Z S8

= oot
4 q* 7
= ) e+
q 7" 7
L e Y Sl B 1 B G R
q 7"

=1+ + +
@ l-qg+q> (-q+q*)1-q*+q*)
By utilizing our notations, we interpret them as follows.
From Theorem 4.4, Proposition 4.10, Proposition 4.11, and the definition of the mock

theta functions [14, pp.55-57], we are able to connect g-consecutive integers with these
mock theta functions, namely

B e

Zp(k

1(q, q) T (@ q)oo
o0
+1
Z =f(q),
=0
1+ 0)'q"* = (),
; cl(— 59 1
=T !
1+ —wq —0)2 I+1 — X( ),
,Zzoj G- wq;q)( Ja 1
with i = e27* and w = €273,
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