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ABSTRACT. We consider the singularly perturbed nonlinear elliptic problem

2Av—V(z)w+ f(v) =0, v>0, m v(z) =0.

li
|z|—o0
Under almost optimal conditions for the potential V' and the nonlinearity f,
we establish the existence of single-peak solutions whose peak points converge
to local minimum points of V' as € — 0. Moreover, we exhibit a threshold on
the condition of V' at infinity between existence and nonexistence of solutions.

1. Introduction. In this paper, we study standing wave solutions for the nonlinear
Schrédinger equation
Loy n N
zha—l—?Aw—V(x)z/J—i—f(w):O, (t,z) e R xR"Y, (1.1)
where 7 denotes the Plank constant and ¢ is the imaginary unit. We always assume
that V and f are continuous.

A solution of the form ¢ (z,t) = exp(—iEt/h)v(z) is called a standing wave. We
assume that f satisfies f(exp(i0)v) = exp(if) f(v) for 8,v € R; then f(v) = g(|¢])v
for some real valued function g. Then, the function ¥ (z,t) is a standing wave
solution of (1.1) if and only if v satisfies the equation

h2
3AU —(V(z)— E)v+ f(v)=0 in R".
We are interested in positive solutions of (1.1) decaying to 0 at infinity for small
h > 0. For small & > 0, these standing waves are referred as semi-classical states.
For convenience sake, we write V for V — E and consider the following equation
E2Av—V(zw+ f(v) =0, v>0 in RY, lim v(z)=0 (1.2)
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when € > 0 is sufficiently small. Defining u(z) = v(ez) and V.(x) = V(ex), we see
that equation (1.2) is equivalent to

Au—Veiu+ f(u) =0, u>0 in RV, |l|im u(z) = 0. (1.3)

xT|—r0o0

Note that for each 9 € RY and R > 0, V. converges uniformly to V(z() on
B(zo/e,R) as ¢ — 0. Thus, for a = V(zo) > 0, we have the following limiting
equation

Au—au+ f(u)=0, u>0 in RM, lim wu(z)=0. (1.4)

|| =00

A natural question is whether there exists a solution of (1.3) close to a solution of
(1.4) for small € > 0. In fact, when inf cgn V(z) > 0, N = 1 and f(u) = u?,
Floer and Weinstein in [19] constructed a solution close to U(- — *2) provided
that potential V' has a non-degenerate critical point g and U is a unique radially
symmetric solution of (1.4) with a = V(xg). Later, Oh in [33] obtained the same
result in higher dimension for f(u) = |ulP~'u with 1 < p < ££2. On the other
hand, it was shown by Wang [35] that if there exists a solution u. of (1.3) close to
U(- — 22), the point zy should be a critical point of V € C*(RY).

The arguments in [19, 33] are based on the Lyapunov-Schmidt reduction which
requires a linearized non-degeneracy of a solution of (1.4). The linearized nonde-
generacy of a solution u means that if A¢ — ad + f'(u)¢ = 0 and ¢ € HL2(RN),
then ¢ = Zf\; aig—; for some aq, - - ,a, € R. There have been many further works
using the Lyapunov-Schmidt reduction method; refer to [1, 2, 13, 14, 27, 28] and
references therein.

In general, it is not easy to check the linearized non-degeneracy of a solution
of equation (1.4) for general type of nonlinearity f. Furthermore, the linearizing
process is not possible when f is not smooth, but just continuous. To overcome
the strong restrictions on the nonlinearity in the approach through the Lyapunov-
Schmidt reduction, Rabinowitz initiated a variational approach in [34]. In [34]
he employed the mountain pass argument [6] to prove the existence of a positive
solution of (1.2) for small € > 0 provided that

liminf V(z) > inf V(z) > 0.

|z|— 00 zeRN
These solutions concentrate around the global minimum points of V' as € — 0. The
variational approach has been developed further by del Pino, Felmer, and many
others; refer to [11, 12, 15, 16, 17, 18, 22, 24] and references therein.

On the other hand, Berestycki and Lions in [7] showed the existence of least
energy solutions to limit problem (1.4) with a = m when the nonlinearity f satisfies
the following conditions :

(f1) lim; o+ f(t)/t = 0;

(f2) limsup,_,., f(t)/t? < oo for some p € (1, 3+2), N > 3;

(f3) There exists T > 0 such that mT? < F(T), where F(t) = fot f(s)ds.
Pohozaev’s identity (see (2.4) below) says that these conditions are almost necessary
and sufficient conditions for the existence of solutions of (1.4). However, in all
previous mentioned works, even when they adopt a variational method, they assume
stronger conditions on f than (f1), (f2) and (£3). Recently, Byeon and Jeanjean in [9]
could prove the existence of a solution of (1.2) concentrating around local minimum
points of V' for small ¢ > 0 assuming only the conditions (f1), (£2) and (£3) when
infa;eRN V(.’E) > 0.
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On the other hand, it is easy to see that if inf,cg~x V(z) < 0, there exist no
positive solutions of problem (1.2) for small € > 0. Thus, a very natural question is
whether there still exists a positive solution of problem (1.2) even if inf ,cgn V(z) =
0. In fact, Byeon and Wang [12] studied a case inf,cgn~ V(2) =0 and

liminf V(z) > 0

while in [3], Ambrosetti, Felli and Malchiodi studied a case

liminf V' (x)|z|” > 0

|z|—o00
for some o > 2. From subsequent works [4], [5], [6], [25] by the Lyapunov-Schmidt re-
duction method, it is known that there exist solutions of (1.2) concentrating around
stable critical points of V for small ¢ > 0 when V' > 0 and liminf ;| V ()|z[* > 0.
On the other hand, the main result in [26] implies that if lim inf |, V(x)|2|7 =0
for some o > 2, there exists no solution of (1.2) for p € (1, N/(N — 2)). In a
monograph [4], Ambrosetti and Malchiodi raised a question on optimal condi-
tions of V at infinity for the existence of solutions. Recently, Yin-Zhang [36]
and Moroz-Van Schaftingen [31] answered independently the question for f(t) =
t?,p € (N/(N —2),(N +2)/(N — 2)). Their results in [36] and [31] say that for
f(t) =17, p e (5, F22), N > 3 and small € > 0, there exists a solution of (1.2)
concentrating around positive local minimum points of V' when V' > 0. Thus, their
result implies that the nonnegativity condition on V is optimal when f(t) = ¢*
for p € ({25, 8+2) and N > 3. It is well known from [8], [21] and [32] that if
p < N/(N —2) and V has compact support, there exist no positive solutions of
(1.2). Thus the exponent N/(N — 2) is critical when potential V' has compact
support.

The main purpose of this paper is to prove the existence of a solution of (1.2)
which concentrates around an isolated set of positive local minima of potential V'
under optimal conditions both on the nonlinearity f and on the potential V', and
to find a threshold of the asymptotic behavior of V' at infinity between existence
and nonexistence of a solution of (1.2). For the nonlinearity f(t) = tP, we will show
that if

1 N=12
linrlsupl‘,]CHoo V(a:)|33|2 -0 for peE( 700137 s 4y
pE (lvm)v NZ'?’a

lim sup ;o0 V(x)|z|?log|z| =0 for p= N/(N—2),N >3,

then (1.2) has no solutions for small € > 0, while if

p € (l,00),N=1,2

pe (L, 5),N >3,

lim inf|,| oo V(2)|2[*log|2z| > 0 for p= N/(N —2),N > 3,

then (1.2) has a solution which concentrates around an isolated set of positive local
minima of potential V for small € > 0. Thus we see that the case p = N/(N —2) is
critical and in contrast with the case p # N/(N — 2). The existence result will be
established for general nonlinearity f satisfying Berestycki-Lions optimal conditions
(f1), (£2), (f3). We prove the existence of a solution by developing further the
approaches in [9], [31] and [36], and show the nonexistence of solutions by making
use of an averaging argument and the so-called Emden-Fowler transformation.

To state our results precisely, we make the following conditions on V' and f.

lim inf| ;o0 V(2)]2|* > 0 for {
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(V1) V € C(RY,R) and infg~ V(z) > 0;
(V2) There is a bounded domain O such that

0<m=minV(z) < min V(z);
z€0 ©€d0

(V3) liminf), o V(z)|z[* =4\ > 0;

(V4) liminf), o V(z)|z* log 2] > 0;

(f1-1) lim; o+ f(t)/t* = 0 for N > 3 and some p > 2

(f1-2) lim;_,o+ f(t)/t* = 0 for some p > 1;

(f1-3) limsup,_, o+ f(t)/t% < oo for N > 3.

Set M ={x € O | V(z) = m}. Without loss of generality, we assume that 0 € M.

Theorem 1.1. Let N > 3. We assume that (V1), (V2), (£f2) and (f3) hold. In
addition, we assume that one of the sets of conditions (A1) = {(f1-1)}, (A2) =
{(V3), (f1-2)}, (A3) = {(V4), (f1-3)} hold. Then for sufficiently small € > 0,
(1.2) has a positive solution ue satisfying the following properties:
(i) there exists a maximum point x. of ue such that lim._,q dist(xe, M) = 0, and
we () = ue(e(x—x2)) converges (up to a subsequence) uniformly to a positive,
least energy solution of (1.4) with a = m;
(ii) if (A1) holds, there exist ¢,C > 0 such that

c _
ue(x) < Cexp(fg)/\x - xs|N z

(iii) if (A2) holds, there exist ¢,C > 0 such that

c

—w T—x
6)‘37 — Te| T XRN\B(2.,1) T C’exp(—c| d

() < Cexp( )XB(z.,1)s

. _ \/_:7
= W=2)F (1\; DH/E nd xa(z) =1 forxz € A, xa(z) =0 for

where w,
x ¢ A;

J

(iv) if (A3) holds, for any a > 0, there exist ¢,C > 0 such that
& —
ue(z) < Cexp(—g)/|aﬁ — x|V *|log |z — xHa

Remark 1. To obtain a similar existence result for N = 1,2, we assume that
(V1), (V2), (V3) and (f1-2) hold, that there exists T' > 0 such that if N = 2,
imT? < F(T) and if N = 1, imt* > F(t) for t € (0,T), smT? = F(T) and
mT < f(T). In addition, we assume for N = 2 that for any o > 0, there exists
Cy > 0 such that |f(t)| < C, exp(at?) for all t € RT. Then the existence result of
Theorem 1.1 with property (iii) holds. We can prove the existence combining the
arguments of this paper and [10]. We leave the proof to the readers.

For a nonexistence result, we consider the following general exterior problem
Au—W(z)u+u? <0, u>0 , RV\Q (1.5)
where 2 is a bounded open set.

Theorem 1.2. Let p > 1 and N > 1. Assume that when p(N —2) < N,
2 2
W(z)|z* < E[E — (N = 2)] for sufficiently large |x| > 0,

> (N —2) :
W(z)|z|* log|z| < — for sufficiently large |x| > 0.
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Then, (1.5) has no C? solutions.

Theorem 1.2 improves the well-known nonexistence results in [8], [21] and [32]
for the Lane-Emden equation

Au+uP =0, u>0in RV, (1.6)

Namely, if p > 1 and p(N — 2) < N, then (1.6) has no positive supersolutions in
any exterior domain.

An immediate consequence of Theorem 1.2 is the following nonexistence for prob-
lem (1.2).

Theorem 1.3. Let p > 1 and N > 1. Assume that for p(N —2) < N,

lim V(z)|z]* =0
|z|—o00
and for p(N —2) = N,

lim V(x)|z[*log|z| =0

|z|—o00

Then, (1.2) has no C? solutions for any ¢ > 0.

We remark that in Theorems 1.2 and 1.3 for N = 1, each side condition near
400 in the assumptions is sufficient for the nonexistence.

In Section 2, we will prove Theorem 1.1. For the proof, we truncate the nonlinear
function as in [15], [31] and [36]. Here we will take the truncation with relation to
the asymptotic behavior of V' near infinity Then we define an energy functional
with a positive forcing term on energy function; by the forcing term, we get a
lower estimate. Then, following the scheme developed in [9], we construct a set
X. C Hy*(B(0,b/e)) of approximate solutions for large b > 0. Then, for large b > 0,
we show that there exists a critical point u. , € Hy>(B(0,b/e)) of a modified energy
functional on Hy*(B(0,b/¢)) near the set X, of approximate solutions. Then, we
find appropriate comparison functions depending on the truncation so that the
solution of the modified equation decays to 0 faster than the comparison function
near infinity. This implies that the critical point is a solution of the original problem
on B(0,b/e) uniformly for large b > 0. Then, taking b — oo, we get a required
solution on R™. We need the compact exhaustion of R by balls since the energy
functional with some appropriately truncated nonlinearity can not belong to C'*
when the negative part of nonlinearity f exists.

In Section 3, we will prove Theorem 1.2. For the proof, assuming there exists a C?
solution, by a averaging process, we reduce the problem to an ordinary differential
inequality. Taking the Emden-Fowler transformation, we can get a contradiction
via some elementary arguments.

After we had finished this work, we got to know the existence of related papers
[26] and [30] which studied the nonexistence of positive supersolutions of (1.5) in
exterior domains. In particular, the first result of Theorem 1.2 for N > 2 was
established in Theorem 1.2 of [30]. Our approach is based on simple ODE arguments
quite different from the approaches in [26] and [30].

2. Proof of Theorem 1.1: existence. We shall work with equation (1.3). Let
H_ be the completion of C§°(RY) with respect to the norm

1/2
ulle = (/RN IVul? + Vou? dac)
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and ||u|| be the standard norm on H?(R”). From now on, for any set B C R" and
g,8 > 0, we define B, = {x € R | ex € B} and B®* = {z € RV | dist(z, B) < s}.
We may assume that 0 € M and B(0, R) C O for some R > 0, and that for small
§ > 0and s € [0,56], DO* is smooth, inf,cpss V(z) = m and dist(M, RN\ O) > 56.
We can take a smaller neighborhood O of M and a sufficiently small 6 > 0 so that
V(x)T? < QfOT f(s)ds for any z € O%. Since we look for positive solutions, we
may assume that f(¢) = 0 for all ¢ < 0. If there exists Ty > T satisfying f(7p) = 0,
we may assume from the maximum principle that f(¢) = 0 for ¢ > T,. Then, there
exists Cy > 0 such that

f(t) > —Cot for t>0. (2.1)
We note that for N > 3, the Hardy inequality says that
N —2 2 2
/ V|2 dz > u/ L dr, ue CPRY). (2.2)
RN 4 R~ []?

Let 3. be a continuous function on [R/e,00) satisfying S(|z|) > |z|?. Now, we
define the truncated function g. of f

9:(x,t) = xo. f(t) + (1 — xo.) min{e® /B (|z]), f(t)/t}t
and G.(z,t) = fot ge(z, s) ds. We define
fT(t) = max{f(t),0} and £~ (t) = max{—f(t),0}.

Then, we see that
ge(,t) = xo. f 7 () + (1 = xo.) min{e®/B=(|a]), f 7 () /t}t — F (1)
Setting
92 (x,1) = xo. f (1) + (1 = xo.) min{e®/B:(|z]), f () /t}t,
9= (z,t) = f~(t) and G (x,t) = fotgai(x,s) ds, we have G.(z,t) = GI(z,t) —
G (z,t).
For u € H., we define
1 2 2 Lo 2
F.(u) =< |Vul® + Vou® doe — Ge(z,u) dr + ( —u”dr — 1) .
2 RN RN 03\O. £ +

If V' has compact support and f(t) < 0 for some ¢t > 0, I'; could not belong to
C1(H.). In order to circumvent this situation, for large b > R with O C B(0,b/2),
we define

HY={uc H. | u(z)=0 for |z| >b/e}.
Then, it is standard to verify that I'. € C*(H?) for each b > 0. We should note that

ge(z,t) < f(t), teR. (2.3)
We define an energy functional for limiting problem (1.4) by
1
La(u) = 7/ |Vu|? + au? dz — F(u)dz, uwe H"*(RN),
2 RN RN

where F(t) = fot f(s) ds. Berestycki and Lions proved that for a = V(z),2 € 0%,
there exists a least energy solution of (1.4) if f satisfies (f1), (f2) and (f3) with
a = m, and that for each solution u of (1.4),

N -2

2
7/ |Vu|2dx—|—N/ ae — F(u)dz = 0. (2.4)
2 RN RN 2
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Let S, be the set of least energy solutions U of (1.4) satisfying
U(0) = U(x).
(0) = max U(z)

Then, there exist C,c > 0 such that
U(z) < Cexp(—c|z]), U € S,, (2.5)

and the set S, is compact in H2(R")(see [9]). We define E,,, = L,,,(U) for U € S,,,.
For each t > 0 and U € Sy, we define Uy (x) = U(F). Then, from (2.4), we see that

tN—Q tN
Ln(Uy) = / 5 |VU|2+m7U2—tNF(U)dx
RN
th=2 (N =2tV
- ( : _{ 2N) )/RN|VU|2dx. (2.6)

Thus, there exists tg > 1 such that L,,(U;) < —1 for t > tg, uniformly in U € S,,.
Let ¢ € C°(RY) be such that 0 < p < 1, p(z) = 1 for |z| < § and p(x) = 0 for
|z| > 26. Define ¢.(x) = p(ex). For each z € M? and U € S,,, let
. x T
UZ(y) = ey = DUy~ 7).
We define a set X, of approximating solutions by
Xe ={U(y) | x € M°,U € S}
We assume that b > 0 is sufficiently large so that supp(UZ) C B(0,b/toe) for all
U? € X.. Then, we define X4(b) = {u € H? | |[u — X.||. < d}. For some d > 0
and large b > 0, we will find a solution u.; in X2(b) for sufficiently small € > 0,
independent of large b > 0, which satisfies

Augp — Vetey + f(uep) =0 in B(0,b/e), u.p =0 on 0B(0,b/¢).

Then, taking a limit of u. 3 as b — oo, we will get a solution u. of original problem
on RV,
For a fixed U € S,,, we define

We(y) =Ul(y)e(ey) and We.(y) = U(5)e(ey),

where U is a fixed element in S,,. Then, it follows from (2.5) and (2.6) that for
large b > R and t € (0,9), W, € H? and

_ NtN=2 (N =2tV
21_13(1) Fs(Ws,t) - ( 9 - ) )Em (27)
uniformly for ¢ € (0, ] and large b > R. Thus we obtain that
D.= max I'.(W.,) = E,, as e¢—0. (2.8)
s€[0,to]

For small d > 0, we can take n € (0,1) such that
W.,€ X2b) for te(l—n,14+n).
We define

od(b) = [y € C(0, ko], HE) [7(t) = We for t € (0,t0]\ (1 — 1,1 +n)}
Ay € C(10,tol, HY) y(t) € X2() for te (1—n,1+n)}

and

CYb) = inf r .
= (b) Lonf ) max <(v(s))
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From (2.7), we can see that I'.(y(to)) < —1 for any sufficiently small ¢ > 0 and
v € BL(b).

Proposition 1. For any small d > 0, it holds that

lim C4(b) = E,,, uniformly for large b > 0.

e—0

Proof. Let W, o = limy_,o W4, i.e., W. o = 0. Then, it follows from (2.5), (2.6) and
(2.7) that

Cb) < max T.(W.;) = E,, as € — 0.
te[o,to]

Now, it suffices to show that liminf. o C%(b) > E,, uniformly for large b > 0. We
choose ¢ € C§°(RYN,[0,1]) such that ¢(x) = 0 for x ¢ O° and ¢(z) =1 for z € O.
Set ¢o(x) = ¢(ex). Then, ||Vo.| L~ < Ce for some C > 0. For v € ®4(b), we see
that for any s € [0, to],

LL((5)) = Lal62(9) + (1= 6.)3(6)
=5 [ IVoa@P 4 Vi) s - [ Gulmonr(s))de
RN RN

2

1

+3 [ V=0 P4Vl = oo = [ Gelan (1= 00)n) da

+ | V(0e(5)) - V(L = ¢2)v(5)) + Vede(1 = 6c)(7(5))* dz

RN

+ / Go(, 6e1(5)) + Gel, (1 — 62)9(5)) — Gel,7(5)) da
O3\O.

+(/06\o é(y(s))Qdaz—l)i.

We see from (2.1) that

/ @@ﬁwwa—/ G- dem)de> -2 [ (6 de
03\O.

03\0. 2 Jos\o.

and

/ Go(r, (1 - do)y(s))dx > — / G, (1— 6)1(s)) da
03\O. O3\O.

§
e

By the definition of g.(z,t), we see that

2
- / Gelw,y)dz > — / GHz,y)de > — 1 / S (y(s))? de.
02\0. 03\0. 2 Joso. B:(|z])
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Then, it follows that for some C, independent of small € > 0 and large b > 0,

I'e(v(s))
= % /R V() + Vl(gey(s)) da — /

F(pev(s)) dx
RN

1 ) , 9 ;
+§ /RN V(1 — ¢ )v)* + V(1 — ¢e)y)” — |;2 (1 — ¢e)v)? dz

o2 /O o, [THOP + (l6))

1 g2
—C / s deff/ = (v(s))? dz
0 Og\oa(/y( )) 2 03\0. |x‘2(7( ))

1 2, 2
+(/Og\056(7(5)) dx 1)+.
If fog\os (7v(s))?dx > /g, then

2 1 SN2 da — 2

e /O 0,06 e+ ( /O o, 20O N
2 1 2
>-a [ o (1 (2 = 1)

Since there exists My, independent of small ¢ > 0 and large b > 0, such that
Jos\o.(1(8))?dw < My for any v € ®4(b), we see that

ligl_jgf{ —Co /Og\OE(W(S)deJr (/Og\OE 3(7(‘9))2 dr — 1)1} =0

uniformly for large b > 0. Since V(z) > m for any 2 € O°, we see that
1
5 [ VoA + Vo) de = [ Floas) ds
RN RN

1 , ,
> §/RN [V (s)]* + m(pey(s)) dx—/RN F(¢ey(s)) da.

Hence, we have

1
x5 [ IVor(oF + Vi) de= [ F(o()de) > B

The Hardy inequality in (2.2) implies that for small £ > 0,

1 g?

3 T 60 V(1= 60 = (1= 00 d 2

62

Lastly, we see that lim._,o fof?\os W(v(s)f dx = 0 uniformly for large b > 0 and
v € ®4(b). Then, we have

liminf max T.(y(s)) > E, uniformly for large b > 0 and ~ € ®%(b),
e—=0  s€[0,to]

which completes the proof. O
We define
I'¢ ={uwe H. | Te(u) < a}.
For a set A C H. and a,b > 0, we define A = {u € H. | |[u — Al < a} and
Ay ={uec HY | ||lu— Al < a}.
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Proposition 2. For sufficiently small dy > ds > 0, there exist constants w > 0 and
g0 > 0, independent of large b > 0, such that |T.(u)||%, > w for u € TP=N (X1 (b)\

X32(b)) and ¢ € (0,e). -

Proof. To the contrary, suppose that for small d; > ds > 0, there exist {b;}2, C
[R,00), {&;}32; with lim; o &; = 0 and u., € X1 (b;) \ X2(b;) satisfying

limsup Ty, (ue,) < Epp,

1—00

*

b = 0. We may assume that d; < % For our convenience,
we write ¢ for €; and b for b;. We may regard u. as an element in H. by defining
ue(z) =0 for |z| > b/e.

We shall get a contradiction by showing that u. € X2 (b) for sufficiently small
€ > 0. Clearly this will be the case if u,. is, as ¢ — 0, arbitrarily close to a function

of the form (p.U.)(- — Z=) with z. € M%, U. € S,,,.

€

By the compactness of S, and M?, there exist Z € S, and z. € M? such that
[ue — (- —xe/)Z(- — wc/e)||e < 2da (2.9)

for small € > 0. Taking a subsequence, we may assume that lim._,o z. = 2o € M°.
We denote ul = ¢.(- — z./e)u. and u? = u. — ul.
Then, we claim that

and lim; o0 [T, (ue,)

Te(ue) > Te(ul) + Te(u?) + o(1). (2.10)
Suppose there exist y. € B(z./e,d/e)\B(z:/e,/2¢) and r > 0 satisfying

e—0

lim inf/ (ue)? dy > 0.
B(ye,r)

Taking a subsequence, we can assume that lim. o y. = yo for some yg € M2 and
that uc (- +y.) — W weakly in H(R") for some W € H!(RY)\ {0}. Moreover W
satisfies

AW (y) = V(yo)W (y) + f(W(y)) =0 for y € RY.
Since V(yo) > m, we deduce from [23] that

1 ~ -
3 | ITWE Va2 dy— [ POV dy > B, > B

RN
From the weak convergence, we see that for large R > 0,
1 -
liminf/ |V | dy > f/ V|2 dy. (2.11)
=0 JB(y..R) 2 Jrw
Thus, combining (2.11) and (2.4) with a = V(yo), we see that
N - N
liminf/ Vue|*dy > =Ly (5)(W) = = Ey, > 0. (2.12)
=0 JB(..R) 2 2

Then, taking d; < NE,,/4, we reach a contradiction with (2.9). Due to the
nonexistence of such a sequence {y.}., we deduce from a result of Lions (see [29,
Lemma I.1]) that

lim inf

/ |uc|PTt dx = 0.
€20 JB(a./e,56/e)\B(ze/c,5/2¢)



STANDING WAVES 841

Consequently, we can derive by using (f1), (f2) and boundedness of {||u:|/z2(0.)}-
that

lim G.(2,u.) — Ge(z,ul) — Go(2,u?) dx = 0.

e—0 RN €
Then, since {u,}. is bounded uniformly for large b > 0, we deduce that
Fa(ue) = Fe(u;) + Fa(ug)
[ =g 4 Ve (L= g de
RN

- G (z,u.) — Ge(z,ul) — Go(2,u?) dz + o(1)
RN

and thus, inequality (2.10) follows.
We now estimate I'.(u2). It follows from (2.9) that ||u2||. < 4d; for small € > 0.
From conditions (f1) and (f2), there exists C' > 0 that
F(t) <mt?/4+ Ct*NWN=2) > 0.

Then we see that

I (u?)

€

Y

1 1
| 51V + 5V~ P da

- e (u?)? dx
26(|=[) "~

1 1
/ 5\%3 ’+ 5Vs(u§)2 M 2)? — o)V WD) gy
OE

1 1
+/ §|Vu§|2+§VE(u§)2
RN\OE

Y%

4

e
- 2|$‘2(UE) dx

1 1
[ v vy
RN\O.

v

1 1
/ i‘vu§|2 _ C«(ug)QN/(N—Z) dr + 1 Ve(ug)Q dx
O, RN

+/ 1|Vu2|2— = (u?)? dx
RN\OEQ ) 2z

1 1
= /RN Z|Vu§|2dx70/o (u2)2N/(N=2) dx+1/ Vo (u?)? dx

RN
—I—/ 1|Vu2\20l9[:—/ i(u2)2dx
rv4 rRV\0. |22 °

1 1
/RN Z|Vug|2dsc—C’/RN(ug)2N/(N_2) da:—&—z V. (u?)? do

+/ 1|Vu2\2d:n—/ i(u2)2dw
Ry 4T Ry 220

Since the Hardy inequality in (2.2) implies that for small € > 0,

1 22 N
- i|VuE| dx — - W(ua) dx >0,

Y%
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we obtain by Sobolev’s inequality that for some C, ¢ > 0,
2 1 212 ooz, L 2\2
Pe(ug) 2 7IIVuglz(1 = cCllVuellzz™) + 7 - Ve(uZ)” da

1 4e? 912
+ (Z - m) [VuZl[z.

Thus, taking di € (0, (525) ™V =2/4), we see that for small £ > 0,

1
Te(u?) > ofluZ2.

g

Now let We(z) = ul(z + z./¢). Taking a subsequence we can assume that W, —
W weakly in HY(RY) for some W € H*(RY). Moreover, W satisfies

AW (z) — V(x0)W () + f(W(x)) =0 for z € RN.
From the maximum principle, we see that W is positive. Let us prove that W, —

W strongly in H'(RY). Suppose there exist R > 0 and a sequence {z.}. with
ze € B(zc/e,0/e) satistying

liminf |z, — z./¢| = 00 and hminf/ (ul)?dz > 0.
e—0 e—0 B(ZS,R)

We may assume that ez, — 29 € O as € — 0. Then, W, (x) = ul(x + z.) converges
weakly to W in H LRN) satisfying
AW —V(20)W + f(W) =0 in R,

At this point we get a contradiction as before. Then using (f1), (f2) and [29, Lemma
I.1], we get that

lim F(W.)dx = F(W)dz. (2.13)
e=0 JpN RN

Then, the weak convergence of W, to W in H'(RY) implies that

lim inf ', (ul)

1
= liminf — / VW (2)|> + V(ex + 2 )W2(z) do — F(W.(x))dx
e—=0 2 RN RN
1
>~ / VW2 + V(zo)W? dx — F(W)dx
2 RN RN
> Ep,. (2.14)

Since limsup,_, e (ue) < Ep, and To(u2) > £[[u2|2 for small € > 0, we see from
(2.10) that

limsupT.(ul) < E,, and lim |[u2]. = 0. (2.15)
e—0 =0

Then (2.14) implies that Ly () (W) = E,,. Also, from [23], we see that 2o € M.

Clearly, W(x) = U(x — z) with U € S, and z € RY. Combining (2.13), (2.15) and
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the fact that V' > V(zg) on O, we get from (2.14) that

/ VW2 + V (20)W? dz
RN

e—0

> lim sup /RN (Vul(2))? + V(ex)(ui(z))? dz

> lim sup /R V) V(o) (1)) d

e—0

> lim sup /RN VW (z)|* 4+ V(20) (We(z))? da.

e—0

This proves the strong convergence of ul to W in H'(RY). In particular, setting
Y. = x/e + z we have u! — p.(- — y.)U(- — y.) strongly in H'(R"Y), which means
that

5h~I>I(1) ”u; = (- = y)U(- — ye)lle = 0.

Since lim. ¢ ||u?]|c = 0, we see that lim. o ||uc — ¢-(- — ¥)U(- — y:)||c = 0, which
contradicts that u. ¢ XJ2(b). Then the proof is complete. O

Following Proposition 2, we fix d > 0 and corresponding w > 0 and £y > 0 such
that [T (u)| > w for u € TP N (Xg(b)\Xg/Q(b)), large b > 0 and ¢ € (0,¢¢). Then,
we obtain the following proposition.

Proposition 3. There exists a > 0 such that for sufficiently small € > 0 and large
b> 0,
T.(7:(s)) > C4(b) — a implies that v.(s) € X3/2(b)
where v:(s) = We s and s € [0,10].
Proof. Since supp(7:(s)) C M?2% and the function U of W, 4(x) = U(Z)¢(ex) decays

)
to 0 in exponential order as |z| — oo, the assertion follows from (2.7). See the
arguments of the proof of [9, Proposition 6]. O

{

Proposition 4. There exist g > 0 and by > R such that for e € (0,e0) and b > by,
there exists a sequence {u, 2>, C X2(b) NT'Pe such that T'.(u,) — 0 as n — oo.

Proof. By Proposition 3, there exists a > 0, independent of small ¢ > 0 and b > R,
such that for sufficiently small ¢ > 0 and b > R,
L.(72(s)) > C4(b) —a implies that ~.(s) € X¥/2(b).

If Proposition 4 does not hold for some small € > 0 and large b > by, there exists
a(e,b) > 0 such that |TZ(u)| > a(e,b) on XZ(b) N TP=. Moreover, by Proposition
2, there exist w > 0, independent of € > 0, and large b > R such that |I'.(u)| > w
for u € TDP= N (X2(b) \ Xg/2(b)). From (2.8) and Proposition 1, we recall that
lim._,o(C4(b) — D.) = 0 uniformly for large b > R. Then, via a pseudo-gradient flow
on X2(b), we can deform 7. to a path 7. € ®¢(b) satisfying I'.(7(s)) < C%(b),s €
[0,1] (refer to [9, Proposition 7] and [10, Proposition 8]). This contradiction proves
the claim. O

Proposition 5. Fore € (0,£0), b > bg, I has a critical point u.;, € X2(b) NTP=.

Proof. Let {u,}5°; be a Palais-Smale sequence as given by Proposition 4 corre-
sponding to a fixed small £ > 0 and large b > 0. Since {u,}52, is bounded in H,,
u,, converges weakly to some u.;, € X4(b). Then, it follows in a standard way that
uep € X4(b) is a nontrivial critical point of I'. on H?. From the strong convergence
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of {un}n to usp in LY(B(0,b/¢)), ¢ € [2,2N/(N —2)), and the weak convergence of
{tn}n to ucp in H?, we conclude that I'.(u) < D.. O

Completion of the Proof for Theorem 1.1. We see from Proposition 5 that for
small d > 0, there exist g > 0 and By > R such that for ¢ € (0,£9) and B > By,
I has a critical point u. , € X2(b) N T'Pe satisfying

4 1 .
Aty — Vete p + 9o (T, uep) = ZX05\0. Uey </ —u?dx — 1>+ in B(0,b/¢).
o

\o. €
(2.16)
From the maximum principle, we see that u., > 0 on B(0,b/¢), and that
Augp — Vette p + ge(z,ue p) >0 in B(0,b/¢). (2.17)
We also see from (2.3) that
Aus,b - Veus,b + f(ue,b) 2 0 in B(Ov b/E), (218)

and from the definition of g. that

52

Be(l2])
We take z.;, € M such that ||ucp — (9U)(- — 2ep)|le < d. Suppose that there

exist &, > 0 with lim,, ,o &, = 0, large b,, > R and x,, € O, such that
limy, o0 @6, by — Tm| = 00, limy, 00 dist(zy,, 00.) = co and

Aue py — Voue p + Uep >0 in B(0,b/¢) \ Oe.

liminf u. , p, (Tm) > 0.
m—r00

Then, by the same argument with (2.12) in the proof of Proposition 2, we get a
contradiction for small d < /NE,,/4. Thus, we see that u.;(z) converges to 0
uniformly for large b > R as = € O, and dist(z, 00, U {z.}) — 0.

Since {||uc ]|}« is bounded uniformly for large b > 0 and V (z) > m for x € O°°,
we conclude from (2.18) and elliptic estimates through the Moser iteration argument
that {||uepl L~ (019)}e is bounded uniformly for large b > R. Then, we see from the
elliptic estimate [20, Theorem 8.17] that there exists C' > 0, independent of small
e >0, large b > 0 and y € O satisfying

sup  ue p() < CllucpllL2(B(y,2))-
z€B(y,1)

Since ue, € X2(b) and supp(v) € M2 for v € X2(b), we see that

sup  ugp(z) < Cd/m.
z€03%\O,

Then, there exists a large a > 0 such that
m .
Augp — Eus,b > Augp — Vetep + f(uep) >0 in 036 \ B(zcp, a)

if d > 0is small. Applying a comparison principle, we obtain that for some C, ¢ > 0,
independent of small € and large b > R,

U p(z) < Cexp(—cdist(z,d0%° U {z.4})), =€ OF. (2.19)
Then, from (2.16), we see that for small ¢ > 0, independent of large b > R,

1,2 —0
fog\og Lu?dr — 1>+ = 0; thus

Auecp — Veuep + g=(z,u-p) =0 in B(0,b/e), x¢€ 035.
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Moreover, it follows from (2.19) that, for some C, ¢ > 0,
ue(x) < Cexp(—c/e) for x € 0.

Case 1. Assume that (A1) holds. Then, we define a comparison function

1 log 2

|€I\N72( - log(@) )

Te(lz]) =

Then, we have

Dy = nin YT.(z) >0

and for z € RV \ O,

_ATE 4 V;-TE _ gE(xauE,b)

T
Ue b
2 . 2
26 logJ%( (N2|2|) 22|| )7 € ..
()™ N (log 2222 (log 22l y3/ Be(|z)

25|m|)2

Thus, taking B:(|z]) = |x|2(lo(ig7’§)2 > |z|? for |x| > R/e, we see that for small
e >0,

ar sy, Selue)
Ue,b

Now, we see that D% exp(—e/c)Te —uep > 0 on 9(B(0,b/e) \ Og). Then from the
comparison principle, we obtain that for large b > R,

YT.>0 in B(0,b/e)\ O..

C
Uep < D—exp(—a/c)’rE on B(0,b/¢)\ O.. (2.20)
0
Since lim; ¢ f(¢)/t* = 0 for some u > N/(N — 2), it follows that for sufficiently
small € > 0 and large b > R,
2

3
f(ue,b)/us,b < m on B(0,b/¢e)\ O..

Then, up is a solution of
Augp — Veuey + f(uep) =0 in B(0,b/¢), u.p, =0 on 0B(0,b/¢).

Then, we see that as b — oo, u. , converges, along a subsequence, to some u. € H,
uniformly in C (RN ) and weakly in H,. Then, u, is a solution of the original problem.
By the uniform estimates (2.20), we get the required decay estimate for u..

Case 2. Assume that (A42) holds. We take B.(|z|) = |z|?(1 + |z|). Since
lim inf |, 00 V(2)[x]? > 0, we see that Z = {z € RY | V(z) = 0} c RV \ O
is compact. Then, we see as in Case 1 that for any large Ry > 1 and small
[ > 0, there exist C’, ¢’ > 0, independent of small € > 0 and large b > 0 such that
Uep(z) < C”exp(—%) for §/e < |r — x| < 2Rp/e and dist(ex, Z) > I. We take
Ro > 0 so that V(z) > 2)\/|z|? for |z| > Ry. Let 1 be the positive first eigenfunc-
tion of —A on 22! with Dirichlet boundary condition. Let \; be the corresponding
eigenvalue. We normalize ¢ so that max,c z=» = 1. Define ¢).(z) = t(ex). Then we
see that for small € > 0 and large b > R,

ge (2, ue ) §

A, Ve — Iy > 2y -

e mepte=0 i E0e
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Thus, by a comparison principle, we deduce that for some D > 0,

uep(z) < D eXp(—g) for = € (2').,
which implies that for some D', d’ > 0, independent of small € > 0 and large b > R,
uep(z) < D'exp(—%L)if 6 /e < |[z—z.| < 2Ry /e. Now we take a comparison function

Y(|z|) = |z|~% with w. = (=2t (n2_2)2+4)\/52. Then, we deduce from condition
(V3) that for small € > 0,

2 o A
—ATE—s—VETEE(E—z—w?—F(n—Q)wE)r e 2:5—2|av| =2 r>Ry/e.

Thus, we see that for small € > 0 and large b > 0,

(_ A+V.— gg(x,ug’b)),rs > >\|{L‘|_UJE—2 B 52|x|—ws
Ueb g? ||

Bo
9

).

Then, as before, we obtain that for some C, ¢ > 0, independent of small € > 0 and
large b > R,

b
>0 in B(0,2)\ B,

Uey < CeXp(f§)|€x|7“’€ on B(0,b/¢)\ B(0, Ro/e).

Since lim; o f(t)/t* = 0 for some p > 1, we see that for small ¢ > 0 and large
b> R, f(ucp)/ucp <e?/B:(|z|) for z € B(0,b/e) \ Oc. Then, u. is a solution of

Augp — Veuep + f(uep) =0 in B(0,b/¢), u.p, =0 on 0B(0,b/¢).

Then, as in Case 1, we get a solution u. of original problem (2.16) satisfying the
required decay estimate for u..

Case 3. Assume that (A43) holds. We take S.(|z|) = |z|?log|z|. Then, since
lim inf|;) oo V' (2)|2|* log || > 0, by a similar procedure with the proof of the case
that (A2) holds, we see that for any large Rg > 0, there exist C’,¢’ > 0 such that
ue(z) < ¢’ exp(—%/) for §/e < |z — .| < 2Ry/e. We take Ry > 0 so that for some
h >0, V(z) > h/|z|?log |z| for |z| > Ry. Then, for a > 0, we define a comparison
function

1
Tola)) = — e
(o) = E=2(og e

Then, we see that for some C' > 0,

D.= min YT.(z)>CeN 1
¢ zedo. (@) ’

and for € B(0,b/¢) \ B(0, %)7

( - ATE + V»:Ts - gs(xvus,b) Ts) /Ts
Ue b
1 ala+1) h g2
>~ ((N-2a+ + - .
P Togle) (N = 2%+ ooy ) ¥ e ogTeal ~ Al
Note that for small € > 0 and |z| > Rog/e,

1 1 1 log || 1 1
= — > .
lez|?loglex| e |z|?log|z| (¢]loge| + €| logx]) — (1 + ¢€) |z|? log |x|

Thus we see that for small € > 0, independent of large b > R,

gé' (xa us,b)
Ue,b

~AY. + V.Y — Y.>0 in B(0,b/e)\ B(0,Ro/c).



STANDING WAVES 847

Thus, we get that for some C,c > 0, independent of small € > 0 and large b > R,

1
Uep < Cexp(— C)

O o B0/ \ B0, Roo)

Then, for some ¢, C' > 0, independent of small ¢ > 0 and large b > 0, it follows from
(f1-3) that

c 1
fluew)/uep < Cexp(—g) |z|2(log || )22/ (N=2)

Thus, taking o > (N — 2)/2, we see that for small e > 0, independent of large
b> R, flucp)/uep < e?/B:(|2]) if z € RV \ O; then u. is a solution of

Aucp — Veuep + f(uep) =0 in B(0,b/e), u.p, =0 on 9B(0,b/e).

on B(0,b/¢)\ B(0,Ro/e).

Then, as in Case 1 and Case 2, we get a solution u. of original problem (2.16)
satisfying the required decay estimate for u.. O

3. Proof of Theorem 1.2: nonexistence. To the contrary, suppose that there
exists a positive supersolution u of (1.5). For N > 2, let @ be the spherical average

of u,
1

a(r) = —— u
|8Br| OB,
where B, = {z € R¥| |z| < r} and do is the standard volume element on 9B,

Then, we see from Jensen’s inequality that for large r > 0,
d*u  N-—1ldu
— 4+ ———-W(ra+a’ <0
dr? rdr (ra+a* <0,
where W (r) = max,—, W(z). For N = 1, we use & = u, and r = £z € R for
r € R* respectively. Setting w(t) = r™a(r),m = 2/(p — 1) and t = logr, we see
that for ¢ large, w satisfies

w” + aw’ 4 (b — W (r)r*)w + w? <0, (3.1)

where a = N —2—2m and b = m(m— N +2). Note that a < 0 for (N—2)p < N+2,
and b >0 for (N —2)p < N.

(z) do,

Case 1. b > 0 and Wr2 < b in a neighborhood of co.
We consider two exclusive cases. The first is that w’(T) < 0 for some T large.
The other case is that w is non-decreasing near oo.
Now, we assume the first case.
Let B(r) = b — Wr2. Then, we have B + wP~! > 0 near co. Then, integrating
(3.1) over [T,t] for T large, we have
t
w' (t) < ey (T) — e / (B4 wP™ Hwe® ds < e~ T/ (T),
T
which implies that w cannot remain positive as ¢ — oo because a < 0. On the
other hand, if w is non-decreasing and bounded near oo, then there exists ws, > 0
such that w(t) - ws as t — oco. Then, there exists a sequence {t;} entailing
lim;_,, t; = oo such that w'(¢;),w”(t;) — 0 as j — oo, which implies

0 < w?, < limsup (B(exp(tj)) + w(tj)pfl)w(tj) <0,

Jj—o0
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a contradiction. The remaining possibility is that w is non-decreasing and unbound-
ed near co. Setting X () = e3*w(t), we have

X"+ D)X <0, (3.2)
where

D(t) = Blexp(t)) — % +wP™t = oo

as t — oo. Multiplying both sides of (3.2) by sint and integrating by parts over
[2k7, (2k + 1)7] with integer k > 0, we obtain

(2k+1)m
/ (D — )X sintdt < — X (2kr) — X((2k + 1)7) < 0
2k

which leads to a contradiction since D > 1 on [2kn, (2k+1)x] for k > 0 is sufficiently
large.

Case 2. b=0, i.e., N = (N — 2)p, and for some ¢ > 0,

(N-2)2 N(N-2) )

W (z)|z[*1 < B
(z)]z[" log || < 2 4log |z| log(log |z)

in a neighborhood of cc.
We introduce a comparison function ¢(r) := r2~¥(log r)’¥(1og(log )8 for
0<p< ﬁ. Then, we see that ¢ satisfies
(log(log )"
as r tends to oo. Hence, Ap(r) — W(r)p(r) > 0 for r sufficiently large. Since

Au — Wu <0, it follows from comparison principle that for some C, ¢ > 0, u(z) >
Co(r) for r = |z| > c. Therefore, we see that for large r > 0,

o'+ R W =[5~ BN ~2) +o(1)]

_ - 2
B+wP™! = —Wr?+r?uv-—2
5

- 1
> (Cﬁ (log(log 1)) Ny log r) ]
0

>0

Then, by the preceding argument to the first case, we see that w is nondecreasing
near co. We also note that for large r > 0,

1 = 9 r2_ 1 1
B4+wt™ = —-Wr —|—51’LN—2 —|—§wp_
1 - 1 1
> (50N2—2 (log(log ) ¥2 — 7?2 logr> Togr + iw”_l
1

> —wPl

=z 211)
Considering the case of either lim; o, w(t) < 0o or lim;_, o w(t) = oo, we arrive at
a contradiction by the same arguments in Case 1. This completes the proof. O
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