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A Ranking Method for Type-2 Fuzzy Values
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Abstract

Type-1 fuzzy set is used to show the uncertainty in a given value. But there are many situations where it needs to
be extended to type-2 fuzzy set because it can be also difficult to determine the crisp membership function itself.
Type-2 fuzzy systems have the advantage that they are more expressive and powerful than type-1 fuzzy systems,
but they require many operations defined for type-1 fuzzy sets need to be extended in the domain of type-2 fuzzy
sets. In this paper, comparison and ranking methods for type-2 fuzzy sets are proposed. It is based on the satisfaction
function that produces the comparison results considering the actual values of the given type-2 fuzzy sets with their
possibilities. Some properties of the proposed method are also analyzed.

Key Words : Type-2 fuzzy set, Fuzzy comparison, Fuzzy ranking.

The content of this paper is divided into two
sections: comparison and ranking. In section 2, some

1. Introduction

Type-1 fuzzy set is used to show the uncertainty in
a given value. But there are many situations where it
needs to be extended to type-2 fuzzy set because it
can be also difficult to determine the crisp membership
function itself.

Intrinsically type-2 fuzzy sets are more expressive
than type-1 fuzzy sets. For this advantage, there have
been many researches in various fields such as fuzzy
control systems to extend its frameworks from type-1
to type—2 [5][6][7]. But this also makes it necessary to
extend the operations defined on type-1 fuzzy sets to
be extended in the domain of type-2 fuzzy sets [11[2].
Extension of comparison and ranking is one of the
important issues because these operations are required
in a lot of applications.

In this paper, a ranking method for type-2 fuzzy sets
is proposed. It is based on the satisfaction degree that
shows the possibility one type-2 fuzzy set is greater
than the other type-2 fuzzy set.
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preliminary definitions are introduced and a comparison
method for continuous type-2 fuzzy sets are proposed
including its properties. A ranking method based on the
proposed comparison method can be found in section 3.
Properties of the proposed ranking method are also
analyzed in the same section.

2. Comparison

2.1 Fuzzy value

In this paper we use the term fuzzy value instead of
fuzzy number because of the following reasons:

i) A fuzzy set is called a fuzzy number if it is both
convex and normalized. These two concepts,
however, are more or less difficult to be extended
in the domain of type-n fuzzy set.

i1) Even if a fuzzy set is not a shape of a fuzzy
number, it is possible to compare it with another
fuzzy set if the two fuzzy sets satisfy some
conditions which are more general than the
conditions of fuzzy number.
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Definition 1 A type-n fuzzy value is a type-n fuzzy
set that satisfies the following conditions.

- It is defined on a domain that has a precedence order
- Its support is a finite interval

The second condition is given due to a property of
the proposed comparison method. It can be removed
depending on the comparison method used in ranking.

To define a type-2 fuzzy value, the definition of
support of a type-2 fuzzy set is necessary. We use the
following definition [1].

Definition 2 The support of a type-2 fuzzy set /:1,
SUPPOI't(Z), is the crisp set of all x € X such that
Support(Z(x)) =@ _ ., Support(i(x))# {0}

There are two kinds of membership function in
type-2 fuzzy values: primary and secondary. We will

classify the continuity of a type-2 fuzzy value
depending on the continuity of its membership
functions.

Definition 3 A type-2 fuzzy value is called continuous
if all of its membership functions are continuous and
discrete if all of them are discrete. A type-2 fuzzy
value that is neither continuous nor discrete is called
Sserni—continuous.

A continuous or semi-continuous type-2 fuzzy value
can be converted into a discrete type-2 fuzzy value
using a discretization method.

2.2 Comparison of continuous type-2 fuzzy values

Comparing fuzzy values is an operation closely
related to ranking fuzzy values. There are many
different kinds of fuzzy comparison methods, but in the
majority of case, they are only applicable to type-1
fuzzy values [4]. To rank type-2 fuzzy values, the
comparison method must be defined on type-2 fuzzy
values. We proposed a comparison method for discrete
type-2 fuzzy values that is an extension of a
comparison method for type-1 fuzzy values proposed by
Lee et al. [1][4]. We will extend this comparison
method to be applicable to continuous type-2 fuzzy
values in this paper.

Proposed comparison method is based on the
possibility theory. The difficulty in comparing fuzzy
values comes from the fact that a fuzzy value is
corresponding to a range of crisp values. Depending on
its actual value, a fuzzy number can be greater or less
than the other. Because it is difficult to compare two
fuzzy values directly, all the possible actual values of
two fuzzy values are compared in this approach.

If there are two type-2 fuzzy values i and lzi, any

possible combination of actual values (x; y,), %€ A4,
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¥;€B il be lain within the rectangle bounded by the

support of A4 and that of B as shown in Fig. 1.

Fig. 1. Comparing the actual values of
type-2 fuzzy values

Each possible combination of actual values can be
mapped into one of the three sets: G(4>B) G(A=B),
and G(A<B). That is, for every (x, y), %€4,
y; € E,

. (x,-,yj)EG(Z>§) if x>y
. (5.y)€GA=B) jf 5=y,
. (x,y,)€G(A<B) i %<y,
There is no uncertainty in this mapping because

every actual value is all crisp.

ﬂj(x)

tal

#;(J’)

Fig. 2. Grouping actual value pairs

To compare two fuzzy values, we need to calculate
the possibility, or confidence degree, of each set. This
possibility is called a satisfaction degree of the given
comparison [4].



Definition 4 Let A, B be fuzzy values and * an
arithmetic comparison relation. The satisfaction degree
s(A * B) for A * B denotes the degree to which the
arithmetic comparison relation * for A and B is
satisfied, in other words, the degree to which the
proposition A * B is true.

The satisfaction degree has a value within [0, 1].
The degree 1 represents full satisfaction (truth) of the
relation A * B, while the degree 0 represents the
dissatisfaction (falsity). The larger the value of the
degree, the greater the satisfaction.

To estimate the satisfaction degree of given
comparison relation, . a measure called satisfaction
function, S(A * B), is used. The satisfaction function of
a comparison relation can be defined as the summation
of the possibilities satisfying the given comparison
relation.

Y Possibility((x;, y;))

V(x;,y; )EG(A*B)

Y Possibility((x;, ;)

Vix; SV )

S(A*B)=

The possibility of a point (x,y;) is proportional to
the possibility of each actual value, that is,

Possibility((x;, y;)) o Possibility(x,)
Possibility((x;, y;)) e Possibility(y;)

In the case of discrete type-2 fuzzy values, this
possibility of an actual value x; is calculated as

Possibility(x,) o< Y u®v;, (1)
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Fig. 3. Possibility of a point x; in
a discrete type-2 fuzzy value

This possibility can be extended for the case of
continuous type-2 fuzzy values as

(u)=_[:u®v~

A(x;)

Possibility(x,) e lim Y u®v;

H(x;)

(u)du

Then the possibility of an actual value pair (x; ;)
can be calculated as

Eiel-2 mx|gte

L
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Fig. 4. Possibility of a point x in
a continuous type-2 fuzzy value

. 1 pl
Possibility((x;, y;)) = J;J;u ® Vﬁi(x‘)(u) ® w®vp§(yj)(w)dudw
Based on this possibility calculation, we propose the
satisfaction function for continuous type-2 fuzzy values.
Definition 5 If we denote the primary and secondary
H

membership function of a type-2 fuzzy value 4 as

and V7 respectively, the satisfaction  functions

S(4>B) , S(A4=B) and S(A<B) for continuous
type-2 fuzzy values are defined as
S(4 > B)
=lim 5, (4> B)
1 pl

) I f jo jo UB V. () ® WV, (w)dudwdxdy
- 1 pl

EJ:J; J; u® Vﬁi(’" W)Swed® Vi (w)dudwdxdy

S(A=B)
=lim 5, (4 = B)
=0

S(Z<§)
=lim 5, (4 < B)

- J:J‘—”“J: J: u® Viis(o) ®)®w® Vﬁﬁ(y)(w)dudwdxdy
J:J: _Ll J: uBVz W) ®wv, ) (w)dudwdxdy

where S,(4>B) S,(4=B) ganq S,(4<B) i5 the

satisfaction functions for discrete type-2 fuzzy values
and ® is a t—norm operator that satisfies the following
restriction:

Vx,ye[0,1], x#0,y20>x®y=0

Satisfaction functions for continuous type-2 fuzzy
values has the following properties.
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Proposition 1 S(A> B)+S(4=B)+S(d<B)=1.
Proof
[ L e ®vi@ @wevs, , (widudwdsdy
= [T [ ® Vi @ ®w® vy, (w)dudwaxdy
+[ [ [ [u®vs o) @ WY, (Widudwdxdy

. S(A>B)+S(A=B)+S(A<B)=1

Proposition 2 If Support(i) A Support() =@ , then
SA>B)=1 of S(A<B)=1
Proof ,
Support(j N SUPPOIT(E =2 means that
Sup(Support(E)) < Inf(Suppon(z ) or
Sup(Support(i)) < Inf(Suppon(E)) .
In the case of Sup(Support(E)) < Inf(Support()
G(j < 5) =@ that means S(j < E) =0,
And in the case of Sup(Support(4)) < Inf(Support()),
G(A>B)=D and S(A>B)=0
Because S(A>B)+S(A=B)+S(A<B)=1

. S(A>B)=1 o S(A<B)=1,

Proposition 3 S(4=B)=S(B=4),
Proof
S(A=B)=0 gnd S(B=4)=0.

. S(A=B)=S(B=4).

Proposition 4 If ZEE, then S(4>B)=5(4<B)=0.5,

Proof
Vxe X, p=(x)= liz(x) Therefore,

wy
v W
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e’
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Y aa

(4> A)

I
O

(S(A> A)+S(d < 4))

S o~
n

In a similar way, we can show that S(Z<§)=0-5.
. S(A>B)=S(A<B)=05 .~
2.3 Semi-continuous type—2 fuzzy values

A type-2 fuzzy value that is neither continuous nor
discrete is called semi-continuous. An example of a
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semi—continuous type-2 fuzzy value comes from the
extension from type-1 to type-2. If we extend a type-1
fuzzy value to a type-2 fuzzy value, the secondary
membership function is always discrete. If it is a
continuous type-1 fuzzy value, it will be extended to a
semi—continuous type-2 fuzzy value because the
primary membership function is continuous and the
secondary membership function is discrete.

The satisfaction functions for semi-continuous type-2
fuzzy values are in the form of the mixture of each
function for continuous and discrete values. For
example, if the primary membership functions are all
continuous and the secondary membership functions are

all discrete, the satisfaction function N (Z >B ) will be
S(A>B)
) f; J': Y2 4BV ()@ WY, (W)dxdy
j_: [>y.>u ® vy, () () ®WBV, (,, (Wydxdy

Especially if both 4 and B are type—2 extensions of
type-1 fuzzy values, the following equation is satisfied
for every (x,¥;

szu”®Vﬁ;(x,)(“)®w®"ﬁ§(y)(w) = 4;(x)® uz(y,)
where 4i(*) and #U) is the membership value of
x; and y, in type-1 fuzzy values, and the satisfaction
function S (Z >B ) can be simplified as
S(4>B)
_ EEZWZM“ ® Va0 W)®wd® vﬂg(y)(w)dxdy

i .Ee .E, zw Zu u® Vi (o WOw® V;,E(y)(w)dXdy
L[ e umasdy

) | [ 10 ® p(yaxdy

which is identical to the satisfaction function defined
for continuous type-1 fuzzy values [3].

In some situations where this approach is not
appropriate or too much complex, the semi—continuous
type-2 fuzzy values can be discretized and compared
using the satisfaction function for discrete type-2 fuzzy
values.

3. Ranking

In this section, a ranking method is proposed using
the comparison method proposed in 2.2. As in the case
of comparison, it is not intuitive if ranking fuzzy values
produce one and only one crisp result. So we will
propose a method to calculate the confidence degree of



each ranking result.

Before describing the ranking method, we will
introduce the concept of preference function of fuzzy
values [4].

Definition 6 The preference function R(Z, E) of type-2

fuzzy values j and E is defined as

R(A,B)=S(4> 5)%5(5 =B)

If 4 or B is a continuous type-2 fuzzy value, this
preference function can be simplified as

S

)=S(§>

SN

R(4, )

because S(4=B) is always 0 as long as one of them
is continuous. We can consider the value of preference

function as the confidence degree of the statement “ A

is greater than B” or “4 is preferred to B.
The preference function satisfies the
properties.

following

Proposition 5 R(i E)"'R(E, i) =1,
Proof

R(4,B)+R(B, A)
(§>§)+%S(i=§)+S(§<71)+—;-S(§=§)

s
S(A>B)+S(A=B)+S(A<B)
1

Proposition 6 R(4,4)=05
Proof

RGLA) =S> /:1)+%S(§= )

=%(S(§ > A)+S(4 = A)+S(A < A))
=0.5.

When we compare #n fuzzy values, there are totally
n! possible ranking results. If we denote the ith
ranking result as 7; the result of ranking » fuzzy

values can he expressed as a fuzzy set where each
element is 7; and each membership function is the

confidence degree of 7, Therefore we will use the
membership function u(r) as the confidence degree of
a ranking result »; as follows.

{5 1(1)), (rys 1y D), o5 (s (1))}

Definitions 7 The confidence degree of ith ranking
result 7, u(7), is defined as

Etel-2 HX|gtel =dd

p(r)=min(R(A,, 4,))

0

where 4>

N

* In the ranking result 7,

Example 1 If the values of preference functions on

~ ~ ~

four fuzzy values 4, 4,, As, and 4, are given as

R| 4 4 4 1%
4 - 0998 1.000 1.000
4 o002 - 0183 oesi
4| 0000 0817 — 0992
4, | 0000 0319 0.008 -
then the confidence degree of a ranking result

A > Ay> 4, > A, can be calculated as follows.

/‘(Z > Zs > Zz > Zz)

=min(R(4,, 4,), R(4,, 4,),R(4,, 4,), R(4,, 4,), R(4,, 4,), R(4,, 4,))
=min(0.988,1.000,1.000,0.817,0.992,0.681)

=0.681

Confidence degrees of other ranking results can be
calculated in the same way. The following examples
show the confidence degrees of two other ranking
results.

w4, >4,>4,>4,)=0319
1A, > 4 > 4, > 4,)=0.002

After assigning a confidence degree to each ranking
result, final ranking result will be given as a form of a
fuzzy set. For example, the final ranking result for the
type-2 fuzzy values of Example 1 will be

(4 >4, > 4, > 4,,0.681),(4, > 4, > 4, > 4,,0.319),...}

Furthermore, an a-cut of the resuit fuzzy set can
be used as an alternative to get a candidate of crisp
ranking result.

For the application that requires a crisp ranking
result, the representative ranking result can be used.

Definition 8 The ranking result with the largest
confidence degree is called the representative ranking
result.

4A>A4>4 >4, s the

In the example above,
representative ranking result.
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4. Conclusion

A ranking method for type—2 fuzzy values is proposed
in this paper. In comparison, the comparison method for
discrete type-2 fuzzy values is extended for continuous
and semi-continuous type-2 fuzzy values. In ranking, a
confidence degree is assigned to each ranking result
based on the proposed comparison method. The result of
ranking is given as a form of a fuzzy set so that it can
provide flexibility in its appliance.

The drawback of the proposed method is that it has
high computational complexity. This problem can be
more or less evaded using discrete fuzzy values
although it may sacrifice some precision. And the
restriction of finite support of a fuzzy value can be a
disadvantage in some special applications.

For more usability, the development of approximation
algorithm based on heuristics is considered as a further
work.

Reference

[1] S. Lee and K. H. Lee, “Comparison of type-2 fuzzy
sets with satisfaction function,” Proc. 2nd
International Symposium on Advanced Intelligent
Systems, pp. 436-439, 2001.

[2] N. N. Karnik and J. M. Mendel, “Operations on
type-2 fuzzy sets,” Fuzzy Sets and Systems,
vol. 122, pp. 327-348, 2001.

{3] J.-H. Lee and H. Lee-Kwang, “Comparison of fuzzy
values on a continuous domain,” Fuzzy Sets and
Systems, vol. 118, no. 3, pp. 419-428, 2001.

[4] K.-M. Lee, C.-H. Cho, and H. Lee-Kwang, “Ranking
fuzzy values with satisfaction function,” Fuzzy Sets
and Systems, vol. 64, no. 3, pp. 295-309, 1994.

[5] N. N. Karnik and J. M. Mendel, “Applications of
type-2 fuzzy logic systems to forecasting of
time-series”,  Information  Sciences,  vol. 120,
pp. 89-111, 1999.

6] R. I John, “Type-2 inferencing and community trans-
port scheduling”, Proc. 4th Euro. Congress Intelligent
Techniques Soft Computing, pp. 1369-1372, 199.

346

[71 M. Wagenknecht and K. Hartmann, “Application of
fuzzy sets of type-2 to the solution of fuzzy eguation
systems”, Fuzzy Sets and Systems, vol 25,
pp. 183-190, 1988.

[8] G. Bortolan and R. Degani, “A review of some
methods for ranking fuzzy subsets”, Fuzzy Sets and
Systems, vol. 15, pp. 1-19, 1985.

[9] N. N. Karnik and J. M. Mendel, “An introduction to
type-2 fuzzy logic systems,” University of Southern
California Report, 1998.

[10] D. Dubois and H. Prade, Fuzzy Sets and Systems:

Theory and Applications, Academic Press, 1980.

S VN |

0| &4 (Seungsoo Lee)

199649 : FFHeriEY HAE AL
1998y : @=Hstried A4ksr AL
19983~ & A @ FFAsr|ed [z
sta} wiAld A A EE

AR} Hx T, E}g)-2 FHA) Al2H
E-mail : sslee@if kaist.ackr

ol 38 (Kwang H. Lee)

19784 : M &3 4dEE At

1980 : = etr|ed AdEE A4

19823 : INSA A4k HAKDEA)

19854 : INSA #4kgt Fpubal

19851 ~20001d : S| HAst

I Zue, Fug, Al

2000 ~ @A) : A= E e vl HAd
SERE

DA ol HA| o] F $& AHHE Hlo|QAR

E-mail : khlee@if kaist.ac.kr



