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Application of Kalman Gain for Minimum
Mean-Squared Phase-Error Bound

in Bang-Bang CDRs
Joon-Yeong Lee and Hyeon-Min Bae, Member, IEEE

Abstract—This paper presents the minimum bound of the mean-
squared phase-error of a bang-bang (BB) clock-and-data recovery
(CDR) circuit under the condition of random phase tracking. An
analogy between the Kalman filter and a linearized BB CDR is uti-
lized for the derivation. The effects of demultiplexing, loop latency,
and granular jitter are considered in the analysis to reflect reality.
The validity of the theoretical analysis is supported by behavioral
time domain simulation results.

Index Terms—Bang-Bang PLL, Kalman filter, Markov process.

I. INTRODUCTION

A NALOG domain CDRs implemented in nanometer
CMOS technologies suffer from low voltage headroom,

low output impedance of transistors, and large process varia-
tions [1]. Digital domain BB CDRs are being employed in serial
links to overcome such challenges. Since the transfer function
of a BB phase detector is nonlinear, the selection of design
parameters and performance estimation have been performed
empirically, based on behavioral time domain simulation results
[2].
In this paper, we present the analytical minimum bounds

of the mean squared phase error of a bang-bang (BB)
clock-and-data recovery (CDR) circuit under the condition
of random phase tracking. The analogy between the Kalman
filter and a BB CDR is utilized for the derivation. The Kalman
filter is a well-known optimal solution in tracking problems
and the application of the Kalman filter to a PLL requires the
acceptance of two assumptions: (i) the system is linear and
(ii) the posterior mean squared error (MSE), defined as the
phase difference between the desired and the output clock, at
every time step is parameterized by the current MSE and the
means and covariances of the non-accumulative period and
accumulation jitter [3], [4]. The statistical quantities of such
jitter can be estimated from the input signal with adaptive
filtering techniques [5], [6]. The relationship between a linear
PLL and the Kalman filter was initially discovered in [7], [8].
We have extended the previous works and applied the Kalman
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filter to a nonlinear BB CDR by linearizing the BBPD with
the Markov chain method proposed in [9]. The optimal phase
tracking performance of a BB CDR under various nonidealities,
including loop latency and granular jitter, is estimated. The
MSE is used to quantify the tracking performance of the BB
CDR throughout the paper.
A phase rotator-based BB CDR was chosen for the analysis

instead of a VCO-based counterpart since the phase rotator is
digital-friendly and generally preferred in high speed parallel
CDR designs [10]–[12]. Typically a phase rotator-based BB
CDR has a first order loop because a frequency lock is achieved
by a separate closed loop system as shown in Fig. 1. However,
the proposed analysis can also be applied to any VCO-based
type-2 designs because the second order loop is often over-
damped, and hence behaves very similarly to a first-order loop
[13].
Section II describes the linearization procedure and the esti-

mated MSEs of a BB CDR with and without demultiplexing.
Then, Section II-C presents the Kalman gain of a BB CDR and
demonstrates the resulting minimum MSE bound. Section III
offers in-depth analysis on the impact of implementation non-
idealities such as control latency and the finite precision of the
phase rotator to the minimum MSE bound. Finally, Section IV
summarizes the discussion.

II. BB CDR AND THE KALMAN FILTER

Fig. 1 shows the Z-domain block diagram of a conventional
rotator-based BB CDR. A clock generator provides frequency
locked clocks to a digitally controlled phase rotator. Our anal-
ysis is restricted to the phase rotator loop shown in the shaded
area. The CDR model consists of a BBPD, a loop filter with the
gain and delay of and , respectively, and a digitally con-
trolled phase rotator. The gain of a phase rotator is related
to its resolution, as given by

(1)

The input jitter of a CDR can be modeled as the sum of
the accumulation and non-accumulative period jitter. The non-
accumulative period jitter does not accumulate over time and
has bounded variance in general. Data-dependent deterministic
jitter is a subset of the non-accumulative jitter. The accumu-
lation jitter, on the contrary, is unbounded in nature and in-
creases indefinitely with time, thus a CDR has to track it for
bit-error-free operation [7], [14], [15].
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Fig. 1. Z-domain block diagram of a typical rotator-based BB CDR with a clock generator.

Fig. 2. Discrete time model of input jitter.

Fig. 2 shows the discrete time jitter model of a BB CDR.
and denote the accumulation and non-accumulative pe-

riod jitter, respectively, at time index . The accumulation jitter
is modeled by a discrete time random walk process. By using
the Z-transform, the power spectral density of the accumulation
jitter is given by

(2)

where is the variance of random period jitter , and
is the data rate. By taking the bilinear transformation of

(2) for simplicity, we get

(3)

Note that decreases by as frequency
increases.
A jitter tolerance mask provides the information on the accu-

mulation and random non-accumulative period jitter of a serial
link. Fig. 3 shows a typical jitter tolerance mask [16]–[18]. The
accumulation jitter dominates at low frequencies and decreases
by as frequency increases. In a SONET jitter
tolerance mask, the magnitude of random non-accumulative pe-
riod jitter intersects with the accumulation jitter at th of
the data rate [16].
The magnitude of can be estimated with the jitter tol-

erance mask since it represents the maximum permissible jitter

Fig. 3. Typical shape of jitter tolerance mask.

present in a communication link. Even if the practical jitter in a
link is hardly composed of sinusoids, the jitter tolerance specifi-
cation is defined with sinusoids for testing purposes. In practice,
the jitter in serial links carrying real traffic is more like random
noise [16].
Appropriate values for and can be estimated by

matching the variances of the modeled jitter in Fig. 2 with
that of a sinusoid defined in the jitter tolerance mask. Let the
magnitude of the jitter tolerance mask be , and and
are white Gaussian processes. should then satisfy

. For a SONET jitter mask, and are
and , respectively, and

note that .

A. Phase Domain MSE of a BB CDR

Fig. 4 shows the phase-domain discrete-time block diagram
of a linearized BB CDR including input jitter. A nonlinear
BBPD is linearized by using a Markov chain analogy in phase
lock [9]. The linearized BBPD consists of linear gain
with quantization noise . The equivalent gain is
given by

(4)
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Fig. 4. Phase-domain discrete-time model of a linearized BB CDR and input jitter.

where is the standard deviation of the relative input Gaussian
jitter . According to [19], can be modeled
by a white random process uncorrelated with if .
The standard deviation of is approximately . In
case , the dynamics of a BB CDR are merely
nonlinear, and hence, this case is not considered in this paper.
Let the -th prediction error, , be

(5)

where and are the -th desired and the output clock
phases, respectively. If we neglect computational latency , for
simplicity, the -th prediction error, , is recursively
given by

(6)

The MSE of the -th prediction error is

(7)

where under phase lock [19]. Provided
that the CDR bandwidth is sufficiently large to track the accu-
mulation jitter, is approximately . By setting

, the steady state MSE is given by

(8)
where and . In
case , by using (4), (8) is simplified to

, which coincides with the
previous result presented in [19].
Fig. 5 shows the analytical and simulatedMSEs of a BB CDR

with . The gain of the loop
filter is set . The behavioral simulation results validate
the theoretical analysis in the meaningful range.

B. MSE Under Demultiplexed Phase Update

High-speed digital domain CDRs typically make parallel de-
multiplexed subrate phase updates due to timing constraints of
digital logic blocks. Fig. 6 shows the linearized discrete time
block diagram of a demultiplexed BBPD. A demulti-
plexer is modeled by parallel BBPDs with a subsequent sum-
mation block.

Fig. 5. Output MSE of the single BB CDR with
.

Fig. 6. Linearized discrete-time block diagram of a demultiplexed par-
allel BBPD.

Let be the -th prediction error of the -th channel in
the set of parallel BBPDs as given by .
The time and channel indexes satisfy and

, respectively, where is the level of paral-
lelization. The linearized gain of the -th BBPD, , is

, since the random jitter is accumu-
lated for cycles. In the case of , this linearized
gain becomes insensitive to the channel index and can be ap-
proximated as .
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A recursive equation for the -th prediction error of the
first channel, , is given by

(9)

is related to by

(10)

since the phase updates occur every -th input signal. By sub-
stituting (10) into (9), we get

(11)

The MSE of the first channel is given by

(12)

where
under phase lock [19]. By defining the MSE at -th clock
cycle as the average MSE among M parallel channels, we get

(13)
By substituting (12) into (13), we get

(14)

where and
. The steady state MSE is given by

(15)

Fig. 7. Output MSE of the demuxed BB CDR versus , with
and .

where and
.

Fig. 7 shows the simulation result of the MSE with re-
spect to when and

. The MSE increases in proportion to
since the phase update latency degrades the tracking

performance.

C. Minimum MSE Bound With Kalman Gain

The Kalman filter is a discrete time minimumMSE estimator
that finds the optimum Kalman gain by minimizing the poste-
rior MSE recursively. The tracking error in a BB CDR can be
minimized by incorporating the Kalman filter algorithm in se-
lecting the optimum forward gain . The optimum Kalman gain
achieves the optimum balance between tracking the accumula-
tion jitter and filtering the non-accumulative period jitter.
Let be at time index . By taking the derivative of

in (14) with respect to , we get

(16)

Optimum Kalman gain satisfying is

(17)

By substituting (17) into (14) for simplicity, we get

(18)

Equation (17) and (18) yield the recursive procedure that con-
stitutes the Kalman filtering algorithm. The steady state MSE is

(19)
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Fig. 8. Analytical and simulated MSEs of a 1:8 demultiplexed BB CDR under
various gains with , and .

where and . Equation (19)
indicates the minimum MSE bound of a BB CDR.
Fig. 8 shows the analytical and simulated MSEs of a 1:8 de-

multiplexed BB CDR with Kalman gain. The theoretical and
simulated results show close agreement, and the MSEs are min-
imized when the Kalman gains are applied.

III. MSE UNDER IMPLEMENTATION NONIDEALITIES

In the previous section, implementation nonidealities such
as latency in the loop filter and quantization noise from the
phase rotator are neglected for simplicity in the analysis. Con-
trol latency, however, degrades the tracking performance of a
CDR by decreasing the closed loop phase margin [20]. Digitally
controlled phase rotators have limited resolution for the output
phase. Reduced resolution relaxes the complexity of a rotator
[10]–[12] while degrading the jitter performance of a CDR [21].

A. Latency in the Loop Filter

In case delay in the loop filter is nonzero, (11) is modified
as

(20)

According to [20], can be approximated as
if , where is , , and

for , 1 and 2, respectively. However, in the case
of , which is the main focus of this paper,

and is independent of the loop delay.
In order to calculate the MSE under nonzero loop delay, the

correlation between and should be considered.

Fig. 9. Simulated autocorrelation of with .

Fig. 9 shows the simulated autocorrelation of for various
levels of parallelization, loop delays, and input accumulation
jitters when gain , defined in (17), is used. The autocorrela-
tion is given by ,
where . It clearly demonstrates that
can be approximated as a white process except in the vicinity
of the origin. Small makes remain close to
the optimum value under nonzero loop delay.
Close examination of Fig. 9 reveals that the slope of the auto-

correlation near the origin is close to , irrespective of
and . By using this observation result, the expectation value
of can be approximated as

(21)

By using (21), becomes

(22)

From (20) and (22), the recursive MSE equation with nonzero
is

(23)
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Fig. 10. Analytical and simulated MSEs of a 1:8 demultiplexed BB CDR with
Kalman gain with , .

where denotes the Kalman gain with loop delay. By taking
a similar approach to (16), Kalman gain is

(24)

The Kalman gain under control latency is smaller than (17),
because only low frequency prediction error is valid. By the
way, in most cases, the tracking error satisfies
in the locked condition, than . By substituting (24)
into (23), we get

(25)

and the steady state MSE is

(26)

where and . Equation (26)
represents the generalized minimumMSE bound of a BB CDR.
This bound is equal to (19), when .

Fig. 11. MSE versus loop delay
.

Fig. 12. versus and .

Fig. 10 shows the analytical and simulated MSEs with var-
ious loop gains. The analytical results match strongly with the
simulated results, and it is clear that the MSE is at a minimum
when the optimum gain is employed.
Fig. 11 shows the relationship between the minimum MSE

bound and loop delay under various demultiplexing ratios
when and .
The minimumMSE bound increases in proportion to and .
Fig. 12 shows the optimum value of for theminimum

MSE with respect to and in steady state. is in-
versely proportional to and and proportional to the vari-
ances of the non-accumulative period and accumulation jitter.
By substituting (26) into (24), the optimum forward gain

is given by see equation (27) at the bottom of the page.

(27)
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Fig. 13. Ratio between the outputMSEs simulated with (29), (30) and optimum
gain versus and .

In the case of ,
, and hence, (27) can be simplified to

(28)

By using a Taylor series, (28) can be further simplified as given
by

(29)

(30)

Because a PLL is designed to track the accumulation jitter, the
forward gain, which represents the bandwidth of a PLL, should
be mainly related to the accumulation jitter; the optimum band-
width is approximately the standard deviation of the step size of
the accumulation jitter.
Fig. 13 shows the ratio between the output MSEs simulated

with (29), (30), and optimum . The MSE using (29) is
greater than the minimum bound by 1% for
and . The MSE using (30) deviates even
further from the minimum bound but the difference is still less
than 4% for and .

B. Limited Phase Rotator Resolution

The quantization noise of the phase rotator is inversely pro-
portional to its resolution and degrades the MSE. Fig. 14 shows
the simulated MSE of a BB CDR with and
versus the input non-accumulative period jitter under various
phase rotator resolutions. Kalman gains are adjusted to achieve

. The MSE is dominated by the quantization
noise if the resolution of the phase rotator is less than 7 bits.
The degradation of the MSE caused by non-accumulative pe-
riod jitter is negligible in this case.
Fig. 15 shows the simulated probability mass function (PMF)

of the prediction error under various resolu-
tions of the phase rotator. Small non-accumulative period jitter

Fig. 14. MSEs of the 1:8 demultiplexed BB CDR with Kalman gain under
various phase rotator resolutions .

Fig. 15. Simulated PMF of the prediction error under various phase rotator
resolutions with , , and

.

Fig. 16. Modeling of the PMF with a triangular PDF.

of is chosen to highlight the quantization ef-
fect. The shape of the PMF broadens as the resolution decreases.
The PMF of the output prediction error can be modeled by a tri-
angular probability density function (PDF), as shown in Fig. 16.
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Fig. 17. and the simulated and estimated output MSE of 1:8 demultiplexed
BB CDR with Kalman gain versus various phase rotator resolutions with

, , and .

The analytical variance of the prediction error calculated with
the triangular model is

(31)

Our model overestimates the variance by 6.67%. The variance
of the prediction error is equal to the output MSE since the pre-
diction error is unbiased and has zero mean [22].
Total output MSE considering both nonzero loop delay and

the quantization noise of the phase rotator can be approximated,
by using (26) and (31), as

(32)

Fig. 17 shows and the simulated and estimated output
MSE under various resolutions of the phase rotator at

. The simulated MSE converges asymptotically to
at low resolutions since the quantization noise dominates the

output MSE. The resolution of the phase rotator should be set
to greater than 7 bits to make the quantization effect negligible
when .

IV. SUMMARY

The optimum forward gain and the resulting minimum phase
error bounds of a BB CDR are presented. The optimum gain is
approximately . Provided that is estimated in real time,
a BB CDR can adaptively accomplish the optimum balance be-
tween tracking and filtering the input jitter. The resolution of
the phase rotator should be set greater than 5 bits to suppress
the output jitter to below under practical input jitter
conditions.

Fig. 18. Block diagram of VCO-based type-2 digital BB CDR.

Fig. 19. Z-domain block diagram of a VCO-based type-2 digital BB CDR.

Fig. 20. The analytical and simulatedMSEs of a 1:8 demultiplexed VCO-based
BB CDR with Kalman gain with , ,

.

APPENDIX
MINIMUM MSE BOUND OF A VCO-BASED TYPE-2 BB CDR

Fig. 18 shows the block diagram of a conventional type-2
VCO-based digital BB CDR. The proportional and integral path
gains are and , respectively, and denotes the integral path
delay. The proportional gain should be greater than the integral
step gain to ensure stable operation [1].
Fig. 19 shows the Z-domain block diagram of a highly over-

damped VCO-based type-2 digital BB CDR [2]. The phase step
of the loop is given by

(33)

where and denote the VCO gain and nominal fre-
quency, respectively. In the case of , the only difference
between the phase rotator-based and VCO-based BB CDR is
the location of a phase accumulator. Therefore, (24) can also be
applied to a VCO-based design by replacing with .
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Fig. 21. Analytical and simulated MSEs of a 1:8 demultiplexed VCO-based
BB CDR with Kalman gain with , .

Fig. 22. Simulated MSE of a 1:8 demultiplexed VCO-based BB CDR with
Kalman gain with , , .

Fig. 20 shows the analytical and simulated MSEs with the
Kalman gain, when the loop is highly over-damped

. The analytical results match strongly with the simulated
results, and it is clear that the MSE is at a minimum when the
Kalman gain is employed.
The MSE is inversely proportional to , owing to an os-

cillatory overshoot [13], and hence the minimum MSE can be
achieved by designing a highly over-damped BB CDRs. Fig. 21
shows the analytical and simulated MSEs with various stability
factors when is employed. The MSE is degraded as

decreases. By the way, we have noticed through simula-
tion that the MSE has a local minimum around

even in a system with a low damping and Fig. 22 validates our
observations.
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