
L1-based Photometric Stereo via Augmented Lagrange Multiplier Method

Kyungdon Joo1, Tae-Hyun Oh2 and In So Kweon3

Korea Advanced Institute of Science and Technology, Republic of Korea

(E-mail: 1kdjoo@rcv.kaist.ac.kr, 2thoh.kaist.ac.kr@gmail.com, 3iskweon77@kaist.ac.kr)

Abstract - Recently, the sparsity model has been ap-

plied to photometric stereo by modeling non-Lambertian

artifacts as sparse components. As one of these ef-

forts, we present l1-based photometric stereo for the non-

Lambertian corruptions. A solution method was de-

rived using the Augmented Lagrange Multiplier (ALM)

method, which effectively solves the constrained prob-

lem by solving the sub-problems for surface normal and

sparse corruptions iteratively. Experiments demonstrate

the applicability of our method by comparing with the

Least Square method and the l1 baseline method.

Keywords - Photometric stereo, Sparse model, l1-

minimization, Augmented Lagrange Multiplier.

1. Introduction
For 3D object and shape recognition in robotics ap-

plications, 3D model aquisition process is an essential

step for 3D database construction. Photometric stereo

is a commonly used technique for estimating fine de-

tail surface normals of an object. It is well-known that

the surface normal can be uniquely determined from the

appearance variations when Lambertian surface is illu-

minated by at least three known lighting directions [1].

In previous photometric stereo approaches, the Least

Squares (LS) solution and Principal Component Analysis

for the low-dimensional subspace[2] guaranteed an opti-

mal solution under the Gaussian noise with small magni-

tude. However, the recovery of the surface normal in real

scene is difficult due to non-Lambertian effects such as

specular reflection, shadows, and noise that rarely obey

the Gaussian. The non-Lambertian effects are addressed

by robust methods, such as e.g . RANSAC [3], median-

based approach [4]. Recently, non-Lambertian compo-

nents have been modeled as sparse corruption in rank

minimization [5], and Bayesian framework [6]. Our work

is motivated by these two approaches. We formulate l1
photometric stereo using convex optimization, and apply

the ALM method to solve the problem.

2. Photometric stereo
2.1 The Lambertian model
When an object has Lambertian material, a measured

intensity I under a lighting direction l ∈ R
3 is:

I = ρnT l, (1)

where ρ ∈ R is the albedo, and n ∈ R
3 is the sur-

face normal at the point. Given n images with m

visible pixels, we define an observation matrix O
Δ
=

[vec(I1)| . . . |vec(In)] ∈ R
m×n by stacking each im-

age as a vector vec(Ik)
Δ
= [Ik(1), . . . , Ik(m)]T for k =

{1, . . . , n}, and Ik(j) = ρjn
T
j lk for j = {1, . . . ,m}.

Therefore, the observations of Eq. (1) can be written in

the following compact matrix form:

O = NTL, (2)

where normal matrix N = [ρ1n1 | . . . |ρmnm ] ∈ R
3×m,

and light matrix L = [l1| . . . |ln] ∈ R
3×n. If light di-

rections L and over-determined intensities O are given,

Eq. (2) can be solved by LS method. The LS method pro-

vides an optimal solution only when the noise effect fol-

lows a small magnitude Gaussian. To deal with the noise

that not follow Gaussian, the artifacts should be modeled

explicitly.

2.2 Non-Lambertian effects as sparse errors
In reality, the non-Lambertian components are ob-

served due to the presence of specularities, shadows, im-

age noise, and so on. These non-Lmabertian effects can

be modeled by error matrix E ∈ R
m×n. Thus, observa-

tion O of Eq. (2) can be modeled as [5]:

O = NTL+ E. (3)

However, recovery of surface normal N and error E
under known light directions L and observation O is

an under-constrained problem, since the number of un-

knowns exceeds the number of linear equations. There-

fore, under the assumption that error matrix E of the non-

Lambertian effect is relatively sparse, this problem can be

formulated as the following optimization problem:

min
N,E

‖E‖0 subject to O = NTL+ E, (4)

where ‖·‖0 is l0-norm, which is the number of non-zero

entries in the matrix. However, Eq. (4) is known as a NP-

hard problem. This problem can be solved by replacing

l0-norm with l1-norm, which is a convex relaxation. Un-

der quite general conditions, it has been proved in [7] that

the following optimization problem has the same optimal

solution as Eq. (4):

min
N,E

‖E‖1 subject to O = NTL+ E, (5)

where ‖·‖1 represents l1-norm.

2.3 Photometric stereo via the ALM
The basic idea of the ALM method is to minimize

the unconstrained Lagrangian function instead of directly

solving the original constrained optimization problem.

The ALM method can be applied to efficiently solve

Eq. (5). Eq. (5) can be reformulated as the following un-

constrained Lagrangian function:

L(N,E, Y, μ) (6)

=‖E‖1+<Y,O−NTL−E>+μ
2

∥∥O−NTL−E
∥∥2
F
,
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Algorithm 1 Photometric stereo via the ALM

Input :O ∈ R
m×n,L ∈ R

3×n
Initialize N1 ← 0, E1 ← 0, μ1 ← 1/‖O‖2

Y1 ← sign(O)/max{‖O‖2, ‖O‖∞}
while not converged (k = 1, 2, · · · ) do

Ek+1 = shrink(μ−1k Yk +O −NT
k L, μ

−1)

Nk+1 =
(
LLT

)−1
L
(
μ−1k Yk +O − Ek+1

)T

Yk+1 = Yk + μk(O −NT
k+1L− Ek+1)

μk+1 = ρ · μk
end while
Output :Nk+1 ,Ek+1

where Y ∈ R
m×n is a Lagrange multiplier matrix, μ is a

positive constant, <·, ·> represents the matrix inner prod-

uct, and ‖·‖F denotes Frobenius norm. Since it is difficult

to minimize L(·) with respect to both N and E simulta-

neously, we adopt an alternative minimization strategy as

follows:⎧⎪⎨
⎪⎩
Nk+1=argmin

N

μk

2

∥∥∥ 1
μk

Yk +O −NT
k L− Ek

∥∥∥2
F
,

Ek+1=argmin
E

‖Ek‖1+μk

2

∥∥∥ 1
μk

Yk+O−NT
k+1L−Ek

∥∥∥2
F
.

(7)
Each sub-problem can be solved in a closed-form man-

ner. The sparse error matrix Ek+1 has a closed-form solu-

tion by shrinkage operator [8], which is shrink(x, α) =
sign(x) · max{|x| − α, 0}, where α ≥ 0. The nor-

mal matrix Nk+1 also has a closed-form solution due to

quadratic form. The ALM method for solving the photo-

metric stereo problem is described in Alg. 1.

3. Experiments
In this section, we verify the potential of the proposed

ALM-based method using synthetic data rendered by the

Cook-Torrance model. We compared our results with

a simple LS approach, which assumes the ideal diffu-

sive model given by Eq. (2) and Iterative Reweight Least

Square (IRLS) as baseline l1 method [9]. We tested our

method on two objects called Bunny and Caesar under

randomly selected different lighting conditions. In the ex-

periments, we used ρ = 1.02 and the initialization of the

other parameters is denoted as Alg. 1 for synthetic data.

The qualitative and quantitative results are illustrated

in Fig. 1 and Table 1. We observed that our method took

more computational time than the LS method. However,

our method consistently outperformed the LS approach.

At the same time, our approach has precise accuracy as

the l1 method.

4. Conclusions and Future Work
In this paper, we proposed the l1-based photometric

stereo via the ALM method. We have formulated the non-

Lambertian image model as a convex optimization prob-

lem using convex relaxation. The possibility of ALM

method is demonstrated from synthetic experiments. As

a future work, we plan to consider the weight term to han-

dle sparse corruption more efficiently.

Table 1 Quantative evaluation on synthetic data.

Objects
Mean error [◦] Time [sec]

LS L1 Our LS L1 Our
Banny 9.44 1.53 1.52 10.81 41.45 18.66
Caesar 8.21 3.05 3.01 42.44 160.17 72.30

(e) LS (f) L1 (IRLS) (g) Ours (h) Ground Truth
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Fig. 1 Surface normal recovery of Bunny andCaesar
data. (a)-(c), (e)-(g) Recovered surface normals and error

maps. (d), (h) Ground truth.
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