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ABSTRACT

In this paper, a low complexity subcarrier allocation scheme is
proposed for multiuser MIMO-multiuser OFDM systems with
zero-forcing beamforming (ZFBF) to minimize the total trans-
mit power satisfying given target data rates of users. The ZFBF
for multiuser MIMO makes multiple spatial channels by re-
moving multiuser interference and the subcarrier allocation can
be performed over spatial and frequency domain. Since the
optimal method has very high computational complexity, the
semi-orthogonal user selection(SUS) is employed to reduce the
computational complexity. In numerical results, we show that
the total transmit power satisfying the data rates of users is lin-
early decreased with the number of transmit antennas.

I. INTRODUCTION

Recently, there has been interest in the multi-antenna down-
link communication channel. When there is a multi-input
and multi-output (MIMO) system with the base station trans-
mitter with M antennas and K mobile receivers with sin-
gle antenna, the sum capacity can be linearly increased with
min(M,K). In multiuser MIMO systems, it should be serve
multiple users simultaneously and then the severe interference
problem is occurred. Dirty paper coding (DPC)[1] method
is the optimal method to remove the interference signal and
achieves the sum capacity, but this method requires high com-
putational complexity and it is difficult to implement. In [3],
for a large number of users, it is showed that the zero-forcing
beamformer(ZFBF) based on semi-orthogonal user selection
achieves the asymptotic sum rate as DPC.

In a multiuser OFDM system, the several resource allocation
method were proposed in [4]-[7] to minimize the total required
transmit power given QoS or to maximize the total through-
put given total transmit power by utilizing the multiuser diver-
sity in frequency domain. Since the optimal method requires
high computational complexity, several suboptimal methods
are proposed[5, 6]. In the suboptimal methods, the subcarrier
allocation and bit allocation is separately performed. In [7],
the resource allocation method was extended to MIMO-OFDM
systems based on singular value decomposition (SVD). Int this
method, the information symbol is transmitted via the maxi-
mum singular mode by configuring the antenna weights using
the maximum singular vector.

∗This research was supported by the MIC(Ministry of Information and
Communication), Korea, under the ITRC(Information Technology Research
Center) support program supervised by the IITA(Institute of Information Tech-
nology Advancement) (IITA-2006-(C1090-0603-0003))

In a multiuser MIMO-OFDM systems with ZFBF, ZFBF at
transmitter removes the multiuser interference among the si-
multaneously transmitted users and then multiple spatial chan-
nels are constructed. Since subcarrier and bit allocation can be
performed over frequency and spatial domain and spatial chan-
nels are generated for each subcarrier as many as the number of
transmit antennas, the total transmit power satisfying given tar-
get data rates of users can be linearly decreased with the num-
ber of transmit antennas. Since the effective channel gain gen-
erated by ZFBF is dependent on the user subset assigned to a
subcarrier [3] and the subcarrier allocation is performed based
on the effective channel gain, the optimal subcarrier and bit al-
location method is even more complex than the conventional
subcarrier and bit allocation method. To reduce the complexity
of the subcarrier allocation, the subcarrier allocation method
based on semi-orthogonal user selection (SUS) is proposed.

The rest of this paper is organized as follows. In section II,
the transmitter and receiver structure for a multiuser MIMO-
OFDM system is described. In section III, the optimization
problem is formulated and a low complexity subcarrier and bit
allocation method is proposed. Section IV shows the perfor-
mance of the proposed scheme. Finally, the paper is concluded
in section V.

II. SYSTEM MODEL

A. Channel Model and Transmitter Structure

We consider a downlink multiuser MIMO-OFDM system with
K users equipped with single receive antenna and a base station
transmitter with M antennas. The frequency band is divided
into N subcarriers. It is considered that channel matrix is not
varied during the the coherence interval of T . The received
signal of the user k on subcarrier n is represented as

yk,n = hk,nxn + zk,n (1)

where hk,n is 1 × M channel gain vector of user k and the
entries of hk,n are identically independent distributed with zero
mean and unit variance, xn is M×1 transmitted symbol vector
and zk,n is complex Gaussian noise with zero mean and unit
variance of user k.

Let Sn ⊂ {1, ...,K} be a subset of user indexes at subcarrier
n and |Sn| ≤ M where |S|t represents the number of elements
of set S. The information symbol sk,n is multiplied by the kth
beamforming vector wk,n as follows

xn =
∑

k∈Sn

√
Pk,nwk,nsk,n (2)
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Then the received signal (1) becomes

yk,n =
∑

k∈Sn

√
Pk,nhk,nwk,nsk,n + zk,n (3)

In ZFBF[3], the beamforming vector is selected to satisfy the
zero-interference condition hk,nwj,n = 0 for j �= k. De-
note Hn(Sn) and Wn(Sn) be the corresponding submatrices
of Hn = [hT

1,n, ...,hT
K,n]T ,Wn = [w1,n, ...,wK,n], respec-

tively.
The beamforming matrix Wn(Sn) satisfying zero-interference
condition can be simply implemented using pseudo inverse of
H(Sn) as follows

Wn(Sn) = Hn(Sn)† = Hn(Sn)∗(Hn(Sn)Hn(Sn)∗)−1

(4)

Then, the total transmit power for subcarrier n is

PT,n =
∑

k∈Sn

Pk,n||wk,n||2

= Pn(Sn)Wn(Sn)∗Wn(Sn)

= Pn(Sn)(Hn(Sn)Hn(Sn)∗)−1

=
∑

k∈Sn

Pk,n

γk,n
(5)

where

γk,n =
1

[(Hn(Sn)Hn(Sn)∗)−1]k,k
, k ∈ Sn (6)

and Pn(Sn) be the corresponding submatrix of |Sn| × |Sn|
diagonal matrix

Pn(Sn) =




P1,n 0
. . .

0 PK,n


 (7)

In equation (6), [A]k,k represents the kth diagonal element of
A and γk,n can be interpreted as the effective channel gain at
subcarrier n for user k ∈ Sn.

B. Problem Formulation

In multiuser MIMO-OFDM systems described in the previous
section, the total transmit power for all subcarrier is

Ptot =
N∑

n=1

PT,n =
N∑

n=1

∑
k∈Sn

Pk,n

γk,n
(8)

Denote fk(c) be the required transmit power to transmit c bits
satisfying target bit error rate(BER) when channel gain is unity.
For example, in the case of Quadrature Amplitude Modulation,
fk(c) can be represented as

fk(c) =
N0

3
[
Q−1 (Pe)

]2
(2c − 1) (9)

where Pe denotes the target BER, N0/2 denotes the variance
of the Additive White Gaussian Noise(AWGN) and Q(x) is the

Q-function [4]. Since [H(Sn)W(Sn)]k,k = 1 ∀ k ∈ Sn, n,
Pk,n = fk(ck,n). Since the ZFBF can make M spatial layer,
maximum M users can be allocated by ZFBF for each subcar-
rier and only one user is assigned to each layer of a subcarrier.
Denote ρk,n,i a subcarrier indicator of user k of subcarrier n at
layer i(1 ≤ i ≤ M), i.e. ρk,n,i = 1 if ck,n,i �= 0, ρk,n,i = 0 if
ck,n,i = 0.

K∑
k=1

ρk,n,i = 1, i = 1, ...,M, n = 1, ..., N (10)

K∑
k=1

M∑
i=1

ρk,n,i = M, n = 1, ..., N (11)

The first subcarrier constraint (10) means only one user can be
assigned to a layer of a subcarrier, the second constraint (11)
represents M users can be assigned to a subcarrier, which is
the spatial domain constraint obtained by ZFBF. Let the target
rate of user k be Rk and then

N∑
n=1

M∑
i=1

ck,n,iρk,n,i = Rk, k = 1, ...,K (12)

The optimization problem can be formulated in the sense of the
total transmit power satisfying (10),(11) and (12) as follows.

min
ρk,n,i,ck,n,i

K∑
k=1

N∑
n=1

M∑
i=1

fk(ck,n,i)
γk,n

ρk,n,i

subject to (10), (11), (12)
(13)

Since the effective channel gain γk,n is dependent on Sn and
the subcarrier allocation process is performed based on γk,n,
then the subcarrier allocation process and effective channel
gain is mutually dependent. This fact makes the optimization
problem more complicated. The optimal user group selection
requires an exhaustive search over the entire user set. Since the
size of search space becomes

(
K
M

)
for each subcarrier, the to-

tal size of search space becomes
(

K
M

)N
and the computational

complexity is exponentially increased with the number of sub-
carriers. Therefore, a low complexity subcarrier allocation al-
gorithm is required and the proposed suboptimal subcarrier al-
location is described in the next section.

III. SUBCARRIER AND BIT ALLOCATION

The optimization problem described in the previous section is
computationally intractable. In this section, the low complex
subcarrier and bit allocation method considering rate require-
ment and spatial channel characteristics of users is proposed.
The optimization problem (13) is separated into three stages.
In the first stage, the number of required subcarriers for each
user is roughly determined based on target rate and the average
channel gain of each user, which is similar to the the method
proposed in [5, 6]. In the second stage, a user subset is assigned
to each subcarrier to satisfy the required number of subcrriers
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obtained in the first stage and the other subcarrier constraints
(10),(11). In the third stage, bit allocation for assigned subcar-
riers to each user is performed.

A. Resource Allocation Algorithm

In the wireless channel, as the average channel gain of a user is
lower, the required transmit power satisfying QoS is increased
or vice versa. Similarly, as shown in the optimal method[4, 6],
more subcarriers are assigned to the user with lower average
channel gain to satisfy the rate constraint of the user. Using
this properties, we assume the followings.
Assumption 1: each user k experiences of the identical channel
gain for each subcarrier γk = 1

N

∑N
n=1 ||hk,n||2

Assumption 2: For assigned subcarriers for each user, the same
number of bits ck is assigned, i.e. ck,n,i = ck if ρk,n,i = 1
for n = 1, ..., N, i = 1, ...,M . This assumption is followed
by the observation of the results in the optimal solution[4, 6].
Let the number of subcarrier assigned to user k be nk =∑M

i=1

∑N
n=1 ρk,n,i. In subcarrier constraint (11),

K∑
k=1

N∑
n=1

M∑
i=1

ρk,n,i =
K∑

k=1

nk = MN (14)

In assumption 2, since ck,n,i = ck if ρk,n,i = 1, the rate con-
straint (12) is modified as

M∑
i=1

N∑
n=1

ck,iρk,n,i = cknk = Rk (15)

Then the original problem (13) is modified as the problem to
find nk, k = 1, ...,K.

min
nk

K∑
k=1

fk

(
Rk

nk

)
nk

γk

subject to
K∑

k=1

nk = MN (16)

To find the solution of the above problem, the
BABS(bandwidth assignment based on SNR) algorithm[5]
similar to greedy descent algorithm can be applied as follows.

Initialize : nk = 1, k = 1, ...,K

while

K∑
k=1

nk < MN, do

Vk ← fk

(
Rk

nk + 1

)
nk + 1

γk
− fk

(
Rk

nk

)
nk

γk
, k = 1, ...,K

l ← arg min
1≤k≤K

Vk

nl ← nl + 1
end while

In [5,Appendix 1], it is shown that this algorithm converges
to the optimal solution of the problem (16).

B. Subcarrier Assignment Algorithm

Once the number of subcarriers to each user is determined, the
next step is to assign the specific subcarriers to each user. The
original problem (13) is modified as the problem to find ρk,n,i.

min
ρk,n,i

M∑
i=1

N∑
n=1

K∑
k=1

fk

(
Rk

nk

)
ρk,n,i

γk,n
(17)

subject to

K∑
k=1

ρk,n,i = 1, i = 1, ...,M, n = 1, ..., N (18)

M∑
i=1

N∑
n=1

ρk,n,i = nk, k = 1, ...,K (19)

M∑
i=1

K∑
k=1

ρk,n,i = M, n = 1, ..., N (20)

In the above problem, the subcarrier constraint (19) is for
frequency domain while the subcarrier constraint (20) is for
spatial domain. In the conventional subcarrier allocation
methods [4]-[6], the subcarriers are assigned to the users with
largest channel gains to maximize total throughput or minimize
total transmit power. In multiuser MIMO-OFDM with ZFBF,
since the channel gain is dependent on the orthogonality of
channels the users assigned to a subcarrier, it is efficient to
minimize transmit power to assign a user with the channel
which is largest magnitude and lowest correlation with the
other already assigned users in the subcarrier. Considering this
property, the subcarrier allocation algorithm is as follows.

Step 1) Initialization:

Tn = {1, ...,K}, n = 1, ...N,

Ui = {1, ..., N}
S0

n = φ

i = 1, ρk,n,i = 0 ∀ k, n (21)

Step 2) For each user k ∈ Tn for n = 1, ..., N , calcu-
late gk,n,i, the component of hk,n orthogonal to the subspace
spanned by {g(1),n, ...,g(i−1),n}

gk,n,i = hk,n


I −

i−1∑
j=1

g∗
(j),ng(j),n

||g(j),n||2


 (22)

When i = 1, this implies gk,n,i = hk,n.

Step 3) Let the cost rk,n,i the unit required transmit power
when the channel gain is ||gk,n,i|| as follows.

rk,n,i = fk

(
Rk

nk

)
1

||gk,n,i||2 (23)
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For the ith layer, subcarriers are allocated to users. Repeat the
following operations until Ui = φ.

k̂ = arg min
k∈Tn

rk,n,i, n = 1, ..., N (24)

n̂ = arg min
n∈Ui

rk̂,n,i (25)

g(i),n̂ = gk̂,n̂,i,h(i),n̂ = hk̂,n̂ (26)

ρk̂,n̂,i = 1, S0
n̂ = S0

n̂ ∪ {k̂} (27)

Ui = Ui − {n̂}, nk̂ = nk̂ − 1 (28)

Tn̂ = Tn̂ − {k̂} (29)

if nk̂ = 0, then Tn = Tn − {k̂}, ∀ n (30)

Update rk,n,i ∀ k ∈ Tn (31)

If Ui = φ and i < M , then i ← i + 1 and go Step 2). If
i = M , the algorithm is finished.

In Step 1), Tn is user set of nth subcarrier and Ui is sub-
carrier set at the ith layer. In Step 2), gk,n,i is the orthogonal
component of hk,n spanned by {g(1),n, ...,g(i−1),n}. In Step

3), we select a user k̂ and a subcarrier n̂ with minimum transmit
power among users in Tn and subcarriers in Ui. Since a user
can be assigned to a subcarrier only once, the assigned user k̂
cannot be assigned to the other layers (eq. (29), which satisfies
the constraint (19). If the assigned user k̂ satisfy the required
number of subcarriers, the subcarriers are not assigned to the
k̂th user any more(eq.(30)), which satisfies the constraint (20).

As a result of the subcarrier assignment, the effective chan-
nel gain is obtained as follows.

γk,n = 1/[(Hn(S0
n)Hn(S0

n)∗)−1]k,k, k ∈ S0
n (32)

C. Bit Loading Algorithm

In this subsection, bits are assigned to subcarriers assigned to
each user satisfying the target data rates of each user. As a re-
sults of the subcarrier allocation in the previous section, the op-
timization problem can be simplified as the bit allocation prob-
lem as follows.

min
ck,n,i

M∑
i=1

∑
n∈Zk,i

fk(ck,n,i)
γk,n

s.t.
M∑
i=1

∑
n∈Zk,i

ck,n,i = Rk ∀k

(33)

where Zk,i be the set of indices of the subcarriers assigned to
the kth user at the ith layer, i.e. Zk,i = {n|ρk,n,i = 1}.

Bits are assigned to each user over frequency and spatial do-
main. As in the case of single user OFDM [4], the greedy al-
gorithm can be employed. Let the required additional trans-
mit power for additional one bit ∆Pk,n(c) = [fk(c + 1) −
fk(c)]/γk,n. In each iteration, bits are assigned to the user
with minimum required transmit power for one additional bit
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Figure 1: Comparison of optimal method and suboptimal
method
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Figure 2: Throughput vs. Number of Tx antennas when num-
ber of users is 10

as follows.

Initialize : ck,n,i = 0, n ∈ Zk,i ∀k, i

Evaluate Pk,n(0), n ∈ Zk, ∀k

For each k, Repeat the following Rk times

{n̂, î} = arg min
1≤i≤M

min
n∈Zk,i

∆Pk,n(ck,n,i)

ck,n̂,̂i = ck,n̂,̂i + 1

Update ∆Pk,n̂(ck,n̂,̂i)

IV. NUMERICAL RESULTS

We assume that the channel of each antenna of each user is
identically independent and experiences frequency selective
fading and the channel of each subcarrier experiences flat fad-
ing. Target BER is assumed to be 10−4 and target rate of each
user is identical. In Fig. 1, we compare the optimal method
and the suboptimal method for multiuser MIMO-OFDM sys-
tem. Due to computational complexity, we assume the number
of subcarriers is 32 and the sum of target bit rate of users is
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Figure 3: Throughput vs. β

200 bits/symbol, i.e.
∑K

k=1 Rk = 200. In Fig. 1, the total
transmit power of the suboptimal method is a little higher than
that of the optimal method while the computational complex-

ity O(
(

K
M

)N
) is considerably reduced to O(M2KN2). From

Fig.2 to Fig.4, the number of subcarrier is 128 and the sum
of target bit rate of users is 500 bits/symbol. Fig.2 shows that
the required transmit power when the number of transmit an-
tenna is varied. Fig.2 shows that the required total transmit
power is linearly decreased with the number of transmit an-
tennas. It represents zero-forcing beamforming and subcarrier
allocation based on semi-orthogonal user selection makes the
spatial channels as much as the number of transmit antennas.
In cellular environment, each user has different average chan-
nel gain due to pathloss. Denote β(in dB) the difference of
the maximum average channel gain and the minimum average
channel gain of users in a cell. Fig. 3 shows the required trans-
mit power is increased with β and the required transmit power
is decreased with the number of users since multiuser diversity
gain by subcarrier allocation is increased with the number of
users.
The proposed scheme is compared with the proposed scheme
to SVD-based MIMO-OFDM scheme[7]. Since in SVD-based
method, the base station(BS) transmitter selects only one user
with the maximum singular mode, it can utilize the selection di-
versity gain. Since The total required transmit power of the pro-
posed scheme is linearly decreased with the number of trans-
mit antennas, the proposed scheme outperforms the SVD-based
method. In Fig. 4, the total required transmit power of the pro-
posed scheme at M = 4 is similar to the the total required
transmit power of the SVD-based method at M = 2.

V. CONCLUSION

In this paper, the subcarrier and bit allocation method for
multiuser MIMO-multiuser OFDM systems with ZFBF. Since
ZFBF removes among the interference of the users in the same
subcarrier and the proposed subcarrier allocation method as-
signs user set into each subcarrier to minimize total trans-
mit power for given users rate constraint, the required trans-
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Figure 4: Comparison with SVD-based subcarrier allocation
method[7]

mit power satisfying target rates of users is linearly decreased
with the number of transmit antennas. To reduce the computa-
tional complexity, we propose the suboptimal subcarrier alloca-
tion based on semi-orthogonal user selection. The suboptimal
method based on the semi-orthogonal user selection achieves
similar performance with the optimal method despite the low
complexity. The proposed scheme can also extend to the case
of the multiple receive antennas.
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