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a b s t r a c t

In this paper, perturbation-based extra-insensitive input shapers (PEI-ISs) are proposed to enhance the
robustness of the input shaping technique. The extra-insensitive input shaper (EI-IS) has been known to be
more robust than the so-called derivative input shapers such as ZVD, ZVDD, and ZVDDD shapers. However,
the robustness of the known EI-IS is restricted by the symmetric property in the sensitivity curve. To ad-
dress this, the PEI-IS is devised bymultiplying a series of input shapers in the Laplace domain, ofwhich the
impulse times are slightly perturbed from those of the zero vibration (ZV) shaper. For a single-hump case,
a closed-form solution to the PEI-IS is provided. For two- and three-hump cases, the approximate solu-
tions are presented. The robustness is evaluated by simulations and assessed bymeans of the insensitivity.
It will be shown that the proposed PEI-IS does improve the robustness and that it can be easily designed.

© 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Recently, there has been much effort on generating refer-
ence commands with reduced residual vibration or overshoot. The
S-curve is one of the well-knownmethods for smoothmotion con-
trol (Meckl & Arestides, 1998). Also, elaborate approaches for gen-
erating reference commands have been proposed in the literature
(Baumgart & Pao, 2007; Ha, Rew, & Kim, 2012; Pao & Singhose,
1998; Rew, Ha, & Kim, 2009; Rew & Kim, 2010).

Together with well-designed motion profiles, in order to
achieve fast and accurate motion with less residual vibration, the
input shaping technique (IST) has been widely studied in the liter-
ature (Diaz, Pereira, Feliu, & Cela, 2010; Pao, Chang, & Hou, 1997;
Singer & Seering, 1990; Singhose, Porter, Tuttle, & Singer, 1997). By
convolving the reference input signal with a series of impulses, the
vibratory mode of the plant can be effectively canceled. During the
last couple of decades, thanks to its effectiveness and simplicity,
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various relevant principles and applications have been reported
(Pereira, Trapero, Diaz, & Feliu, 2009; Sorensen & Singhose, 2008).

Since the IST relies on an open loop in general, there exists an
issue of robustness against system uncertainties. In particular, it is
known that the zero vibration (ZV) input shaper is rather sensitive
to the natural frequency variation. To improve the robustness of
the IST, there have been several approaches such as the derivative
shaper (i.e., ZVD and its extensions) and extra-insensitive input
shaper (EI-IS) in the literature (Singhose, Seering, & Singer, 1994).
The EI-IS is known to be much more robust than the derivative
shaper. InKang (2011) andPark, Lee, Lim, and Sung (2001), the EI-IS
is graphically analyzed in the discrete-time domain using a sensi-
tive curve, and further enhancement of robustness is achieved.

This paper investigates the perturbation-based extra-insensi-
tive input shaper (PEI-IS) in the Laplace domain, which allows the
representation of the percent residual vibration (PRV) by a multi-
plication of input shapers having impulse times slightly perturbed
from those of the ZV shaper. Under this framework, the basic idea
of this paper starts from the fact that the multiplication of two
perturbed input shapers results in a PEI-IS with a single hump al-
lowing an explicit formula. Moreover, the results are extended to
present more general cases with two (or three) humps in the sen-
sitivity curve. This paper is organized as follows. In Section 2, the
conventional IST is revisited. Then, the impulse-time perturbation
approach is newly introduced for deriving PEI-ISs in Section 3. The
comparison of robustness is given in Section 4 among several ISTs.
Finally, in Section 5, the conclusion follows.
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2. Preliminaries

Let us consider the second-order linear system

G(s) =
ω2

n

s2 + 2ζωns + ω2
n

=
ω2

n

(s − sp)(s − s̄p)
, (1)

where ωn and ζ are the natural frequency and the damping ratio,
respectively; sp and its complex conjugate s̄p are the poles defined
by sp , −ζωn − jωn


1 − ζ 2.

The input shaping method convolves the original command
with a sequence of impulses. The ZV shaper may be expressed in
the Laplace domain as follows (Singer & Seering, 1990):

F0(s) = A1 + A2e−τds, (2)

where A1 =
1

1+K , A2 =
K

1+K , τd =
π

ωn
√

1−ζ 2
for K , e−πζ/

√
1−ζ 2 .

Observe that

F0(sp) = F0(s̄p) = 0, (3)

which implies that the input shaper has zeros at sp and s̄p. This leads
to the pole-zero cancellation removing the vibratory mode in the
motion control system.

To impose robustness against the natural frequency variation,
the ZVD shaper is proposed as follows:

FZVD(s) = A1
2
+ 2A1A2e−τds + A2

2e−2τds. (4)

In general, derivative input shapers can be expressed by FZVDk(s) =

(A1 + A2e−τds)k+1, for k = 1, 2, 3, . . . , and the robustness can be
enhanced as k increases. However, the shaping period increases
accordingly.

In fact, the robustness of an input shaper has gained attention
since themotion profiles are often applied in an open-loop control.
In addition to the derivative shapers aforementioned, an extra-
insensitive input shaper (EI-IS) was introduced in Singhose et al.
(1994) which allows a wider range of natural frequency variation
while reducing the residual vibration within a certain level.

3. Main results

3.1. Perturbation-based EI-IS with a single hump

Let us consider two perturbed input shapers as follows: given a
design parameter, 0 ≤ ϵ < 1,
F1(s) , A1 + A2e−τd(1−ϵ)s

F2(s) , A1 + A2e−τd(1+ϵ)s,
(5)

where A1, A2, and τd are the same as in (2). The two input shapers
are obtained by perturbing the impulse time of the ZV shaper in
(2). From (3), this leads to

F1


sp

1 − ϵ


= F2


sp

1 + ϵ


= 0, (6)

which holds at the complex conjugates as well.
Using two perturbed input shapers, let us propose a pertur-

bation-based EI-IS (so-called PEI-IS1) as follows:

F12(s) , F1(s) · F2(s)

= A2
1 + A1A2e−τd(1−ε)s

+ A1A2e−τd(1+ε)s
+ A2

2e
−2τds. (7)

It is noted that the length of the shaping period is equal to that of
the ZVD shaper in (4). Also, observe that, as ϵ → 0, PEI-IS1 ap-
proaches the ZVD shaper.
Fig. 1. Sensitivity curves for the PEI-IS with a single hump.

To assess the residual vibration, let us evaluate the percent
residual vibration (PRV) introduced by Kozak, Singhose, and Ebert-
Uphoff (2006) as follows:

V = e−ζωt4


4

i=1

AiRe{eωti(ζ+j
√

1−ζ 2)
}

2

+


4

i=1

AiIm{eωti(ζ+j
√

1−ζ 2)
}

2
1/2

= e−ζωt4

 4
i=1

Aieωti(ζ+j
√

1−ζ 2)


= e−ζωnt4(ω/ωn)

 4
i=1

Aie−ti·sp(ω/ωn)


= K 2ω̃

F12 
spω̃

 , (∵ t4 = 2τd), (8)
where ω̃ is the normalized natural frequency with respect to the
modeled one, ωn. Hence, without loss of generality, the PRV can be
viewed as the function of ω̃ such that V (ω̃) = K 2ω̃

F12 
spω̃

. (8)
shows that the PRV can be expressed by the multiplication of the
perturbed input shapers. It leads to an important feature of the PRV
such that, from (6),

V


1
1 + ϵ


= V


1

1 − ϵ


= 0. (9)

For a sample system given by (ζ , ωn) = (0.1, 20π), several
sensitivity curves (such a curve being a plot of the PRV versus
frequency) for various values of ϵ are shown in Fig. 1. There exist
two notches at 1/(1+ϵ) and 1/(1−ϵ), and a hump between them.
Also, the sensitivity curve is not symmetric, in general, so the peak
is not exactly located at ω̃ = 1. It is noted that the peak (i.e., V ∗) of
the hump increases as does ϵ. As a special case, the proposed PEI-IS
matches the ZVD shaper when ϵ = 0 (i.e., V ∗

= 0). Similarly, the
standard EI-IS approaches the ZVD shaper as V ∗

→ 0.
In Fig. 1, PEI-IS1, given in (7), suppresses the residual vibration

less than the peak, V ∗ (which may be considered as a tolerance),
within a range of natural frequency variation. It is noted that V ∗

depends on the impulse-time perturbation, ϵ. Therefore, themajor
concern is to derive a relationship between V ∗ and ϵ in order to
determine ϵ for a given tolerance. The result is proposed in the
following.

Theorem 1. For a sufficiently small ϵ > 0, it holds that

V ∗
= (σϵ)2 + O(ϵ3), (10)

where σ ,
πA2√
1−ζ 2

and V ∗ is the peak of the hump.
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Fig. 2. Accuracy of the PEI-IS with a single hump.

Proof. Recalling the sensitivity curves in Fig. 1, consider that the
peak exists near to the center of two notches. Hence, let us approx-
imate the peak such that V ∗

≃ V (ω̃c), where ω̃c =
1
2

 1
1+ϵ

+
1

1−ϵ


=

1
1−ϵ2

. Since V = K 2ω̃
|F1(spω̃)| · |F2(spω̃)|, consider the following.

F1(spω̃c) = A1 + A2e−τdsp
1

1+ε

= A2e−τdsp

−1 + eτdsp

ε
1+ε


(from (3))

= A2e−τdsp · τdspε + O(ϵ2). (11)

In a similar manner, it may be shown that

F2(spω̃c) = −A2e−τdsp · τdspϵ + O(ϵ2). (12)

Moreover, it is easy to show that K 2ω̃c = K 2
+ O(ϵ2). Considering

that |e−τdsp | = 1/K and |τdsp| = π/

1 − ζ 2, we have

V (ω̃c) = K 2
· A2

2 ·
1
K 2

·


π/


1 − ζ 2

2
· ϵ2

+ O(ϵ3)

= (σϵ)2 + O(ϵ3). (13)

Since ϵ is sufficiently small, (11)–(13) lead to (10),which completes
the proof. �

In fact, Theorem1provides an important design rule to select an
impulse perturbation, ϵ, for a given tolerance, Vtol. To ensure that
the peak of the hump, V ∗, is smaller than the tolerance, Vtol, one
may choose ϵ as follows:

ϵ = 0.9981

Vtol/σ . (14)

It is noted that the scalar value 0.9981 is numerically chosen to
meet V ∗

≤ Vtol for all (ζ , Vtol) ∈ [0, 0.3] × [0, 0.15].
To verify the proposition in (14), for the sample system of

(ζ , ωn) = (0.1, 20π), one may obtain ϵ = 0.1676 from (14) when
Vtol = 0.05 (i.e., 5% tolerance). Observe that, in Fig. 1, V ∗

= 0.0496,
which is minutely smaller than the tolerance. The errors between
V ∗ and Vtol are numerically computed for various Vtol and plotted
in Fig. 2. Observe that the proposition in (14) guarantees that V ∗

matches very well and is always smaller than Vtol. A similar ten-
dency can be observed for various damping ratios.

As a result, PEI-IS1, given in (7), can be easily designed by sim-
ply choosing a single parameter, ϵ, based on a closed-form solu-
tion (14) with high accuracy, which is a unique advantage of the
proposed approach.

3.2. Perturbation-based EI-IS with two humps

To generate two humps in the PRV, let us propose a PEI-IS (so-
called PEI-IS2) in the following: for 0 ≤ ϵ < 1,

F123(s) , F1(s) · F2(s) · F3(s). (15)

Observe that PEI-IS2with two humps approaches the ZVDD shaper
as ϵ → 0. Also, the length of the shaping period is the same as that
of the ZVDD shaper.
Fig. 3. Sensitivity curves for the PEI-IS with two humps.

The PRV of PEI-IS2 can be expressed by

V (ω̃) = K 3ω̃
F012(spω̃)

 . (16)
As illustrated in Fig. 3, the sensitivity curve of the proposed PEI-IS2
should have two humps, since V

 1
1+ϵ


= V (1) = V

 1
1−ϵ


= 0. So

far, the relationship between V ∗ and ϵ has not been known in an
analytic form, differently from the case with a single hump. How-
ever, PEI-IS2 can be easily generated by choosing a single design
parameter ϵ for a given damping ratio, and the corresponding PRV
can be computed to checkwhether the peak of the humpmeets the
desired tolerance. Nevertheless, for practical purposes, one may
need an explicit representation such that ϵ = f (ζ , Vtol) even by
an approximation as in Singhose et al. (1997). Suppose that ϵ is ap-
proximated by

ϵ = [p00, p10, p01, p20, p11, p02, p30, p21, p12, p03] · ϕT , (17)
where ϕ , [1, ζ , Vtol, ζ

2, ζVtol, V 2
tol, ζ

3, ζ 2Vtol, ζV 2
tol, V

3
tol], and the

pij are the coefficients to be determined. For the specific region of
(ζ , Vtol) ∈ [0, 0.1]×[0.01, 0.05], we introduce the numerical pro-
cedures in the following.
(i) Given a point of (ζ , Vtol) ∈ [0, 0.1]×[0.01, 0.05], find ϵ which

achieves the objective function, J2h = (V ∗
ϵ − Vtol)

2, where V ∗
ϵ

is the local maximum at ω̃ ∈ [1, 1
1−ϵ

], to be minimal by us-
ing a MATLAB function—fminsearch(·). By repeating the same
computation for various points, produce a numerical table of
(ζ , Vtol, ϵ).

(ii) For the obtained table of (ζ , Vtol, ϵ), compute the pij by fitting
the relationship in (17) by using a MATLAB function—sftool(·).
The coefficients pij obtained by the above procedures are sum-

marized in Table 1. To verify the accuracy of (17), itwas obtained, at
ζ = 0.1, that ϵ = 0.2040, 0.2882, and0.3402 forVtol = 0.01, 0.03,
and 0.05, respectively. According to these values, the sensitivity
curves are shown in Fig. 3. Observe that the peak of the hump is
minutely smaller than the tolerance. Over the area of (ζ , Vtol) ∈

[0, 0.1] × [0.01, 0.05], the proposed approximation provides high
accuracy.

3.3. Perturbation-based EI-IS with three humps

As a wider range of robustness is required, one may consider
a larger number of humps in the PRV. An expansion of the PEI-IS
with a single hump or two humps can be made for three humps.
To this end, for two design parameters such that 0 ≤ ϵ < δ < 1,
let us define two additional perturbed input shapers as follows:
F3(s) , A1 + A2e−τd(1−δ)s

F4(s) , A1 + A2e−τd(1+δ)s.
(18)

Using these, a PEI-IS (so-called PEI-IS3) can be designed as follows:

F1234(s) , F1(s) · F2(s) · F3(s) · F4(s). (19)
It is noted that the length of shaping period is equal to that of
the ZVDDD method. Compared with the EI-IS in Singhose et al.
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Table 1
Surface fitting parameters for PEI-IS2 and PEI-IS3.

Shaper Indices 00 10 01 20 11 02 30 21 12 03

PEI-IS2 pij 0.1138 0.2118 6.759 0.05636 8.133 −110.6 1.785 17.35 −51.90 840.6

PEI-IS3 pij 0.1108 −0.02680 4.543 2.720 16.78 −71.60 −8.383 −70.97 −217.3 518.1
qij 0.1793 1.362 10.44 −11.13 −39.53 −192.0 44.26 334.1 647.2 1566
Fig. 4. Responses to the step inputs shaped by the ZVD method, the EI method, and the PEI method with a single hump subjected to a natural frequency variation of up to
30%.
Fig. 5. Definition of insensitivity (a single-hump case).

(1997), the proposed method has advantages in design simplicity.
That is, (i) the amplitudes of impulses are all fixed by the damping
ratio, and (ii) the impulse times are only designed by two design
parameters, ϵ and δ.

Similar to the previous cases, the PRV of PEI-IS3 can be ex-
pressed by

V (ω̃) = K 4ω̃F1234(spω̃). (20)
The typical shape of the sensitivity curves of PEI-IS3 has three
humps, since V

 1
1+δ


= V

 1
1+ε


= V

 1
1−ε


= V

 1
1−δ


= 0. Also,

through similar numerical procedures as for the two-hump case,
one may have an approximated solution to the design parameters
as follows:

ϵ = [p00, p10, p01, p20, p11, p02, p30, p21, p12, p03] · ϕT

δ = [q00, q10, q01, q20, q11, q02, q30, q21, q12, q03] · ϕT (21)

where the pij and qij are summarized in Table 1; they are fitted over
(ζ , Vtol) ∈ [0, 0.1] × [0.01, 0.05]. It is noted that, in Step (i), we
adopted the objective function such that J3h = (V ∗

ϵ − Vtol)
2

+

(V ∗
ϵ − V ∗

δ )2 + (V ∗

δ − Vtol)
2, where V ∗

δ is the local maximum at
ω̃ ∈ [

1
1−ϵ

, 1
1−δ

]. The proposed approximation provides high accu-
racy within 5.3% mismatch between the peak of the hump and the
tolerance over the range (ζ , Vtol) ∈ [0, 0.1] × [0.01, 0.05].
Fig. 6. Comparison of insensitivities under Vtol = 5% (a single-hump case).

4. Simulation results

Given a sample system (ζ , ωn) = (0.1, 20π), in this section,
shapers corresponding to single-hump, two-hump, and three-
hump cases are designed with Vtol = 5%.

First, the ZVD shaper and the EI-IS and PEI-IS with a single
hump (introduced in Section 3.1) are investigated. To test the
performance of the shapers in the presence of modeling error, the
natural frequency is varied up to 30% from its nominal value. Fig. 4
shows the responses to the shaped step inputs. The time axis of
the graph is scaled by the unit τd. It can be seen that the residual
vibration bounds of the ZVD, EI, and PEI shapers aremeasured to be
0.1943, 0.1416, and 0.0882, respectively, which proves the notable
improvement of robustness of the proposed PEI-IS1.

For rigorous comparison of the envelope of residual vibration,
the sensitivity curve is recalled. As shown in Fig. 5, for the sen-
sitivity curves, let us define a measure, the so-called insensitiv-
ity (, 1ω̃). 1ω̃ is the range of normalized frequency in which
V (ω̃) ≤ Vtol (=0.05). It is noted that, in the case of the EI shaper
generated in Singhose et al. (1994), the peak value of the hump
exceeds Vtol, so the exceeding range is excluded for counting the
insensitivity. In this manner, the insensitivities are computed for
all ζ ∈ [0, 0.1]; they are shown in Fig. 6. The figure clearly shows
that the proposed PEI-IS1 has better robustness against natural fre-
quency variations than that of ZVD or EI approaches.

Now, the ZVDD shaper, EI-IS, and PEI-IS2 (having two humps)
discussed in Section 3.2 are considered. To see the robustness of the
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Fig. 7. Responses to the step inputs shaped by the ZVDD method, the EI method, and the PEI method with two humps subjected to a natural frequency variation of up to
50%.
Fig. 8. Definition of insensitivity (two-hump case).

shapers, the natural frequency variation is varied up to 50%. Fig. 7
shows the time responses when the shaped inputs are applied to
the sample system. PEI-IS2 has more frequent step changes than
the others while keeping the same shaping period (i.e., 3τd). It is
apparent that PEI-IS2 suppresses the residual vibration robustly
against the natural frequency variations. This fact can be also
verified by evaluating the insensitivity, as shown in Figs. 8 and 9.
It is observed that the robustness of PEI-IS2 is consistently larger
than that of the ZVDD shaper or EI-IS for all ζ ∈ [0, 0.1].

Finally, the ZVDDD shaper, EI-IS, and PEI-IS3 having three
humps are designed and investigated for the same system. Assum-
ing that the natural frequency varies up to 100% from its nominal
value, the time responses to the step input are simulated; they are
shown in Fig. 10. PEI-IS3 remarkably reduces the residual vibra-
tion subjected to the parameter variation, while keeping the same
shaping period as that of the ZVDDD shaper (i.e., 4τd). The sensi-
tivity curve of PEI-IS3 in Fig. 11 shows significant enhancement of
insensitivity, comparedwith the ZVDDD and EI-ISmethods. In par-
ticular, the wide insensitive range to natural frequency variation
of PEI-IS3 (especially toward high frequency) would be advanta-
geous to suppress the parasitic vibration which may be caused by
unmodeled dynamics in a flexible structure. For various nominal
values of ζ ∈ [0, 0.1], the insensitivities are evaluated and shown
in Fig. 12, which proves the robustness compared with the known
approaches.

As a remark, the proposed PEI-ISs requiringmore impulses than
the other methods are advantageous for suppressing not only the
residual vibration in the end of the motion but also the transient
vibration during the motion thanks to the frequent destructive
interference of vibrations from the impulses. This can be clearly
seen in Figs. 4, 7 and 10 (right), but, for quantitative comparison,
Fig. 9. Comparison of insensitivities under Vtol = 5% (two-hump case).

let us adopt a measure, namely, the so-called robustness function
introduced by Kang (2011) as follows:

R =

 tf
ti


yIS − yrigid

2 dt tf
ti


ynoIS − yrigid

2 dt , (22)

where ynoIS and yIS are the displacements of the flexible mode
with and without input shaping under the rigid mode motion rep-
resented by yrigid. In (22), ti and tf are selected as the first and
final times of the shaper impulses to observe the transient re-
sponse. For the three-humpcase, the robustness functions are eval-
uated under the natural frequency variation and shown in Fig. 13,
which shows that the proposed PEI-IS3 has consistently better per-
formance for suppressing the transient vibration than the other
approaches. For single-hump and two-hump cases, similar tenden-
cies have been obtained. Similar to the proposed PEI-ISs, there are
several approaches to limit the transient vibration in the literature
(Singhose, Banerjee, & Seering, 1997; Sung & Singhose, 2008).

Compared with the specified insensitivity input shaper (SI-IS)
(Kim&Singhose, 2010; Singhose, Seering, & Singer, 1996;Vaughan,
Kim, & Singhose, 2010), the PEI-ISs are advantageous to usability
and transient response. The SI-IS which can be generated for any
desired level of insensitivity requires optimization, but the PEI-ISs
have explicit solutions. Moreover, PEI-ISs having more impulses
have better performance for suppressing the transient vibration
than the SI-IS under the same insensitivity. However, the shaping
period of the SI-IS is shorter than that of the PEI-IS.

5. Conclusion

Robust input shapers were newly proposed based on an
impulse-time perturbation approach, the so-called perturbation-
based extra-insensitive input shaper (PEI-IS). The percent residual
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Fig. 10. Responses to the step input shaped by the ZVDDD method, the EI method, and the PEI method with three humps, subjected to a natural frequency variation of up
to 100%.
Fig. 11. Sensitivity curves for the ZVDDD shaper, the EI shaper, and the PEI shaper
with three humps.

Fig. 12. Comparison of insensitivities under Vtol = 5% (three-hump case).

Fig. 13. Robustness functions for the ZVDDD shaper, the EI shaper, and PEI shaper
with three humps.

vibration (PRV) of the PEI-IS was represented by the multiplica-
tion of transfer functions of perturbed input shapers. This allows
the derivation of a closed-form solution to the PEI-IS with a single
hump. Furthermore, the idea was extended, with ease, to handle
a PEI-IS with two or three humps. Through analysis and simula-
tions, the robustness and advantages of the proposed PEI-ISs were
demonstrated.
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