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Formulation for volume flowrate induced by vortex rings,
through circular orifice of arbitrary section profile

Chi-Hoon Choa) and Duck-Joo Leeb)

Department of Aerospace Engineering, Korea Advanced Institute of Science and Technology
(KAIST), Daejeon, 305-701, South Korea

(Received 25 October 2012; accepted 20 January 2013; published online 13 February 2013)

A new theoretical formulation that relates the volume flowrate to the vorticity dis-
tribution for the circular orifice of an arbitrary section profile is presented. The
formulation is based on axisymmetric potential theory involving Green’s function
of Stokes’ streamfunction. The results showed that the volume flowrate through the
orifice opening can be separated into potential and vortical portions, and the kernel
of the vortical portion is the homogeneous streamfunction of the orifice. The for-
mulation for the thin circular orifice was verified by comparing analytical solutions.
C© 2013 American Institute of Physics. [http://dx.doi.org/10.1063/1.4791776]

The unsteady vortical flow around an orifice under oscillatory excitation has been investigated
for understanding the impedance nonlinearity occurring in perforated resonators and for quantitative
modeling of the impedance depending on the excitation amplitudes and orifice shapes.1–7 The
impedance of an orifice, which is defined by the relation between the pressure difference (P) at
both sides of the orifice and the volume flowrate (Q) through the opening, is important because it
describes the behavior of the flow when treated as a lumped element, and it can be used as a boundary
condition on one side of the orifice. It is well-known that vortices are shed from the orifice edge
under high amplitude excitation or superimposed mean flow condition. The shed vortices form an
unsteady wake structure downstream, such as a vortex ring train, synthetic jet, or pulsatory jet. In
considering the vortex dynamics for the nonlinear impedance, it is necessary to perceive the different
roles between production and transport of the vortices: vortex shedding at edge causes an excess
pressure drop relative to that of an attached flow, whereas vortex motions in wake field induce an
excess volume flowrate, also relative to that of an attached flow, by entraining the surrounding fluid
into a vortical structure. These two processes originate nonlinearity of orifice impedance.

The strength of vortex shedding can be quantified by the time rate of the shed circulation;
this is denoted by d�wake/dt, which is the same as the specific excess pressure drop. The effect
of vortex shedding on the impedance has been investigated considerably by several researchers.
Following the results of Cummings8 and Jing and Sun,6, 7 d�wake/dt dominates the nonlinear increase
in the resistance part of the impedance. In many papers,1, 8–11 the classical steady jet model with
empirical factors such as the discharge coefficient12 has been employed for d�wake/dt; this model
is satisfactory for explaining the nonlinearity of the resistance part of the orifice impedance.8–10

Transient vortex shedding models with the consideration of over-pressure13 or potential difference,7

recently developed, have a potential to reinforce the steady model.
On the other hand, the quantitative influence of vortex motions on the impedance has not been

extensively examined, even though they are closely related to a decrease in the inertance part of
the impedance.7 Ingard and Ising3 gave a qualitative conjecture that the decrease in the inertance is
due to the reduction in the irrotational portion by shed vortices. Cummings8 concluded that details
of vortex motions can be ignored in nonlinear impedance modeling. Tam et al.4, 5 simulated the
vortex motions near the orifices but did not relate them to the nonlinear inertance quantitatively.

a)E-mail: ccho21@kaist.ac.kr.
b)E-mail: djlee@kaist.ac.kr.

1070-6631/2013/25(2)/021702/5/$30.00 C©2013 American Institute of Physics25, 021702-1

Downloaded 03 Jun 2013 to 143.248.118.122. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://pof.aip.org/about/rights_and_permissions

http://dx.doi.org/10.1063/1.4791776
http://dx.doi.org/10.1063/1.4791776
http://dx.doi.org/10.1063/1.4791776
mailto: ccho21@kaist.ac.kr
mailto: djlee@kaist.ac.kr
http://crossmark.crossref.org/dialog/?doi=10.1063/1.4791776&domain=pdf&date_stamp=2013-02-13


021702-2 C.-H. Cho and D.-J. Lee Phys. Fluids 25, 021702 (2013)

FIG. 1. Schematic of definitions in axisymmetric plane (x, r).

Jing and Sun7 produced an exceptional investigation into the effects of free and prescribed wake
trajectories on the impedance by their discretized vortex method. Experimental measurements or
numerical simulations can be used to acquire detailed information on the unsteady vortex motions,
but no clear theoretical model has been developed to show the quantitative connection between the
vortex motions and impedance, especially the inertance part of the impedance.

The distinct role of the unsteady vortex motions is to alter the volume flowrate through the
orifice with time; thus, the vortex-induced volume flowrate should be distinguished among the total
volume flowrate to analyze influence of the vortex motion on the impedance. To the best of the
authors’ knowledge, Miloh and Shlien14 first derived a formula for vortex ring-induced volume
flowrate through a thin circular orifice from analytical solution for velocity potential. Howe15, 16

derived another formula for vortex ring-induced volume flowrate through the same orifice by using
far-field Green’s function for velocity potential. Howe17 also revealed that his formula becomes
equivalent to that of Miloh and Shlien14 by introducing the relation between velocity potential and
Stokes streamfunction. In this study, new formulation was developed for the volume flowrate induced
by vorticity distribution for a circular orifice of an arbitrary section profile, which generalizes the
specific formula for the thin orifice. The present formulation is based on axisymmetric potential
theory and use of Green’s function for Stokes’ streamfunction.

Consider an incompressible axisymmetric flow around the circular orifice of a section profile
(Fig. 1). Incompressibility can be assumed when the flow speed near the orifice is much lower than
the speed of sound. The governing equation of Stokes’ streamfunction ψ for the flow is

∂

∂x

(
1

r

∂ψ

∂x

)
+ ∂

∂r

(
1

r

∂ψ

∂r

)
≡ ∇ ·

(
1

r
∇ψ

)
= ω(x, r ), (1)

where ω(x, r) is the azimuthal vorticity distribution representing the vortical wake.18 As shown in
Fig. 1, the flow domain D is surrounded by a closed boundary curve ∂D, which consists of four
boundaries: left and right farfield boundaries SL and SR, axis line SA, and rigid orifice body SB. On
the farfields, constant potential boundary conditions are imposed such that there are no tangential
velocity components. The potential difference between SL and SR, denoted by �, is defined as the
line integration of the tangential velocity ũ over SB, that is, the bound circulation. The expressions
for � are as follows:

� = −
∫

SB

ũ dl =
∫

SA

ũ dl −
∫

D
ω dxdr =

∫
SA

ũ dl − �wake, (2)

where the second equality is derived by the curl theorem. The streamfunction ψ at any point on the
body surface SB is constant, and its value is denoted by �. The entire volume flowrate Q though the
opening is 2π � if the streamfunction value along the axis line is set to zero.19

The general solution of Eq. (1) can be described as a superposition of homogeneous (potential)
and nonhomogeneous (vortical) solutions. The homogeneous solution ψH(x, r) satisfies the following
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FIG. 2. Schematic of definitions for (a) homogeneous solution ψH(x, r), (b) Green’s function solution ψG(x, r; ξ , ρ).

equation:

∇ ·
(

1

r
∇ψH

)
= 0. (3)

Here, the far boundary condition for ψH is set as �H = 1 (see the potential difference between far
boundaries in Fig. 2(a)). The nonhomogeneous solution for an infinitesimal vortex ring, namely,
Green’s function ψG(x, r; ξ , ρ), satisfies

∇ ·
(

1

r
∇ψG

)
= δ(x − ξ )δ(r − ρ), (4)

where the vortex ring has a circulation strength of unity and can be located at any position (ξ , ρ)
in domain D. A homogeneous boundary condition is imposed for ψG, i.e., �G = 0 (see Fig. 2(b)).
It follows that the solution satisfying the governing equation, Eq. (1), and the boundary condition,
Eq. (2) is

ψ(x, r ) = �ψH (x, r ) +
∫

D
ω(ξ, ρ) ψG(x, r ; ξ, ρ) dξdρ (5)

and its volume flowrate is

Q = 2π � = 2π

(
��H +

∫
D

ω(ξ, ρ) �G(ξ, ρ) dξdρ

)
, (6)

where �H and �G are the streamfunction values on SB for ψH and ψG, respectively. As shown in
Eq. (6), the volume flowrate can be separated into potential and vortical portions.

In general, the determination of the Green’s function ψG for a given orifice requires considerable
mathematical or numerical effort. However, its boundary value �G can be determined simply by the
following mathematical procedures. Combining Eqs. (3) and (4) yields

ψH∇ ·
(

1

r
∇ψG

)
− ψG∇ ·

(
1

r
∇ψH

)
= ψH (x, r )δ(x − ξ )δ(r − ρ). (7)

By integrating the above equation over the domain D, one obtains

RHS =
∫

D
ψH (x, r )δ(x − ξ )δ(r − ρ) dxdr = ψH (ξ, ρ) (8)

and

LHS =
∫

D
ψH∇ ·

(
1

r
∇ψG

)
− ψG∇ ·

(
1

r
∇ψH

)
dxdr =

∮
∂ D

1

r

(
ψH

∂ψG

∂n
− ψG

∂ψH

∂n

)
dl,

(9)
where the Green’s second identity is applied to yield the line integration. Because r−1∂ψ /∂n is equal
to the tangential velocity ũ, the LHS can be rewritten as

LHS =
∮

SL +SR+SA+SB

(ψH ũG − ψGũH ) dl. (10)

On the curves SL and SR, slip velocities ũG and ũH are zeros, resulting in the line integrals vanishing.
Also, the line integral on SA vanishes because the streamfunction values ψH and ψG are zeros along
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FIG. 3. Contours of Stokes stream function solutions for thin orifice: (a) homogeneous solution ψH(x, r), (b) Green’s function
solution ψG(x, r; 1, 1).

the axis line. Therefore, the LHS term is reduced to

LHS =
∫

SB

(ψH ũG − ψGũH ) dl = −�H�G + �G�H = �G . (11)

Equating LHS [Eq. (11)] and RHS [Eq. (8)] yields

�G = ψH (ξ, ρ). (12)

By Eqs. (6) and (12), the volume flowrate Q is consequently given as follows:

Q = 2π

(
��H +

∫
D

ω(ξ, ρ) ψH (ξ, ρ) dξdρ

)
. (13)

Because �H = (2π )−1Ao/Le, where Le is the length of effective mass20 so-called end-correction and
Ao is the orifice opening area, Eq. (13) can be expressed as follows:

Q = Ao

Le

(
� +

∫
D

ω(ξ, ρ) ψ̂H (ξ, ρ) dξdρ

)
, (14)

where ψ̂H (x, r ) is the normalized homogeneous streamfunction defined as ψH(x, r) / �H. The formula
implies that if only the homogeneous streamfunction ψH(x, r) is obtained for a given circular orifice,
the vortical portion of the volume flowrate can be readily computed by the explicit integration over
the vortical flow region at each moment. In other words, when the vorticity distribution in the wake
field is either measured, simulated, or modeled, its unsteady influence on the volume flowrate can
be determined by using the simple formula, Eq. (14).

To show further confidence in Eq. (12), which is the kernel of the formulation, the analyti-
cal solutions of an infinitesimally thin circular orifice of an infinite baffle were considered. The
homogeneous solution is obtained by using oblate spheroidal coordinates20, 21 as follows:

ψH (x, r ) = a

π

⎛
⎜⎝1 −

⎧⎨
⎩1 −

(√
x2 + (r + a)2 −

√
x2 + (r − a)2

2a

)2
⎫⎬
⎭

1/2
⎞
⎟⎠ , (15)

where a is the radius of the circular opening. Then, �H is a/π , and the length of the effective mass Le

is aπ /2. Figure 3(a) shows the contour of ψH(x, r) calculated from Eq. (14) with a = 1. The Green’s
function ψG is obtained by using the analytical method for mixed boundary condition problems14, 22
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as follows:

ψG(x, r ; ξ, ρ) = Heaviside(Sign(ξ )x) {ψFG(x, r ; ξ, ρ) − ψFG(x, r ; −ξ, ρ)} +
(16)

π−1
∫ a

0
Real

[
1 − ξ − is√

(ξ − is)2 + ρ2

]
Real

[
1 − x − is√

(x − is)2 + r2

]
ds,

where ψFG denotes the free field Green’s function18 and the definite integration of the last term
can be analytically evaluated in an explicit form with incomplete elliptic integral functions.23 The
substitution of x = 0 and r > a into Eq. (16) yields

�G(ξ, ρ) = a

π

(
1 − Real

[(
1 + i

ξ

a

) (
1 + ρ2

(ξ − ia)2

)1/2
])

. (17)

Equation (12) implies that the functions in Eqs. (15) and (17) are identically equal, even though
the functions have different forms. Figure 3(b) shows the contour of ψG for ξ = 1 and ρ = 1, as
calculated from Eq. (16). Circulatory streamlines are centered on the vortex position (ξ , ρ). �G was
demonstrated to have a value of 0.06807, which is equal to that of ψH(1, 1) marked in Fig. 3(a),
according to Eq. (12).

In conclusion, the present formula, Eq. (14), which represents the mass conservation, provides a
new way to quantitatively measure the volume flowrate portion influenced by vortices. The formula
can be applied to the analysis of unsteady flows related to circular orifices and nozzles of arbitrary
section profiles by using the homogeneous streamfunction of their section profile.
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