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For the derivation of 2.5-dimensional operator in wave field synthesis, a virtual source is assumed

to be positioned far from a loudspeaker array. However, such far-field approximation inevitably

results in a reproduction error when the virtual source is placed adjacent to an array. In this paper, a

method is proposed to generate a virtual source close to and behind a continuous line array of

loudspeakers. A driving function is derived by reducing a surface integral (Rayleigh integral) to a

line integral based on the near-field assumption. The solution is then combined with the far-field

formula of wave field synthesis by introducing a weighting function that can adjust the near- and

far-field contribution of each driving function. This enables production of a virtual source anywhere

in relation to the array. Simulations show the proposed method can reduce the reproduction error to

below �18 dB, regardless of the virtual source position.
VC 2013 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4817876]
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I. INTRODUCTION

Sound field reproduction aims to generate a desired field

over a large area utilizing an array of loudspeakers. It can be

realized by adjusting the magnitude and phase of signals fed

into multiple loudspeakers. Wave field synthesis (WFS)1 is

one of the representative and well-known techniques of sound

field reproduction. It is a direct method that provides a driving

function of a loudspeaker array in an explicit form without

solving an inverse problem. The simple solution of WFS is

obtained from a general surface integral equation (Kirchhoff-

Helmholtz or Rayleigh integral). Since the surface integral is

approximated to a line integral, WFS can be implemented by

employing a line or curved array of loudspeakers,1,2 which is

called 2.5-dimensional WFS (2.5-D WFS).3

Despite its simplicity, 2.5-D WFS requires some approxi-

mations for the derivation of the driving function—the far-

field and stationary phase approximations (SPA).1 To satisfy

the far-field approximation, the distance between a virtual

source and a loudspeaker array should be greater than the

wavelength, i.e., the virtual source is to be in the far field, as

illustrated in Fig. 1. However, this assumption does not hold

when a virtual source is located close to the loudspeaker array

(near field in Fig. 1), irrespective of the listener’s position.

The SPA is also incorrect in this region because the basic

requirement for applying SPA—the slowly varying magnitude

of the integrand4—cannot be satisfied. For a virtual source

positioned in the near field (a proximity virtual source), the

2.5-D WFS driving function1–3,5–7 and those associated with

it8–14 induce errors because of the approximations.

In order to generate a proximity virtual source using a

simple one-dimensional array, a different formula from the

2.5-D WFS driving function is necessary. Spectral division

method (SDM)15,16 can be an alternative solution for ren-

dering a virtual source in near-field as well as far-field

region. A driving function of SDM is obtained from divid-

ing a desired field by a sound field from an array in wave

number domain, and its inverse spatial Fourier transform

provides an exact formula to reproduce a desired field using

a line array. For the reproduction of a monopole virtual

source, however, SDM requires a numerical computation of

the inverse spatial Fourier transform for all frequencies of

concern, which may lead to considerable amount of compu-

tational complexity.

In this paper, we propose a direct solution for the repro-

duction of a proximity virtual source. A driving function is

derived by applying the near-field approximation to a surface

integral (Rayleigh’s first integral) and reducing the surface

integral to a line integral. The proposed method therefore

maintains the advantages of 2.5-D WFS; the sound field

reproduction system can also be implemented by a line array

of loudspeakers, and the driving function is expressed in an

explicit form.

It is noteworthy that the proposed driving function is

based on the near-field approximation, and hence the repro-

duction error will be large in the far field. In contrast, the

2.5-D WFS driving function is inaccurate for a proximity

virtual source. To render a virtual source at any position

behind an array without these limitations, we need to com-

bine both solutions. In the present paper, we extend our

study to derive a driving function that can reproduce the

virtual source irrespective of the far- or near-field

assumptions.

To achieve this goal, we first derive a driving function by

assuming a continuous distribution of loudspeakers. The con-

tinuous driving function is then sampled in space to represent
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discrete loudspeaker arrangements. This inevitably introduces

several artifacts. Apart from the well-known sampling artifact

of spatial aliasing,6,17–19 another artifact can exist when the

virtual source is extremely close to the discrete array. In par-

ticular, the driving function can diverge or diminish when the

distance between the virtual source and the array is small

compared to the wavelength; this leads to a significant

increase in the reproduction error. In this study, we develop a

modified driving function that can reduce the artifacts due to

the discrete loudspeaker arrangement.

II. PROBLEM STATEMENTS

A. Background: Rayleigh’s first integral

The Kirchhoff-Helmholtz (K-H) integral equation states

that a pressure field inside a source-free region can be repro-

duced by monopole and dipole sources distributed on a sur-

face enclosing the region.7 One variant of the K-H integral,

known as the Rayleigh integral, has been of great interest in

sound field reproduction. In particular, the Rayleigh’s first

integral only incorporates monopole sources distributed over

a planar surface to express a sound field.7 The monopole

sources are used to control the sound field, and hence they

are often denoted as control sources. The surface is referred

to as the control surface (Fig. 2). If we aim to reproduce a

sound field from a virtual source outside the control surface,

as illustrated in Fig. 2, then the target field ptð~rÞ in front of

the control surface can be expressed by the Rayleigh’s first

integral4

ptð~rÞ ¼
ð

Ss

�2
@ptð~rsÞ
@ns

Gð~r j~rsÞ
� �

dSs: (1)

The control surface Ss indicates an infinite planar surface in

which the control sources are located, and @ptð~rsÞ=@ns is the

derivative of the target pressure field on Ss in the direction~ns

normal to the surface. The free-field Green’s function

Gð~rj~rsÞ represents the sound field radiated from a monopole

control source positioned at ~rs 2 Ss to the listener position

~rs: Gð~rj~rsÞ ¼ ejkj~r�~r sj=ð4pj~r �~rsjÞ. It is assumed that the lis-

tener is located in þz region, while the virtual source is in –z
region (Fig. 2). Note the frequency dependency is omitted

for simplicity.

The Rayleigh’s first integral of Eq. (1) states that the tar-

get field ptð~rÞ can be synthesized by monopole control sour-

ces driven with �2@ptð~rsÞ=@ns, which is hence denoted as a

driving function. Therefore, Eq. (1) can be rewritten as4

ptð~rÞ ¼
ð

Ss

½qð~rsÞGð~rj~rsÞ�dSs;

qð~rsÞ ¼ �2
@ptð~rsÞ
@ns

; (2)

where qð~rsÞ indicates the driving function of the control

source at ~rs. We can then derive the driving function qð~rsÞ
from the target field measured on the control source. For a

virtual monopole source located at ~rv, the target sound field

on the control surface is given by

ptð~rsÞ ¼
ejkRv

4pRv
; (3)

where Rv denotes the distance between each control source

at ~rs and the virtual source at ~rv (Rv ¼ j~rs �~rvj). Thus,

Eq. (2) can be rewritten as7

ptð~rÞ ¼
ð1
�1

ð1
�1
� @

@ns

ejkRv

2pRv

� �
ejkR

4pR

� �
dxsdys

¼
ð1
�1

ð1
�1
� @Rv

@ns
jk � 1

Rv

� �
ejkRv

2pRv

ejkR

4pR

" #
dxsdys;

qð~rsÞ ¼ �
@Rv

@ns
jk � 1

Rv

� �
ejkRv

2pRv
: (4)

Here, R represents the distance between each control source

and the listener position~r (R ¼ j~r �~rsj).
If we aim to implement Eq. (4) using control sources

distributed on the planar surface Ss, a great number of loud-

speakers may be required. To reduce the number of loud-

speakers, 2.5-D WFS approximates the surface integral [Eq.

(4)] to a line integral by employing two assumptions.5–7 We

FIG. 2. Illustration of variables for a planar control surface. The control

sources are distributed on the planar surface (x-y plane). (~rv, position of the

virtual monopole source;~rs, position of the control source;~r , position of the

listener; Ss, area of the control surface; and ~ns, normal direction vector to

the control surface).

FIG. 1. (Color online) Illustration of two regions divided with respect to the

virtual source distance from a line array of loudspeakers: The far field and

the near field. A virtual source is generated behind the line array of loud-

speakers, and the listener is placed in the area in front of the array.
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will examine the validity of the assumptions for reproducing

a proximity virtual source.

B. Limitation of the far-field approximation

The first assumption in 2.5-D WFS is the far-field

approximation, which is applicable to the virtual source

placed at far field from the control sources with respect to

the wavelength (kRv � 1). At far field, the jk term in the

parentheses of Eq. (4) is much greater than 1=Rv, and hence

it is considered to be a far-field component. That is,

pf ð~rÞ ¼
ð1
�1

ð1
�1
�jk

@Rv

@ns

ejkðRvþRÞ

8p2RvR

" #
dxsdys: (5)

In contrast, the integral related to the 1=Rv term in Eq. (4) is

given by

pnð~rÞ ¼
ð1
�1

ð1
�1

@Rv

@ns

ejkðRvþRÞ

8p2R2
vR

" #
dxsdys; (6)

where @Rv=@ns is equal to jzvj=Rv. It is noteworthy that Eq.

(6) is proportional to 1=R2
v , and thus pnð~rÞ is greater than

pf ð~rÞ in the near field (kRv � 1). Accordingly, pnð~rÞ is

denoted as a near-field component. A total field can then be

represented by a sum of the far- and near-field components,

as follows:

ptð~rÞ ¼ pf ð~rÞ þ pnð~rÞ: (7)

In 2.5-D WFS, it is assumed the far-field component

dominates the integral of Eq. (4), i.e., jk� 1=Rv (or

kRv � 1), and neglects the near-field component. That is,

ptð~rÞ � pf ð~rÞ: (8)

However, this assumption may not be satisfied, depending

on the location of a virtual source with respect to the wave-

length (kRv). To check the exactness of the far-field

approximation, we examine the spatially averaged errors

between the target field and far- or near-field components.

That is,

ef ¼

ð
L

jptð~rÞ � pf ð~rÞj2dLð
L

jptð~rÞj2dL
;

en ¼

ð
L

jptð~rÞ � pnð~rÞj2dLð
L

jptð~rÞj2dL
; (9)

where L denotes a reference line for which the error is calcu-

lated and averaged (Fig. 2)

For this example, the reference line L was configured

as a line at 5k distance from the control surface, and its

length was set to 10k. The infinite control surface [Eqs. (5)

and (6)] was truncated to an area of 10k� 10k for numeri-

cal computation. The spatially averaged errors were

calculated with respect to the distance between the virtual

source and the control surface normalized by the wave-

length (jkzvj), shown in Fig. 3. It can be seen that the error

of the far-field component pf ð~rÞ is small in the far field but

increases as the virtual source approaches the control sur-

face (or small jkzvj). As opposed to the far-field case, the

near-field component produces only a small error for small

jkzvj, which indicates that pnð~rÞ dominates the small jkzvj
region. Therefore, the near-field component omitted in

2.5-D WFS cannot be neglected and has to be reproduced

for the proximity virtual source close to the array with

respect to the wavelength.

C. Stationary phase approximation to the near-field
component

The second approximation employed in 2.5-D WFS is

the SPA, which reduces the surface integral for the far-field

component [Eq. (5)] to a line integral. The primary condition

for applying the approximation is the smoothly varying mag-

nitude distribution of the integrand. The integral around a

stationary phase point then dominantly contributes to the

total integral, and the rest of the integral is canceled out

because of the rapidly changing phase. SPA applied to the

far-field component leads to7

pf ð~rÞ �
ð1
�1

�j

ffiffiffiffiffiffi
jk

2p

r
cosus

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zref

jzvj þ zref

r
ejkdvffiffiffiffiffi

dv

p
 !"

� ejkd

4pd

�
dxs � pWFSð~rÞ; (10)

where dv and d represent the distances from the stationary

phase point to the virtual source and listener, respectively.

Since it is assumed the listener is positioned at the same

height (y ¼ 0) as the virtual source (yv ¼ 0), the height of

the stationary phase point should be zero (Fig. 2). The

distances dv and d can then be expressed as dv

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxs � xvÞ2 þ z2

v

q
and d ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� xsÞ2 þ z2

q
. The variable

zref denotes the distance between the control sources and the

reference line. Since 2.5-D WFS only reproduces the far-

field component, its reproduction error for a proximity vir-

tual source is large with or without SPA. Figure 4(top)

depicts the spatially averaged errors of WFS with SPA. For

FIG. 3. Spatially averaged errors of the near- and far-field components of

Rayleigh’s first integral on a reference line. The errors are shown as a func-

tion of the distance between the virtual source and control surface (jkzvj)
(Ss ¼ 10k� 10k, L ¼ 10k, zref ¼ 5k).

2108 J. Acoust. Soc. Am., Vol. 134, No. 3, September 2013 Lee et al.: Proximity virtual source rendering

 Redistribution subject to ASA license or copyright; see http://acousticalsociety.org/content/terms. Download to IP:  143.248.118.122 On: Mon, 17 Mar 2014 05:38:59



computing the spatially averaged error of the reproduced

field, the reference line was consistently set to L ¼ 10k and

zref ¼ 5k in this paper. As illustrated in Fig. 4(top), the

reproduced field by 2.5-D WFS cannot approximate the far-

field component in the small jkzvj region. The error increases

over 0 dB under jkzvj � 0:15. This is because the normaliza-

tion by small amount of far-field component at small jkzvj
amplifies the error. Furthermore, the error compared with the

target monopole field is still significant for the proximity vir-

tual source [Fig. 4(top)].

To avoid this erroneous behavior, we can consider

applying SPA to the near-field component [Eq. (6)], which

leads to (see Appendix A)

pnð~rÞ�
ð1
�1

ffiffiffiffiffiffiffiffi
j

2pk

r
cosus

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zref

jzvjþzref

r
ejkdv

dv

ffiffiffiffiffi
dv

p
 !

ejkd

4pd

" #
dxs:

(11)

However, as depicted in Fig. 4(bottom), the spatially aver-

aged errors of Eq. (11) diverges as the virtual source

approaches the control sources (or small jkzvj). The result

indicates that SPA is not a good way to approximate the

near-field component as well as the target monopole field.

This is because the magnitude of the integrand in pnð~rÞ is a

rapidly varying function on the control surface, which viola-

tes the basic condition for applying SPA. However, it can be

seen that the SPA can approximate the near-field component

for the virtual source located far from the array. On the other

hand, the error compared with the total monopole field is still

high for large jkzvj because the contribution of the near-field

component is nearly zero in the far field. From the error dis-

tributions in Fig. 4, we can conclude that the near-field com-

ponent needs a completely different approximation to render

a proximity virtual source using a line array.

III. APPROXIMATION OF THE RAYLEIGH’S FIRST
INTEGRAL FOR A PROXIMITY VIRTUAL SOURCE

A. Derivation of the driving function for a continuous
line array

The line integral for a proximity virtual source can be

derived by inspecting the magnitude and phase distribution

of the integrand of the near-field component over the control

surface. Figure 5 shows the magnitude [Fig. 5(top)] and

phase [Fig. 5(bottom)] distribution along the y-direction (ys-

axis). For this example, a proximity virtual source was

located at a distance of 0:1k from the control surface

(jzvj ¼ 0:1k), and the listener was positioned at

z ¼ 5k distance (xv¼ x¼ 0). Since we have assumed the

virtual source and the listener are placed on the x-z plane

(yv ¼ y ¼ 0), the integrand is a symmetric function with

respect to the ys-axis (Fig. 5). It is noteworthy that the mag-

nitude distribution has a strong peak at ys ¼ 0 and quickly

converges to zero with increasing jysj. This is because the

1=R2
v term in the near-field component is singular near the

location of a proximity virtual source. Consequently, most of

the contribution of Eq. (6) comes from the region around a

point of the maximum magnitude on the control surface

(ys ¼ 0). In other words, only the control sources close to the

virtual source contribute to the reproduced field.

Based on this observation, we can assume the finite inte-

gral near the point of maximum amplitude (ys 2 ½�ya; ya�)
approximates the infinite integral of the near-field compo-

nent pnð~rÞ. That is,

pnð~rÞ �
ð1
�1

ðya

�ya

jzvj
8p2

ejkðRvþRÞ

R3
vR

dys

" #
dxs: (12)

FIG. 4. Spatially averaged errors of the (top) 2.5-D WFS and (bottom) near-

field component approximated by SPA (L ¼ 10k, zref ¼ 5k).

FIG. 5. Magnitude and phase distribution of the integrand of the near-field

component: (top) magnitude, (bottom) phase. The proximity virtual source

is located at ðxv; yv; zvÞ ¼ ð0; 0;�0:1kÞ and the listener is positioned at

ðx; y; zÞ ¼ ð0; 0; 5kÞ.
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The integration interval ya has not been specified yet, but for

now it is assumed to be a finite region around the point of

peak amplitude. Also note the point of the maximum magni-

tude is the same as the stationary phase point, which is ys ¼ 0

in this case. Since most of the contribution comes from the

small region on the control surface and the phase is stationary

around it, we can assume a constant phase within

ys 2 ½�ya; ya�. With this approximation, Eq. (12) leads to

pnð~rÞ �
ð1
�1

ejkðdvþdÞ jzvj
8p2

ðya

�ya

1

R3
vR

dys

 !
dxs

¼
ð1
�1

ejkðdvþdÞ jzvj
8p2

�
ðya

�ya

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd2

v þ y2
s Þ

3ðd2 þ y2
s Þ

q dys

2
4

3
5dxs; (13)

where the distances Rv and R can be expressed as
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2

v þ y2
s

p
and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 þ y2

s

p
, respectively. Since we can assume the finite

integral in the parentheses of Eq. (13) approximates the infi-

nite integral, ya can be extended to infinity again.

Accordingly, the integral with respect to ya in Eq. (13) can

be calculated by employing elliptic integrals of the first and

second kind.20 That is,

pnð~rÞ �
ð1
�1

1

4p2

jzvj
dv

ejkðdvþdÞ

dvd

�
E p

2
;
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c2

p� �
� c2F p

2
;
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c2

p� �n o
1� c2

dxs:

(14)

Here, Fðp=2;
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c2

p
Þ denotes the elliptic integral of the

first kind, and Eðp=2;
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c2

p
Þ indicates the elliptic integral

of the second kind (c ¼ dv=d). The elliptic integrals are

defined by21

Fða; bÞ ¼
ða

0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2sin2h

p dh;

Eða; bÞ ¼
ða

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� b2sin2h

q
dh: (15)

In addition, the proximity virtual source is placed much

closer to the array than the listener ðd2
v � d2Þ. This results in

c2 � 0, and thus Eq. (14) can be reduced to

pnð~rÞ �
ð1
�1

cosus

4p2

ejkðdvþdÞ

dvd
E

p
2
; 1

� �
dxs; (16)

where cos us ¼ jzvj=dv. Since Eðp=2; 1Þ is equal to one, Eq.

(16) can be simplified as follows:

pnð~rÞ �
ð1
�1

cosus

ejkdv

pdv

� �
ejkd

4pd
dxs � pproxð~rÞ: (17)

Consequently, the driving function for the line array of

monopole control sources is given by

qproxð~rsÞ ¼ cosus

ejkdv

pdv
: (18)

This driving function for a proximity virtual source is

denoted as a proximity driving function in this paper.

The proximity driving function is similar to the pressure

field propagating from a virtual dipole source positioned at

the same location as the proximity virtual source. In addi-

tion, the driving function consists of simple gain and time

delay that are independent of frequency and the listener posi-

tion. Therefore, the proposed solution can be calculated with

low computational effort.

B. Examples and evaluation

The performance of the proposed solution is examined

using computer simulations. In this example, a virtual

monopole source was positioned at ðxv; zvÞ ¼ ð0;�0:1kÞ. To

simulate a continuous array of the control sources, a total of

1001 monopole sources with constant spacing of 0:01k
0:01k were linearly distributed along the x axis, and the

length of the array was set as 10k. All geometrical sizes

were normalized by the wavelength. The real parts of the tar-

get field [Fig. 6(top left)], its near-field component [Fig.

6(top right)] and the reproduced field [Fig. 6(bottom left)]

are illustrated. The amplitudes of the pressure fields are

clipped within þ0.1 and �0.1. The result shows that the

near-field component of the target monopole field is repro-

duced in the entire listening region.

In order to evaluate the accuracy of the reproduced field,

a relative error distribution between the near-field compo-

nent and reproduced sound field is calculated as follows:

eproxð~rÞ ¼
jpnð~rÞ � pproxð~rÞj2

jpnð~rÞj2
: (19)

The relative error of the proximity virtual source is depicted

in Fig. 6(bottom right). It can be seen that the errors of the

reproduced field are less than �10 dB inside the triangular-

shaped area. This is because the proximity driving function

[Eq. (18)] does not depend on the listener position, and

hence the target field can be reproduced at a large area.

The spatially averaged errors of the proposed method

(Fig. 7) decrease as the virtual source approaches the array.

For this example, we employed a reference line to calculate

the spatially averaged errors although the solution does not

require the reference line. As depicted in Fig. 7(top), the spa-

tially averaged error compared with the near-field component

becomes smaller than �10 dB under jkzvj � 0:7. The result in

Fig. 7(bottom) yields the proposed driving function is advan-

tageous for the proximity virtual source but produces a large

reproduction error at large jkzvj. Since both the proposed

method and 2.5-D WFS are limited by the far- and near-field

assumptions, we need a driving function that can have a small

reproduction error for both the near and far fields.

IV. COMBINATION WITH 2.5-DIMENSIONAL WAVE
FIELD SYNTHESIS

A. Unified driving function

To formulate the driving function that can render a vir-

tual source irrespective of its location jkzvj, it would be
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necessary to combine the two driving functions for the 2.5-D

WFS and the proximity virtual source. If qproxð~rsÞ and

qWFSð~rsÞ can perfectly reproduce the near- and far-field com-

ponents at any jkzvj, the relevant reproduced fields are com-

bined into the target field as

pproxð~rÞ þ pWFSð~rÞ ¼ ptð~rÞ;ð1
�1
½qproxð~rsÞ þ qWFSð~rsÞ�

ejkd

4pd
dxs ¼ ptð~rÞ: (20)

Here, the 2.5-D WFS solution qWFSð~rsÞ is given by the for-

mula in the parentheses of Eq. (10). In this case, a unified

driving function can be obtained by the sum of both driving

functions.

However, the two driving functions are imperfect

because of the approximations employed. This can lead to

an inaccuracy of the total reproduced field [pproxð~rÞ
þ pWFSð~rÞ 6¼ ptð~rÞ], particularly for a virtual source placed

in the intermediate region between far and near fields. For

the accurate reproduction regardless of the virtual source

position jkzvj, we attempt to combine two reproduced fields

by considering the respective contributions to the target

field. First, Eq. (20) can be rewritten in terms of weighting

functions representing the contributions with respect to

jkzvj. That is,

wproxðjkzvjÞpproxð~rÞ þ wWFSðjkzvjÞpWFSð~rÞ � ptð~rÞ;
(21)

where wproxðjkzvjÞ indicates the weighting function for the

reproduced field pproxð~rÞ by proximity driving function, and

wWFSðjkzvjÞ is the weighing function for the reproduced field

pWFSð~rÞ by 2.5-D WFS solution. From Eq. (21), a unified

driving function qunið~rsÞ can be given by

qunið~rsÞ ¼ wproxðjkzvjÞqproxð~rsÞ þ wWFSðjkzvjÞqWFSð~rsÞ:
(22)

FIG. 7. Spatially averaged errors of the proximity driving function on the

reference line. The reproduced field is compared with the (top) near-field

component and with (bottom) the target monopole field (L ¼ 10k,

zref ¼ 5k).

FIG. 6. Sound field reproduction by

the proximity driving function: the real

parts of the target and reproduced

fields are illustrated: (top left) target

monopole field, (top right) near-field

component of the target monopole

field, (bottom left) reproduced field.

(bottom right) The relative error

between the near-field component of

the target monopole field and repro-

duced field is depicted in dB scale. A

proximity virtual monopole is posi-

tioned at ðxv; zvÞ ¼ ð0;�0:1kÞ.
Monopole control sources with con-

stant spacing of 0:01k are distributed

along the x axis (solid black line).
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In determining wproxðjkzvjÞ and wWFSðjkzvjÞ, the errone-

ous behaviors of pproxð~rÞ and pWFSð~rÞ should be considered

with respect to the virtual source location jkzvj. First, the

approximation used for the proximity driving function pro-

duces a large error for a virtual source located in far field.

Therefore, pproxð~rÞ should slightly contribute to the target

field in the large jkzvj region. By the same token, the contri-

bution of pWFSð~rÞ should be reduced in the small jkzvj region

because the 2.5-D WFS driving function leads to an incorrect

reproduction of the virtual source near the loudspeaker

array.

Since the total sound energy in a certain area can repre-

sent the contribution to the sound field in the region, the

weightings can be obtained by computing the energy ratio

between the target field and the reproduced field from each

driving function as follows:

wproxðjkzvjÞ ¼

ð
L

jpproxð~rÞj2dLð
L

jptð~rÞj2dL
;

wWFSðjkzvjÞ ¼

ð
L

jpWFSð~rÞj2dLð
L

jptð~rÞj2dL
: (23)

Here, each energy ratio is calculated on the reference line L.

Therefore, the weighting functions represent the contribution

of each control method in reproducing the target sound field.

An example of the relevant weightings is shown in Fig.

8(top) with respect to jkzvj. The contribution of the proximity

driving function is dominant in near field and decreases rap-

idly as the virtual source recedes from the array. On the other

hand, the 2.5-D WFS driving function mainly contributes to

the far field. In addition, it can be seen that the sum of the

weightings is greater than one in Fig. 8(top). This is because

the total energy of each reproduced field is larger than

the energy of the total field. In the intermediate region where

the weighting curves intersect each other, the overall weight-

ing has the maximum value of about 1.2 [Fig. 8(top)].

From these observations, the range of the overall weightings

can be

1 	 wproxðjkzvjÞ þ wWFSðjkzvjÞ 	 1:2: (24)

In realizing the unified solution, however, Eq. (23) can

increase computational complexity because of the numerical

calculation of multiple integrals. To resolve the complexity

issue, we attempt to simplify the integrals in analytic forms.

To begin with, we again consider a listener is positioned far

from the array. Since the reference line is placed at far field

or so-called Fraunhofer region,22 the distance kd can be

approximated to kðr � xscos/Þ, where r and xs denote the

distances from the origin to the listener position and control

source, respectively (Fig. 9). The variable / represents the

angle between the two lines (r and xs). Accordingly, Eq. (23)

can be rewritten as

wrepðjkzvjÞ �

ð
L

				
ð1
�1

qrepðxsÞ
ejkðr�xscos/Þ

4pr
dxs

				
2

dL

ð
L

				 ejkrvs

4prvs

				
2

dL

: (25)

For the simplicity of expressions, wrepðjkzvjÞ and qrepðxsÞ are

used as generic terms of the two weighting functions

[wproxðjkzvjÞ and wWFSðjkzvjÞ] and driving functions

[qproxðxsÞ and qWFSðxsÞ], respectively. The distance rvs indi-

cates the length between the virtual monopole source and the

listener.

In addition, a wavefront from the control source

becomes planar at far field. We can then assume the control

sources produce the constant phase distribution along the

reference line. With this assumption, the double integral in

FIG. 8. Weighting functions for the proximity driving function (solid line)

and 2.5-D WFS driving function (dotted line) with respect to jkzvj. The

weightings are obtained (top) from the numerical computation and (bottom)

from the explicit functions. In both cases, the total weightings are illustrated

by a dashed line (L ¼ 10k, zref ¼ 5k).

FIG. 9. Illustration of variables for the arrangement of the control sources

and the reference line. The control sources are linearly distributed, and the

listener can be placed on the reference line.
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the numerator [Eq. (25)] can be separated into the product of

two one-dimensional integrals as follows:

wrepðjkzvjÞ �

ð
L

1

r2
dL

				
ð1
�1

qrepðxsÞdxs

				
2

ð
L

1

r2
vs

dL

: (26)

The division of two integrals over the reference line of infi-

nite length is given by
Ð

L1=r2dL=
Ð

L1=r2
vsdL ¼ 1þ jzvj=zref ,

and hence Eq. (26) can be reduced to

wrepðjkzvjÞ � 1þ jzvj
zref

 !				
ð1
�1

qrepðxsÞdxs

				
2

: (27)

To obtain the weightings from the simplified function [Eq.

(27)], it is required to calculate the integration of each driv-

ing function qproxðxsÞ and qWFSðxsÞ. However, using the inte-

gral formula for the qWFSð~rsÞ(Appendix B), the weighting of

the 2.5-D WFS driving function wWFSðjkzvjÞ can be

expressed in an explicit form. That is,

wWFSðjkzvjÞ � p2 jkzvj
2

� �2

J�1=4

jkzvj
2

� �2
"

� Y�1=4

jkzvj
2

� �2

þ J1=4

jkzvj
2

� �2

� Y1=4

jkzvj
2

� �2
#
; (28)

where J1=4ðjkzvj=2Þ and Y1=4ðjkzvj=2Þ are the 1
4
th order Bessel

functions of the first and second kinds, respectively. On the

other hand, the weighting function for the proximity driving

function wproxðjkzvjÞ can be derived from the range of the

overall weighting [Eq. (24)]. We can consider that the

weightings have a prominent role in the intermediate region

in terms of compensating the inaccuracy of both driving

functions. In this regard, the overall weighting can be fixed

to the value in the intermediate region, which is maximal as

depicted in Fig. 8(top). Accordingly, the sum of the weight-

ings can be assumed as 1.2 [Eq. (24)] irrespective of the vir-

tual source position jkzvj, and hence the weighting function

for qproxð~rsÞ is given by

wproxðjkzvjÞ � 1:2� wWFSðjkzvjÞ

¼ 1:2� p2 jkzvj
2

� �2

� J�1=4

jkzvj
2

� �2

Y�1=4

jkzvj
2

� �2
"

þ J1=4

jkzvj
2

� �2

Y1=4

jkzvj
2

� �2
#
: (29)

The explicit weighting functions [Eqs. (28) and (29)]

are depicted in Fig. 8(bottom). Compared to Fig. 8(top), the

weighting curves of the 2.5-D WFS look identical each other

at all jkzvj. In addition, it can be seen that the weightings for

the proximity driving function are almost the same in the in-

termediate region with minor deviations for very small jkzvj.
Consequently, the explicit form of the unified driving func-

tion can be obtained by substituting Eqs. (28) and (29) into

Eq. (22).

B. Examples and evaluation

In order to verify the unified driving function, a

simulation was performed to reproduce a virtual monop-

ole source. The simulation conditions were the same as

in Fig. 6. At the virtual source position

ðxv; zvÞ ¼ ð0;�0:1kÞ, the degree of contributions of the

driving functions was wproxðjkzvjÞ � 0:53 and

wWFSðjkzvjÞ � 0:67. As a result, the reproduced field

[Fig. 10(left)] looks almost identical to the target monop-

ole field [Fig. 6(top left)]. The relative error distribution

of the reproduced field is depicted in Fig. 10(right).

Unlike in Fig. 6(bottom right), the errors tend to be con-

stantly distributed along the reference line because the

unified solution depends on the listener position and pro-

vides accuracy on the reference line. Nevertheless, the

errors are less than about �18 dB at almost the entire

area in front of the array. This result indicates the target

field can be reproduced precisely in the large area.

Furthermore, the spatially averaged error of the unified

driving function is less than �18 dB at all jkzvj, as illustrated

in Fig. 11. Compared with the error in Fig. 7, almost perfect

reproduction of the virtual source irrespective of its location

can be accomplished on the reference line.

FIG. 10. Sound field reproduction

results: The real part of (left) the repro-

duced field is illustrated, and (right)

the relative error distribution is

depicted in dB scale. A virtual monop-

ole source is positioned at

ðxv; zvÞ ¼ ð0;�0:1kÞ. In total, 1001

monopole control sources with con-

stant spacing of 0:01k are distributed

linearly (solid black line), and the ref-

erence line is illustrated by a dotted

black line (L ¼ 10k, zref ¼ 5k).
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V. DRIVING FUNCTION FOR THE DISCRETE
LOUDSPEAKER DISTRIBUTION

A. Discretization of the loudspeaker distribution

The continuous driving function derived in Eq. (22) has

to be sampled for exciting loudspeakers discretely distrib-

uted in space. The simplest way to obtain a discrete driving

function may be direct sampling at the location of each loud-

speaker. That is,

quni½n� ¼ quni½~rðnÞs �Dxs; (30)

where quni½n� represents the driving function of the nth loud-

speaker positioned at ~rðnÞs and Dxs denotes the interval

between the loudspeakers.

However, the direct sampling is problematic for the prox-

imity driving function. This can be seen from the magnitude

distributions of the discrete and continuous driving functions

(Fig. 12). The proximity driving function can be singular, i.e.,

a rapidly changing function near the virtual source location

[Fig. 12(top)], and the direct sampling cannot accurately

reflect the magnitude of the continuous driving function

between two adjacent samples [Fig. 12(bottom)].

FIG. 11. Spatially averaged error of the unified driving function on the refer-

ence line. The reproduced field is compared with the target monopole field

(L ¼ 10k, zref ¼ 5k).

FIG. 12. (Color online) Problems due to the direct sampling of the discrete

driving function: (top) singular and (bottom) reducing behaviors of the dis-

crete driving function. A discrete line array is sampled with constant spacing

Dxs.

FIG. 13. Illustration of the sound field

reproduction results using the directly

sampled driving function. The real

parts of the reproduced fields are

depicted. (top left) Target field and

(top right) reproduced field for the vir-

tual monopole source at

ðxv; zvÞ ¼ ð0;�0:05kÞ. (bottom left)

Target field and (bottom right) repro-

duced field for the virtual monopole

source at ðxv; zvÞ ¼ ð0:1k;�0:05kÞ. In

total, 51 monopole control sources

with constant spacing of 0:2k are dis-

tributed along the x axis (black

circles). The reference line is illus-

trated by a black dotted line. (L ¼ 10k,

zref ¼ 5k).
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Figure 13 demonstrates the problematic cases. A total of

51 monopole control sources were linearly distributed with a

constant spacing of 0:2k. For the virtual monopole source

positioned at ðxv; zvÞ ¼ ð0;�0:05kÞ [Fig. 13(top left)], the

reproduced field with the diverging behavior is depicted in

Fig. 13(top right). In another case with a virtual source

located at ðxv; zvÞ ¼ ð0:1k;�0:05kÞ, the magnitude of the

reproduced field was reduced [Fig. 13(bottom right)], com-

pared to the target field in Fig. 13(bottom left).

B. Modified driving function for a discrete line array

In order to determine the discrete driving function pre-

cisely, the magnitude of a single loudspeaker should be

equal to the area under the continuous driving function.

That is,

jqmod½n�j ¼
				
ðx
ðnÞ
s þDxs=2

x
ðnÞ
s �Dxs=2

qunið~rsÞdxs

				: (31)

Based on the analytic driving function of Eq. (22), we can

calculate the area between two adjacent control sources. The

source interval between the n and nþ1th control sources is

more densely sampled to give

qmod½n� ¼
XnM

m¼ðn�1ÞMþ1

quni½~rðmÞs �
Dxs

M
; (32)

where M denotes the number of the over-sampled positions

between the adjacent control sources, and quni½~r ðmÞs � is the

continuous driving function of the mth over-sampled control

source positioned at ~rðmÞs . As depicted in Fig. 14, the modi-

fied driving function [Eq. (32)] can then precisely represent

the continuous driving function, apart from rendering a vir-

tual source placed between the neighboring two control sour-

ces. In this problematic case, the virtual source cannot be

produced as the driving function vanishes for us ¼ p=2.

C. Examples and evaluation

Using the modified driving function for the discrete

array [Eq. (32)], the target fields in Fig. 13 are reproduced as

shown in Figs. 15(top left) and 15(bottom left), respectively.

In total, 100 over-sampled positions were used between the

adjacent control sources (M¼ 100). Compared with the case

of the directly sampled driving function [Figs. 13(top right)

and 13(bottom right)], the target fields are reproduced more

precisely. In addition, the relative errors are less than about

FIG. 14. (Color online) Magnitude distributions of the modified discrete

driving function and continuous driving function. The line array is sampled

with constant spacing Dxs, including M over-sampled control sources

between the adjacent control sources.

FIG. 15. Illustration of the sound field

reproduction results using the modified

driving function (M ¼ 100). The real

parts of the reproduced fields are

depicted, and the relative error distri-

butions are shown in dB scale. (top

left) Reproduced field and (top right)

relative error distribution for the vir-

tual monopole source at

ðxv; zvÞ ¼ ð0;�0:05kÞ. (bottom left)

Reproduced field and (bottom right)

relative error distribution for the vir-

tual monopole source at

ðxv; zvÞ ¼ ð0:1k;�0:05kÞ.
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�17 dB over the large area in Figs. 15(top right) and 15(bot-

tom right). These results indicate the modified driving func-

tion for a discrete line array can reproduce the target field

accurately.

VI. CONCLUSIONS

In this study, we proposed a method for reproducing a

proximity virtual source. In order to derive the driving

function for a line array of loudspeakers, we applied the

near-field approximation to the Rayleigh’s first integral. The

infinite surface integral was then approximated to a finite

integral by considering the rapidly varying magnitude of the

integrand. By assuming the stationary phase around the

maximum magnitude point and employing the elliptic

integrals, the finite surface integral was reduced to a line

integral. A driving function for the proximity virtual source

was obtained from the approximated integral.

However, the proposed driving function induces a large

error for a virtual source positioned far from the line array.

To reduce the reproduction error, the solution for a proxim-

ity virtual source was combined with the 2.5-D WFS driving

function that gives an accurate result in the far field. We

combined both driving functions using the relevant weight-

ing functions derived from the energy ratio between the tar-

get monopole and the reproduced fields on a reference line.

As a result, we rendered the virtual monopole source using a

line array, regardless of its position behind the array.

To examine the control performance of the proposed

method, the reproduced field was compared with the tar-

get monopole field. The spatially averaged error of the

reproduced field using a continuous line array was less

than �18 dB, regardless of the virtual source location.

However, the magnitude of the driving function for a

discrete array increased or decreased more than that of

the continuous driving function when rendering a prox-

imity virtual source.

To circumvent the problems due to the discrete sam-

pling, the driving function was over-sampled more densely,

and then merged to obtain a driving function at the actual

loudspeaker positions. Simulations showed that the modified

formula can reduce the reproduction error.
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APPENDIX A: NEAR-FIELD COMPONENT
APPROXIMATED BY STATIONARY PHASE
APPROXIMATION

Stationary phase approximation (SPA) is defined by4

ð1
�1

f ðysÞej/ðysÞdys � f ðy0Þej/ðy0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pj

/00ðy0Þ

s
; (A1)

where y0 denotes a stationary phase point. To apply SPA to

the integral with ys in the near-field component [Eq. (6)], the

magnitude and phase parts of the integrand are given by

f ðysÞ ¼
jzvj

8p2ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2

v þ y2
s

p
Þ3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 þ y2

s

p
/ðysÞ ¼ kð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2

v þ y2
s

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2 þ y2

s

q
Þ: (A2)

Since the virtual source and listener are positioned on the

same plane, the height of which is zero (Fig. 2), the station-

ary phase point is zero (y0 ¼ 0). Accordingly, Eq. (A2) at y0

is given by

f ðy0Þ ¼
jzvj

8p2d3
v d

/ðy0Þ ¼ kðdv þ dÞ: (A3)

In addition, the second derivative of the phase at y0 is

/00ðy0Þ ¼ k
dv þ d

dvd
: (A4)

By applying Eqs. (A3) and (A4) to Eq. (A1), the approxi-

mated formula of the near-field component becomes

pnð~rÞ �
ð1
�1

ffiffiffiffiffiffiffiffi
j

2pk

r
jzvj
dv

ffiffiffiffiffiffiffiffiffiffiffiffiffi
d

dv þ d

r
ejkdv

dv

ffiffiffiffiffi
dv

p ejkd

4pd

" #
dxs:

(A5)

For the correct reproduction at various points on a line (refer-

ence line),7 we adjust the magnitude of Eq. (A5) as follows:

pnð~rÞ �
ð1
�1

ffiffiffiffiffiffiffiffi
j

2pk

r
cosus

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zref

jzvj þ zref

r
ejkdv

dv

ffiffiffiffiffi
dv

p ejkd

4pd

" #
dxs;

(A6)

where cosus ¼ jzvj=dv, and zref denotes the distance between

the control sources and the reference line.

APPENDIX B: DERIVATION OF WEIGHTING FUNCTION
FOR 2.5-DIMENSIONAL WAVE FIELD SYNTHESIS

The simplified weighting function for the 2.5-D WFS

solution [Eq. (28)] can be rewritten as

wWFSðjkzvjÞ � 1þ jzvj
zref

 !				
ð1
�1

qWFSðxsÞdxs

				
2

¼ 1þ jzvj
zref

 !				
ð1
�1

�j

ffiffiffiffiffiffi
jk

2p

r
cosus

 

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

zref

jzvj þ zref

r
ejk

ffiffiffiffiffiffiffiffiffiffiffiffi
x2

sþjzvj2
p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2
s þ jzvj2

qr
!

dxs

				
2

;

(B1)
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where cosus ¼ jzvj=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

s þ jzvj2
q

.

Substituting xs with jzvjsecw, Eq. (B1) is reduced to

wWFSðjkzvjÞ � 1þ jzvj
zref

 !				
ðp=2

0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jzvjsecw

p
ejkjzvjsecwdw

				
2

:

(B2)

Applying the substitution of secw ¼ t to Eq. (B2) again, the

weighting function is given by

wWFSðjkzvjÞ � 1þ jzvj
zref

 !				
ð1

1

2
ffiffiffiffiffiffiffi
jzvj

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tðt2 � 1Þ

p ejkjzvjtdt

				
2

:

(B3)

Since the integral with respect to t in Eq. (B3) is derived by

the Bessel functions of the first and second kinds,20 we can

obtain the explicit form of the weightings for 2.5-D WFS as

follows:

wWFSðjkzvjÞ � p2 jkzvj
2

� �2

J�1=4

jkzvj
2

� �2

Y�1=4

jkzvj
2

� �2
"

þ J1=4

jkzvj
2

� �2

Y1=4

jkzvj
2

� �2
#
: (B4)

Equation (B4) implies that the weighting function only

depends on the virtual source distance with respect to the

wavelength (jkzvj).
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