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Abstract

We study the firm’s strategy to price its products and
plan the spare parts manufacturing so as to maximize
its profit and at the same time to fulfill its
commitment to providing the customers with the key
parts continuously over the relevant decision time
horizon, i.e., the production plus warrantee period.
To examine the research question, we developed and
solved a two-stage optimal control theory model. Our
analysis suggests that if the cost to produce the spare
part during the warrantee period is more expensive
than that during the production period, the firm
should increase its sales price gradually throughout
the production period to control its sales. In addition,
during the production period it is optimal for the firm
to produce the spare parts more than needed so that
the overproduced spare parts can be used to partially
meet the demand during the warrantee period. We
conducted numerical analysis to investigate the
sensitivity dynamics among key variables and
parameters such as inventory holding cost, unit spare
part production costs, part failure rate, and

parameters in the demand function.
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2. Research motivation and Literature Review

2.1. Research motivation
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<Figure 1> Decision problem — key control variables
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F(t): cumulative parts failure at 7

£ : the first time at which S() =F(t)

<Figure 2> Example dynamics of key state variables
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2.2. EOL(end of life) A]H] A
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2.3. Two-stage optimal control theory
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x= 1 (x(s),u(s)), 0 < s <1,

= () uls)t, <5 Soo
x](o) = x]()’l = 1,...,]1 ,
x,(0) free,l =1 +1,...,n,

x(2,) free

Tim exp[—61 J4(x(,)) = 0

x(s) = dFolH, 724 dF vE
7}t state  variable©]™,  u(s) control
variable®|t}. F', j=1, 2% 3k W v 7153k

Agkroln, exp[—0t @ (x(1,)) = 1% stageol Al
2" stage® FA7} v w] ] switching costS
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3. Model development
3.1. A two-stage optimal control model for optimal
pricing and manufacturing
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two-stage optimal control

max J{(P*CI)(d] *dzp)*h{S(t)*F(t)}*%q(t)z G {a(A(t)*F(t))}}dt

...(1a)

+ J{ {S(t-F(0)} ——q(t) -, {a(A(T)- F(t))}}dt+7zR(S(T+r)—F(T+z’))

...(1b)

First stage constraints

A(t)=d,—d,p (2) A@r)=0
S(0)=q(1) 3) S=q0)
FO)=a{A0~F() (4)  FO=a{aD)-F0)
Sz F() () SO=2F@)
5(0)=0, 40)=0, F(0)=0  (6)

Second stage constraints

()
(®)
)
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Table 1. Definitions of variables and parameters in

the two-stage optimal control model

Variables

A(t) : cumulative sales/production (state variable), 4(0) =0

S (¢) : cumulative spare parts production (state variable), §(0) = 0
F(¢) : cumulative parts demand/failure (state variable), F'(0) = 0
p(¢) : sales price at t (control variable)

q(¢) : amount of spare parts produced at t (control variable)

Parameters

dl s d 5 : exogenous parameters in the demand function (2)
C, : unit production cost

C, : unit part’s replacement cost

h : unit inventory holding cost

O : parts failure rate

kl : unit part’s production cost for 0<¢t<T

kz : unit part’s production cost for T<t<T+rt

7T, : unit salvage value of the spare part
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<Figure 6> Optimal dynamics of spare parts’ production
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<Figure 7> Cumulative spare parts’ production
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4. Numerical analysis

4.1. Optimal dynamics of state and control variables
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Table 2. Parameters in the numerical analysis
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4.2. Sensitivity analysis
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Figure 12. Relationship between t and T
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5. Conclusions
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