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Abstract: An analytic means to evaluate the error sensitivity of a
personal audio system is proposed. The personal audio system,
which focuses acoustic energy into a zone of interest using multiple
loudspeakers, is subject to various errors when implemented. The
performance of a personal audio system, defined as an energy ratio
between the zone of interest and the rest, is inevitably influenced by
errors. Thus the ability to predict performance change at the design stage
is crucial when building a robust personal audio system. The dependence
of the energy ratio change on various types of errors is formulated.
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1. Introduction

Personal audio systems1,2 are used to produce private or isolated sound zone without
disturbing other listeners. To achieve this goal, a personal audio system utilizes an array
of loudspeakers and controls the radiation of sound from each loudspeaker such that
the distribution of acoustic potential energy is concentrated over a selected zone through
the constructive and destructive interferences of sound waves. Therefore the function
that describes sound radiation from each loudspeaker, often denoted as the transfer
function, plays a crucial role in determining the control signals of loudspeakers. In prac-
tice, transfer functions of loudspeakers are either modeled or measured; hence, modeling
or measurement errors always exist. When a personal audio system is driven by control
signals that are calculated from the modeled transfer function, performance change can
occur due to the discrepancy between the modeled and actual transfer functions.

The performance degradation3 has been investigated in case of the distortion
of the calculated control signals due to the randomly distributed transfer function
errors. A number of robust control methods4 have been proposed to reduce the per-
formance degradation due to the transfer function error. Although these studies can
inform the nature of the system and improve the robustness of a system against the ar-
bitrary or random error distribution, the fundamental behavior of a system subjected
to the specific type of error has not been addressed well. For example, there can be
various sources of errors, such as the loudspeaker position mismatch, the measurement
microphone mismatch, or even the gain and phase of each loudspeaker can be differ-
ent. In this regard, the performance sensitivity of a personal audio system to various
types of errors is investigated.

The performance of a personal audio system can be represented by the ratio
of acoustic energies from two different zones. It is noteworthy that there are always
two different types of zones involved with the concept of the personal audio; one is the
bright zone in which a louder sound is desirable than in the surrounding area. The
other zone is the dark (quiet) zone in which the sound pressure level needs to be
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minimized. For instance, Choi and Kim5 proposed the use of the acoustic energy ratio
of bright and dark zones, which is termed as acoustic contrast, as a measure of per-
formance and as an objective function. In view of all these, the sensitivity of the acous-
tic contrast against the error can be a useful indicator of system’s robustness.

The measured transfer functions include both the electro-acoustic response of
the transducers and the characteristics of acoustic wave propagation between the loud-
speaker and microphone positions. For instance, the acoustic propagation responses
between loudspeakers and microphones may vary if there is the physical presence/
movement of a listener or the change of the reflection boundary. The effect of such
variations in acoustic responses, however, depends on the characteristics of the scat-
terer or the reflection boundary such that it should be studied for case by case. Thus
two different types of errors have been considered here: The magnitude and phase
error due to the electro-acoustic response mismatch and the errors that arise due to the
position mismatch. Those mismatches in transducers may be important issues when
there are model mismatches between the actual product and experimental prototype or
manufacturing variances. Herein, the sensitivities of acoustic contrast in response to
the errors that arise from electro-acoustic and position mismatches are formulated,
respectively. An exemplary analysis, which uses a linear array of loudspeakers, explains
which parameter has to be precisely controlled and which can be regarded as less im-
portant, in the design of a personal audio system.

2. Problem definition

2.1 Sound field controlled by multiple loudspeakers

Consider a personal audio system consisting of L loudspeakers and driven by a single
frequency x. Control signals qðlÞ(l ¼ 1; 2;…;L,: Number of loudspeakers) are fed into

each loudspeaker located at a position r*
ðlÞ
s . Microphones located at r*

ðnÞ
m (n ¼ 1;…;N,

N: Number of measurement points) measure the generated sound pressure pðr*ðnÞm Þ. The
pressure field that is generated by the control signals and measured at various micro-
phone positions can be expressed as

p ¼ Hq; (1)

where p ¼ ½ pðr*ð1Þm Þ pðr*ðNÞm Þ �
T , ½H�n;l ¼ hðr*ðnÞm jr

*ðlÞ
s Þ, and q ¼ ½ qð1Þ � � � qðLÞ �T . Here

hðr*ðnÞm jr
*ðlÞ

s Þ is a transfer function between the lth loudspeaker and the nth microphone.

2.2 Pressure perturbation due to the transfer function errors

When the measured (or modeled) transfer function differs from the actual transfer func-
tion of the real loudspeaker, the difference between the two can be considered as the trans-
fer function error. In general, a transfer function that includes errors can be expressed as

~H ¼ Hþ dH; (2)

where dH is a matrix representing the transfer function error [½dH�n;l ¼ dhðr*ðnÞm jr
*ðlÞ

s Þ],
and ~H denotes the transfer function matrix with errors. The pressure perturbation dp
that arises from the transfer function errors then can be expressed as follows:

dp ¼ dHq: (3)

The mathematical expression of dp depends on the source of errors.

2.2.1 Electro-acoustic mismatch

In the case of electro-acoustic mismatch, the transfer function errors incur as the magni-
tude or phase variation of frequency response, which can be formulated6 as
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~hðr*ðnÞm jr
*ðlÞ

s Þ ¼ ð1þ aðlÞs Þej/ðlÞs ð1þ aðnÞm Þej/ðnÞm hðr*ðnÞm jr
*ðlÞ

s Þ; (4)

where aðlÞs and /ðlÞs are the magnitude and phase errors of a transfer function for the
lth loudspeaker, and aðnÞm and /ðnÞm denote the errors for the nth microphone, respec-
tively. The errors are all real valued variables (aðlÞs and aðnÞm � �1). Assuming small
magnitude and phase errors, such that ð1þ aÞej/ � 1þ aþ j/, the perturbed transfer
function can be approximated as

~hðr*ðnÞm jr
*ðlÞ

s Þ � hðr*ðnÞm jr
*ðlÞ

s Þ þ ½ðaðlÞs þ j/ðlÞs Þ þ ðaðnÞm þ j/ðnÞm Þ�hðr
*ðnÞ

m jr
*ðlÞ

s Þ: (5)

Equation (5) yields the transfer function error in matrix form as

dH ¼ HEs þ EmH; (6)

where the errors in loudspeakers and microphones are expressed by diagonal matrices:
Es¼diag½ðað1Þs þ j/ð1Þs Þ;…;ðaðLÞs þ j/ðLÞs Þ� and Em ¼ diag½ðað1Þm þ j/ð1Þm Þ;…; ðaðNÞm þ j/ðNÞm Þ�.
With magnitude and phase errors only in the lth loudspeaker, the error matrix Es can
be written by Es ¼ diag½dl �ðaðlÞs þ j/ðlÞs Þ, where dl denotes the Kronecker delta vector
the sole nonzero element of which equals 1 in the lth entry. Then the pressure pertur-
bation dp can be expressed as

dp ¼ HEsq ¼ hðlÞðaðlÞs þ j/ðlÞs ÞqðlÞ ¼ ða
ðlÞ
s þ j/ðlÞs ÞpðlÞ; (7)

where hðlÞ represents the lth column of H, and pðlÞ ¼ hðlÞqðlÞ denotes the pressure field
of the lth loudspeaker. It is noteworthy that the pressure perturbation due to the
electro-acoustic mismatch of a loudspeaker is proportional to the loudspeaker’s trans-
fer function, hðlÞ. When the electro-acoustic mismatch exists only in the nth micro-
phone such that Em ¼ ðaðnÞm þ j/ðnÞm Þdiag½dn�, the pressure perturbation is expressed as

dp ¼ EmHq ¼ Emp ¼ ðaðnÞm þ j/ðnÞm Þpð~r
ðnÞ
m Þdn: (8)

2.2.2 Position mismatch

When there are position mismatches at r*
ðlÞ
s and r*

ðnÞ
m with dr*

ðlÞ
s and dr*

ðnÞ
m , respectively,

the transfer function can be expressed as

~hðr*ðnÞm jr
*ðlÞ

s Þ ¼ hðr*ðnÞm þ dr*
ðnÞ
m jr

*ðlÞ
s þ dr*

ðlÞ
s Þ: (9)

If it is assumed that jdr*
ðnÞ
m j and jdr*

ðlÞ
s j are small compared to the wavelength,

Eq. (9) can be approximated6 as

~hðr*ðnÞm jr
*ðlÞ

s Þ � hðr*ðnÞm jr
*ðlÞ

s Þ þ rshðr*
ðnÞ
m jr

*ðlÞ
s Þ � dr*

ðlÞ
s þrmhðr*ðnÞm jr

*ðlÞ
s Þ � dr*

ðnÞ
m ; (10)

where rs and rm are gradient operators with respect to the source position r*s and
the microphone position r*m. The transfer function’s error of Eq. (10) can be written in
matrix form as

dH ¼ rsH � T
*

s þ T
*

m � rmH; (11)

where T
*

s ¼ diag½dr*
ð1Þ
s ;…; dr*

ðLÞ
s � and T

*

m ¼ diag½dr*
ð1Þ
m ;…; dr*

ðNÞ
m � denote the translations of

the loudspeakers and the microphones, respectively. If the position mismatch is present only

at the lth loudspeaker (T
*

s ¼ dr*
ðlÞ
s diag½dl�), the pressure perturbations can be expressed as

dp ¼ rs pðlÞ � dr*
ðlÞ
s : (12)

From Euler’s equation, the gradient of a pressure field rp is related to the velocity
field u* by rp ¼ jq0x u*, where q0 is the medium’s density. Because the gradient is
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usually evaluated with respect to the observer’s position, the reciprocal velocity field u*
ðlÞ
s ,

generated by the lth loudspeaker, can be defined (rspðlÞ ¼ jq0x u*
ðlÞ
s ). Hence, we have

dp ¼ jq0xu*
ðlÞ
s � dr*

ðlÞ
s : (13)

On the other hand, if position mismatch is present only at the nth microphone,
the pressure perturbation is written as

dp ¼ ½dr*
ðnÞ
m � rm pðr*ðnÞm Þ� dn ¼ jxq0½dr*

ðnÞ
m � u

*ðr*ðnÞm Þ� dn; (14)

where rm pðr*ðnÞm Þ ¼ jxq0u*ðr*ðnÞm Þ from Euler’s equation.

2.3 Perturbation of acoustic contrast due to pressure perturbation

The acoustic contrast6 is defined as the space-averaged acoustic energy ratio between
the bright and dark zones. That is,

b ¼ ðpH
b pb=NbÞ=ðpH

d pd=NdÞ; (15)

where the subscripts “b” and “d” in Eq. (15), respectively, denote the bright zone (Vb)
and the dark zone (Vd ). From the first order approximation of dp, the relative contrast
perturbation can be expressed as

db=b � 2ðRe½ðpH
b =jjpbjjÞðdpb=jjpbjjÞ� �Re½ðpH

d =jjpd jjÞðdpd=jjpd jjÞ�Þ: (16)

The operator Re½ � denotes the real part of a variable. The term inside of ½ � in Eq.
(16) represents the relative energy perturbation in a zone. Therefore the acoustic con-
trast perturbation is determined by the difference of energy perturbations in the bright
and dark zones, each of which is given by the real part of the inner product of two
vectors dp=jjpjj and p=jjpjj.
3. Acoustic contrast sensitivity with respect to transfer function errors

3.1 Electro-acoustic mismatch of a loudspeaker

The contrast perturbation can be formulated in terms of the acoustic contrast sensitiv-
ity by substituting Eq. (7) into Eq. (16). Specifically,

db=b ¼ K ðlÞs;magaðlÞs þ K ðlÞs;phs/
ðlÞ
s ; (17)

K ðlÞs;mag ¼ 2ðRe½ðpH
b =jjpbjjÞðp

ðlÞ
b =jjpbjjÞ� �Re½ðpH

d =jjpd jjÞðp
ðlÞ
d =jjpd jjÞ�Þ; (18)

K ðlÞs;phs ¼ ð�2ÞðIm½ðpH
b =jjpbjjÞðp

ðlÞ
b =jjpbjjÞ� � Im½ðpH

d =jjpd jjÞðp
ðlÞ
d =jjpd jjÞ�Þ; (19)

where K ðlÞs;mag and K ðlÞs;phs represent contrast sensitivities due to the magnitude and phase
errors in the lth loudspeaker, respectively. The contrast sensitivity depends on the inner
product of the total pressure p and the pressure of the lth loudspeaker pðlÞ. Therefore
in general, the loudspeaker that contributes more to the total pressure field has greater
contrast sensitivity. However, the final contrast sensitivity is determined by the real
part of the inner product for the magnitude mismatch, and the imaginary part for the
phase mismatch.

3.2 Electro-acoustic mismatch of a microphone

In the case of electro-acoustic mismatch of nth microphone, unlike the case of the
loudspeakers, the pressure perturbation only occurs at the position of the nth micro-
phone. From Eqs. (8) and (16), the contrast sensitivity can be described as

K ðnÞm;mag ¼
2jpðr*ðnÞm Þj

2=jjpbjj
2 ðr*ðnÞm 2 VbÞ

�2jpðr*ðnÞm Þj
2=jjpd jj

2 ðr*ðnÞm 2 VdÞ;

8<
: (20)
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K ðnÞm;phs ¼ 0; (21)

where K ðnÞm;mag and K ðnÞm;phs are the contrast sensitivities for magnitude and phase errors at
the nth microphone, respectively. From Eq. (20), it can be seen that the contrast sensi-
tivity to the magnitude error is given by the ratio between the energy measured by the
nth microphone and the total sound energy in a zone. Consequently, the microphone
located at the position with higher pressure level is more sensitive to the magnitude
error than other microphones. An additional interesting aspect of the microphone
phase error is that the contrast sensitivity is always zero [Eq. (21)] because the meas-
ured pressure is squared during the energy calculation. Therefore it can be concluded
that as far as the acoustic contrast is concerned, the phase calibration is unnecessary.

3.3 Position mismatch of a loudspeaker or microphone

When there is a mismatch only at the lth loudspeaker position, from Eqs. (13) and
(16), the contrast perturbation can be calculated as

db
�
b ¼ K

* ðlÞ
s;pos � dr*

ðlÞ
s ; (22)

K
* ðlÞ

s;pos ¼ �2xq0ðIm½ðpH
b =jjpbjjÞðu

*ðlÞ
sb =jjpbjjÞ� � Im½ðpH

d =jjpd jjÞðu
*ðlÞ

sd =jjpd jjÞ�Þ; (23)

where K
* ðlÞ

s;pos is the contrast sensitivity vector due to the lth loudspeaker’s position mis-
match. The contrast sensitivity vector for loudspeaker’s position mismatch depends
on the inner product7 between the total pressure field p and velocity field of the lth loud-

speaker u*
ðlÞ
s and the imaginary part given by Eq. (23) is proportional to the reactive in-

tensity generated by the total pressure field and the velocity field.
For the position mismatch of the nth microphone, the contrast sensitivity

vector K
* ðnÞ

m;pos can be derived by substituting Eq. (14) into Eq. (16). Specifically,

K
* ðnÞ

m;pos ¼
2xq0Im½pðr*ðnÞm Þu

*ðr*ðnÞm Þ
�=jjpbjj

2� ðr*ðnÞm 2 VbÞ
�2xq0Im½pðr*ðnÞm Þu

*ðr*ðnÞm Þ
�=jjpd jj

2� ðr*ðnÞm 2 VdÞ:

(
(24)

The contrast sensitivity for the microphone position mismatch can be eval-
uated from the reactive intensity at the microphone location. This implies that the con-
trast sensitivities for both the loudspeaker and microphone position mismatches can be
expressed in terms of the reactive intensity.

4. Analysis of acoustic contrast sensitivity

4.1 Exemplary design of a personal audio system

We now evaluate the contrast sensitivity of a personal audio system and demonstrate
how this method of analysis can be used practically. As an example of the personal
audio system, a linear array with nine equally spaced loudspeakers the aperture size Ls
of which is 0.34 m is considered2 [see Fig. 1(a)]. The bright and dark zones are sampled
with equal spacing (Dm¼ 0.02 m) in x and y direction by 1000 (¼ðBtDt � BDÞ=D2

m)
microphones. For this simulation, under the free field (or anechoic) condition, the
loudspeakers are considered to be monopole sources the control signals of which are
determined by the acoustic contrast maximization.5 The pressure field at 3 kHz, gener-
ated by the system, is depicted in Fig. 1(b).

4.2 Contrast sensitivity map with respect to transfer function errors

Figures 2 and 3 depict the contrast sensitivities with respect to the electro-acoustic/position
mismatches of microphones/loudspeakers, which are termed the contrast sensitivity map.

Park et al.: JASA Express Letters [http://dx.doi.org/10.1121/1.4809778] Published Online 14 June 2013

EL116 J. Acoust. Soc. Am. 134 (1), July 2013 Park et al.: Acoustic contrast sensitivity to errors

Downloaded 23 Sep 2013 to 143.248.118.122. Redistribution subject to ASA license or copyright; see http://asadl.org/terms



The contrast sensitivity map reveals which loudspeaker or microphone is sensitive to the
errors when the personal audio system is driven by the pre-determined control signals.

In Fig. 2, it can be observed that the microphone with higher pressure level
[see Fig. 1(b)] is more sensitive (either in positive or negative direction) than the others.
Therefore both in the bright and dark zones, the magnitude calibration of a microphone
in the high amplitude region should be performed more carefully. The contrast sensitiv-
ity against the phase error of a microphone is always zero, and hence is not shown.

Meanwhile, the contrast sensitivity of the loudspeakers attains the value of zero for
all loudspeakers (not shown). Zero contrast sensitivity is the peculiar feature of the personal
audio system controlled by the acoustic contrast maximization, i.e., the contrast sensitivity
may not be zero when loudspeakers are controlled by other control schemes. The acoustic
contrast maximization chooses the stationary point of the acoustic contrast (@b=@q ¼ 0) as
the optimal solution satisfying the relation ðHH

b Hb=NbÞq ¼ bðHH
d Hd=NdÞq,5 which draws

the zero contrast sensitivity. However, this does not mean that the acoustic contrast does not
change irrespective of the loudspeakers’ error. If the small error assumption of Eqs. (5) and
(10) is not valid, the second-order terms of the contrast perturbation cannot be neglected;
db=b ¼ ðjjpðlÞb jj

2=jjpbjj
2 � jjpðlÞd jj

2= jjpd jj
2ÞfðaðlÞs Þ2 þ ð/ðlÞs Þ

2g.
The distribution of contrast sensitivity vectors is marked with arrows in Fig. 3.

The direction of each arrow indicates the direction that is most sensitive to the micro-
phone/loudspeaker position mismatch, and the length of the arrow reflects the modulus of

Fig. 1. (a) Configuration of a personal audio system; the bright zone (Vb) is the region that includes the assumed
user location, and the dark zone (Vd ) is configured near the bright zone (Bt ¼ 0:8 m, B ¼ 0:4 m, Dt ¼ 0:6 m,
D ¼ 0:2 m, and Dm ¼ 0:02 m); nine monopoles are assumed as control loudspeakers (Ls ¼ 0:32 m, Ds ¼ 0:04 m).
(b) Pressure field (magnitude) generated by the contrast maximization [normalized by the pressure at
ðx; yÞ ¼ ð0 m; 0:4 mÞ].

Fig. 2. Contrast sensitivity map (frequency at 3 kHz) with respect to the electro-acoustic mismatch of a micro-
phones (K ðnÞm;mag). The positive/negative sign of sensitivity represents the increase/decrease of the contrast, and for
each case, the sensitivities are normalized by the overall maximal sensitivity (jK ðnÞm;magjmax ¼ 6:3� 10�6).

Park et al.: JASA Express Letters [http://dx.doi.org/10.1121/1.4809778] Published Online 14 June 2013

J. Acoust. Soc. Am. 134 (1), July 2013 Park et al.: Acoustic contrast sensitivity to errors EL117

Downloaded 23 Sep 2013 to 143.248.118.122. Redistribution subject to ASA license or copyright; see http://asadl.org/terms



contrast sensitivity vector. The resultant contrast perturbation is determined by the inner

product of the contrast sensitivity vector and the position mismatch vector (dr*
ðlÞ
s or dr*

ðnÞ
m ).

5. Conclusions

The change in the performance of a personal audio system is investigated for various
transfer function errors. To this end, the sensitivity of acoustic contrast is defined and
mathematically expressed in terms of the degree of pressure perturbation with an assump-
tion that the error or perturbation in the transfer function is so small that its higher order
terms can be neglected. The contrast sensitivity is examined for the electro-acoustic mis-
match of microphones and loudspeakers, as well as for their position mismatches.

To visualize the distribution of contrast sensitivity for various types of errors, a
contrast sensitivity map is introduced, and the results for an exemplary case of a line array
of loudspeakers are explained. It is demonstrated that the analysis on the acoustic contrast
sensitivity can be a useful guide in the realization of a robust personal audio system.
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