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Abstract

We study the firm’s strategy to price its products and

plan the spare parts manufacturing so as to maximize

its profit and at the same time to fulfill its

commitment to providing the customers with the key

parts continuously over the relevant decision time

horizon, i.e., the production plus warrantee period.

To examine the research question, we developed and

solved a two-stage optimal control theory model. Our

analysis suggests that if the cost to produce the spare

part during the warrantee period is more expensive

than that during the production period, the firm

should increase its sales price gradually throughout

the production period to control its sales. In addition,

during the production period it is optimal for the firm

to produce the spare parts more than needed so that

the overproduced spare parts can be used to partially

meet the demand during the warrantee period. We

conducted numerical analysis to investigate the

sensitivity dynamics among key variables and

parameters such as inventory holding cost, unit spare

part production costs, part failure rate, and

parameters in the demand function.

1. Introduction

EOL(end of life)

2. Research motivation and Literature Review

2.1. Research motivation
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<Figure 1> Decision problem – key control variables

<Figure 2> state variable
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<Figure 2> Example dynamics of key state variables
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2.2. EOL(end of life)

EOL

(Teunter and Fortuin 1998).

Hesselbach et al.(2002) EOL
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EOL

EOL

(final order)

(commercial

solution) (Teunter and Fortuin 1999).

Laan et al.(1995)

(scrap)

, .

 EOL

(Fortuin 1980; Teunter and Fortuin

1998, 1999; Cattani and Souza 2003).

,

(sales)

(dynamics)

(Spengler and Schroter 2003).

2.3. Two-stage optimal control theory

 optimal control

problem  optimal control theory .

 one-stage optimal control theory

, two-stage optimal control

problem ,

(Makris 2001).
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1

1

0

exp[ ] ( ( ), ( ))

t

s F x s u s ds

1

2

1 1exp[ ] ( ( ), ( )) exp[ ] ( ( ))
t

s F x s u s ds t x t

1

subject to

1( ( ), ( )),0x f x s u s s t

2

1( ( ), ( )),x f x s u s t s

0, 1(0) 1,..., ,l lx x l l

1(0) , 1,..., ,lx free l l n

1( )x t free

1t
1 1lim exp[ ] ( ( )) 0t x t

( )x s

state variable ( )u s control

variable
iF 1,  2i

1 1exp[ ] ( ( ))t x t 1st stage

2nd stage switching cost

omiyama 1984)

ontrol model for optimal

ricing an

o-stage optimal control

theory .

(T

3. Model development

3.1. A two-stage optimal c

p d manufacturing

 tw
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variables parameter

d parameters in

ge optimal control model

Var

Table 1.

Table 1. Definitions of variables an

the two-sta

iables

( )A t : cumulative sales/production (state variable), (0A ) 0

( )S t : cumulative spare parts production (state variable), (0) 0S

( )F t : cumulative par demand/failure (state variable),ts (0) 0F

( )p t : sales price at t  (control variable)

: amount of spare parts produced at  (control variable)

Pa me

ameters in the demand function (2)

ng cost

( )q t t

ra ters

1d , 2d : exogenous par

1c : unit production cost

2 : unit part’s replacement costc

h : unit inventory holdi

: parts failure rate 

1k : unit part’s production cost for 0 t T

2k : unit part’s production cost for T t T

R : unit salvage value of the spare part

0 t T

T t T

1 1 2( ) ( ) ( )( )1p c A t p c d d p

net profit

( ) ( )S t F t t

( ) ( )h S t F t

21 ( )
2

k
q t

( ) ( )A t F t

( ) ( )A t tF

t

2 ( )c A t ( )F t

T t T

( ) ( )h S t F t 22 ( )
2

2 1k k

k
q t

2 ( ) ( )c A T F t

decision horizon
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( ) ( )S T F TR

1st stage
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T t
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.2. Solut3 ions to the two-stage optimal control model
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<Figure 3>

0 t T decreasing rate
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<Figure 4>

<Figure 3> Dynamics of optimal pricing
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Figure 4>Optimal dynamics of cumulative production<

(13a), (13b)

<Figure 5>
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<Figure 5> Dynamics of cumulative parts failure
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<Figure 6>
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<Figure 6> Optimal dynamics of spare parts’ production
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<Figure 7> Cumulative spare parts’ production
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4. Numerical analysis

4.1. Optimal dynamics of state and control variables

analytical solutions

managerial implications

numerical analysis Table

2

production period  4 years

years

Table 2. Parameters in the numerical analysis 

T 1c 2c
1k

2k h 1d 2d
R

4.2. Sensitivity analysis

numerical analysis t

t
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*t*t

Figure 8

t

Figure 9

critical region

EOL

Figure 10
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Figure 9. Relationship between  and 
*t

Figure 10. Relationship between  and ( ) or ( )S T F T

t

t

- 944 -

Copyright (C) 2005 NuriMedia Co., Ltd.



Figure 11. Relationship between  and
*t R

t

t

Figure 12. Relationship between  and
*t

Figure 13. Relationship between  and( )S T

5. Conclusions
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